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Additive models play an important role in semiparametric statistics. This paper gives
learning rates for regularized kernel-based methods for additive models. These learn-
ing rates compare favorably in particular in high dimensions to recent results on opti-
mal learning rates for purely nonparametric regularized kernel-based quantile regression
using the Gaussian radial basis function kernel, provided the assumption of an additive
model is valid. Additionally, a concrete example is presented to show that a Gaussian
function depending only on one variable lies in a reproducing kernel Hilbert space gen-
erated by an additive Gaussian kernel, but does not belong to the reproducing kernel
Hilbert space generated by the multivariate Gaussian kernel of the same variance.
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1. Introduction

Additive models [30, 9, 10] provide an important family of models for semiparamet-
ric regression or classification. Some reasons for the success of additive models are
their increased flexibility when compared to linear or generalized linear models and
their increased interpretability when compared to fully nonparametric models. It is


http://dx.doi.org/10.1142/S0219530515500050

Anal. Appl. Downloaded from www.worldscientific.com
by CITY UNIVERSITY OF HONG KONG on 04/08/15. For personal use only.

2 A. Christmann & D.-X. Zhou

well known that good estimators in additive models are in general less prone to the
curse of high dimensionality than good estimators in fully nonparametric models.
Many examples of such estimators belong to the large class of regularized kernel-
based methods over a reproducing kernel Hilbert space H, see e.g., [21, 38]. In
the last years many interesting results on learning rates of regularized kernel-based
models for additive models have been published when the focus is on sparsity and
when the classical least squares loss function is used, see e.g., [18, 1, 17, 19, 22, 33|
and the references therein. Of course, the least squares loss function is differen-
tiable and has many nice mathematical properties, but it is only locally Lipschitz
continuous and therefore regularized kernel-based methods based on this loss func-
tion typically suffer on bad statistical robustness properties, even if the kernel is
bounded. This is in sharp contrast to kernel methods based on a Lipschitz contin-
uous loss function and on a bounded loss function, where results on upper bounds
for the bias and on a bounded influence function are known, see e.g., [4] for the
general case and [3] for additive models.

Therefore, we will here consider the case of regularized kernel-based methods
based on a general convex and Lipschitz continuous loss function, on a general
kernel, and on the classical regularizing term A||-||% for some A\ > 0 which is a
smoothness penalty but not a sparsity penalty, see e.g., [35, 36, 23, 32, 6, 26, 11, 7].
Such regularized kernel-based methods are now often called support vector machines
(SVMs), although the notation was historically used for such methods based on the
special hinge loss function and for special kernels only, we refer to [37, 2, 5].

In this paper we address the open question, whether an SVM with an additive
kernel can provide a substantially better learning rate in high dimensions than an
SVM with a general kernel, say a classical Gaussian RBF kernel, if the assumption
of an additive model is satisfied. Our leading example covers learning rates for
quantile regression based on the Lipschitz continuous but nondifferentiable pinball
loss function, which is also called check function in the literature, see, e.g., [16,
15] for parametric quantile regression and [24, 34, 28] for kernel-based quantile
regression. We will not address the question how to check whether the assumption
of an additive model is satisfied because this would be a topic of a paper of its own.
Of course, a practical approach might be to fit both models and compare their risks
evaluated for test data. For the same reason we will also not cover sparsity.

Consistency of support vector machines generated by additive kernels for addi-
tive models was considered in [3]. In this paper we establish learning rates for these
algorithms. Let us recall the framework with a complete separable metric space X as
the input space and a closed subset ) of R as the output space. A Borel probability
measure P on Z := X x ) is used to model the learning problem and an indepen-
dent and identically distributed sample D,, = {(z;,y;)}", is drawn according to P
for learning. A loss function L : X x ) x R — [0, 00) is used to measure the quality
of a prediction function f : X — R by the local error L(z,y, f(z)). Throughout the
paper we assume that L is measurable, L(z,y,y) = 0, convex with respect to the
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third variable, and uniformly Lipschitz continuous satisfying

sup |L(z,y,t) — L(z,y,t)| <|L)|t —t/| Vt,t' e R (1.1)
(z,y)EZ
with a finite constant |L|; € (0, 00).

Support vector machines (SVMs) considered here are kernel-based regularization
schemes in a reproducing kernel Hilbert space (RKHS) H generated by a Mercer
kernel k : X x X — R. With a shifted loss function L* : X x Y xR — R introduced for
dealing even with heavy-tailed distributions as L*(z,y,t) = L(x,y,t) — L(x,y,0),
they take the form fr p, » where for a general Borel measure p on Z, the function
frL.p,x is defined by

Jrpa = argmin{Re-,(f) + AlFIED

Ri-,(f) = /Z L*(z,y, f(x)) dp(z,y), (12)

where A > 0 is a regularization parameter. The idea to shift a loss function has
a long history, see e.g., [14] in the context of M-estimators. It was shown in [4]
that fr . is also a minimizer of the following optimization problem involving the
original loss function L if a minimizer exists:

win{ [ Loy, 1) dote) + M1 |- (13)
jer | )z

The additive model we consider consists of the input space decomposition X =
X1 x -+ x X with each X; a complete separable metric space and a hypothesis
space

where F; is a set of functions f; : X; — R each of which is also identified as a map
(z1,...,2s) — fj(x;) from X to R. Hence the functions from F take the additive
form f(x1,...,25) = fi(x1)+ -+ + fs(xs). We mention, that there is strictly speak-
ing a notational problem here, because in the previous formula each quantity x; is
an element of the set A; which is a subset of the full input space X', j = 1,...,s,
whereas in the definition of sample D,, = {(x;, )}, each quantity x; is an element
of the full input space X', where ¢ = 1,...,n. Because these notations will only be
used in different places and because we do not expect any misunderstandings, we
think this notation is easier and more intuitive than specifying these quantities with
different symbols.

The additive kernel £ = ky + --- + k, is defined in terms of Mercer kernels k;
on & as

k((xh . . -,335), (Illa v ,Qfg)) = kl(xlaxll) R ks(ﬂfs,ﬂfg).
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It generates an RKHS H which can be written in terms of the RKHS H; generated
by k; on X; corresponding to the form (1.4) as

H={fi+ -+ fs:fjeH;j=1,....s}
with norm given by

2 : 2 2
= min st .
1 = puin Al
f1€H1,....fs€H,

The norm of f := f1 + -+ + f, satisfies
ot Lol < WAl + -+ 1l E, fr€ Hy,oooo fo € Heeo (15)

To illustrate advantages of additive models, we provide two examples of com-
paring additive with product kernels. The first example deals with Gaussian RBF
kernels. All proofs will be given in Sec. 4.

Example 1.1. Let s =2, &} = X, = [0,1] and X = [0,1]2. Let 0 > 0 and

2
v 21]' ), u,v € [0,1].

g

b1 0) = b, 0) = oxp -
The additive kernel k((z1,x2), (2}, 2%)) = k1(z1, ) + ko(a2, 24) is given by
_ 2 2
K((@1,2), (24, 21)) = exp (—ﬂ) texp (—u) )
g g

Furthermore, the product kernel k'((z1, x2), (2}, 25)) = ki (1, 2}) k2 (z2, 75) is the
standard Gaussian kernel given by

x1 — x| + |20 — zh|?
(a1, 2), (2, 23)) = exp (—' Ll e 2 ) (L)
IO ANT
- <_|<x1,x2> 02<:c1,x2>| ) 18)

Define a Gaussian function f on X = [0, 1]? depending only on one variable by

flxy,22) = exp (— |a;12|2> . (1.9)
Then f € H but
[ & Hyn, (1.10)
where Hyn denotes the RKHS generated by the standard Gaussian RBF kernel kI
The second example is about Sobolev kernels.
Example 1.2. Let 2<seN, X; =--- =X, =[0,1] and X = [0, 1]°. Let
W0,1] := {u € Ly([0,1]); D*u € Ly([0,1]) for all |a| < 1}
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be the Sobolev space consisting of all square integrable univariate functions whose
derivative is also square integrable. It is an RKHS with a Mercer kernel k£* defined
on [0, 1]%. If we take all the Mercer kernels ki, ..., ks to be k*, then H; = W1[0,1]
for each j. The additive kernel k is also a Mercer kernel and defines an RKHS

H=Hy+ - +Hs={fi(x1) +-+ fs(xs) : fr,..., fs € W0,1]}.

However, the multivariate Sobolev space W1([0,1]%), consisting of all square inte-
grable functions whose partial derivatives are all square integrable, contains discon-
tinuous functions and is not an RKHS.

Denote the marginal distribution of P on X; as Px;. Under the assumption that
H; C F; C Li(Px;) for each j and that H; is dense in F; in the L;(Px,)-metric,
it was proved in (3] that

Rr+p(fLp,A) = R« pri= }gffRL*,P(f) (n — o0)

in probability as long as A = A, satisfies lim,, ..o A, = 0 and lim,, )\%n = 00.
The rest of the paper has the following structure. Section 2 contains our main
results on learning rates for SVMs based on additive kernels. Learning rates for
quantile regression are treated as important special cases. Section 3 contains a
comparison of our results with other learning rates published recently. Section 4
contains all the proofs and some results which can be interesting in their own.

2. Main Results on Learning Rates

In this paper we provide some learning rates for the support vector machines gen-
erated by additive kernels for additive models which helps improve the quantitative
understanding presented in [3]. The rates are about asymptotic behaviors of the
excess risk R« p(fo.p,2) — R7« pr and take the form O(m~%) with o > 0. They
will be stated under three kinds of conditions involving the hypothesis space H,
the measure P, the loss L, and the choice of the regularization parameter .

2.1. Approxzimation error in the additive model

The first condition is about the approximation ability of the hypothesis space H.
Since the output function fr p, x is from the hypothesis space, the learning rates of
the learning algorithm depend on the approximation ability of the hypothesis space
H with respect to the optimal risk Rj. p » measured by the following approxima-
tion error.

Definition 2.1. The approximation error of the triple (H, P, A) is defined as

D(A) = fiIel;{{RL*,P(f) —Ri-pr +AfIEY, A>0. (2.1)
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To estimate the approximation error, we make an assumption about the mini-
mizer of the risk

= inf . . 2.2
Irp arg}}ngL P,(f) (2.2)

For each j € {1,...,s}, define the integral operator Ly, : Lo(Px,) — La(Px;)
associated with the kernel k; by

Ly, (f)(z;) = /X kj(xj,uz) f(uj)dPx, (u;), xj € Xj, f € La(Px;).

We mention that Ly, is a compact and positive operator on La(Px;). Hence we can
find its normalized eigenpairs ((\j.¢,1j.¢))een such that (1j¢)een is an orthonormal
basis of Ly(Px;) and A\j¢ — 0 as £ — oo. Fix r > 0. Then we can define the rth
power Lj of Ly, by

Ly, (Z Cje %‘,e) = N tie Y (ci)en € La.
¢ ¢

This is a positive and bounded operator and its range is well defined. The assump-
tion fi = sz(g;-‘) means f7 lies in this range.

Assumption 2.2. We assume fr p € Loo(Px) and fr p = fi' + -+ + fJ where
for some 0 < r < % and each j € {1,...,s}, f;+ X — Ris a function of the form
f; =Ly, (g;) with some g7 € Ly(Px, ).

The case r = % of Assumption 2.2 means each f; lies in the RKHS Hj.

A standard condition in the literature (e.g., [25]) for achieving decays of the
form D(A) = O(\") for the approximation error (2.1) is fz p = L} (g*) with some
g* € La(Px). Here the operator Ly is defined by

Lk(f)(a:l,...,xs):/X > kjlag,al) | (. al)dPr (e, al). (2.3)
j=1

In general, this cannot be written in an additive form. However, the hypothesis
space (1.4) takes an additive form F = F; + --- + F,. So it is natural for us to
impose an additive expression fr p = f{' + .-+ f; for the target function fr p
with the component functions f; satisfying the power condition f; = sz (95)-

The above natural assumption leads to a technical difficulty in estimating the
approximation error: the function f; has no direct connection to the marginal
distribution Py, projected onto X, hence existing methods in the literature (e.g.,
[25]) cannot be applied directly. Note that on the product space X; x Y, there is
no natural probability measure projected from P, and the risk on &; x ) is not
defined.

Our idea to overcome the difficulty is to introduce an intermediate function f; .
It may not minimize a risk (which is not even defined). However, it approximates the
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component function f7 well. When we add up such functions fix+ -+ fsx € H,
we get a good approximation of the target function fr p, and thereby a good
estimate of the approximation error. This is the first novelty of the paper.

Theorem 2.3. Under Assumption 2.2, we have
DA <C N Vo< A<, (2.4)
where C,. is the constant given by

Cr = Z(|L|1||g;||L2(PXj) + ||9;||%2(ij))-
J=1

2.2. Special bounds for covering numbers in the additive model
The second condition for our learning rates is about the capacity of the hypothesis

space measured by fs-empirical covering numbers.

Definition 2.4. Let G be a set of functions on Z and z = {21,...,2,} C Z. For
every € > 0, the covering number of G with respect to the empirical metric ds 5,

given by da(f,9) = {% S (f(z) — g(zi))2}1/2 is defined as

=1

¢
N2, (G, €) = inf {€€ N:3{f;}¢_, C G such that G = U{f €G :das(f, fi) < e}}

and the /;-empirical covering number of G is defined as

N(G,€) = sup sup Na,(G,e€).

meNzeZm

Assumption 2.5. We assume k := Z;:l SUp, e x, VEkj(zj, ;) < oo and that for
some ¢ € (0,2), ¢ > 0 and every j € {1,...,s}, the ¢s-empirical covering number
of the unit ball of H; satisfies

¢
logN({f € Hj : || flla, <1}e) <cc (%) , Ve>0. (2.5)

The second novelty of this paper is to observe that the additive nature of the
hypothesis space yields the following nice bound with a dimension-independent
power exponent for the covering numbers of the balls of the hypothesis space H, to
be proved in Sec. 4.4.

Theorem 2.6. Under Assumption 2.5, for any R > 1 and € > 0, we have
R\
logN({f € H:|fllu < R},e) <s' ¢ (?> , Ye>0. (2.6)

Remark 2.7. The bound for the covering numbers stated in Theorem 2.6 is special:
the power ( is independent of the number s of the components in the additive
model. Tt is well known [8] in the literature of function spaces that the covering
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numbers of balls of the Sobolev space W" on the cube [—1,1]* of the Euclidean
space R® with regularity index h > s/2 has the following asymptotic behavior with
0<eps <Chs <o0:

R s/h R s/h
e (2) 7 tognttr ewt sl < mp9 <G (2)

€

Here the power 7 depends linearly on the dimension s. Similar dimension-dependent
bounds for the covering numbers of the RKHSs associated with Gaussian RBF-
kernels can be found in [43, 44]. The special bound in Theorem 2.6 demonstrates
an advantage of the additive model in terms of capacity of the additive hypothesis
space.

2.3. Learning rates for quantile regression

The third condition for our learning rates is about the noise level in the measure
P with respect to the hypothesis space. Before stating the general condition, we
consider a special case for quantile regression, to illustrate our general results. Let
0 < 7 < 1 be a quantile parameter. The quantile regression function fp , is defined
by its value fp-(x) to be a 7-quantile of P(:|z), i.e. a value u € Y = R satisfying

p{lyey y<u}|z)>7 and p({y€Y:y=>u}tfz)>1-1 (2.7)

The regularization scheme for quantile regression considered here takes the form
(1.2) with the loss function L given by the pinball loss as

{(1—7)(t—y) if t >y,

L(xz,y,t) =
@9%) —7(t —y) ift <u.

(2.8)

A mnoise condition on P for quantile regression is defined in [27, 28] as follows.
To this end, let @ be a probability measure on R and 7 € (0,1). Then a real number
q- is called T-quantile of @, if and only if ¢, belongs to the set

F(Q) = {t € R, Q((—00,1]) > 7 and Q([t, 0)) > 1 —7}.
It is well known that F*(Q) is a compact interval.
Definition 2.8. Let 7 € (0,1).

(1) A probability measure @ on R is said to have a T-quantile of type 2, if there
exist a T-quantile t* € R and a constant bg > 0 such that, for all s € [0, 2], we
have

Q((t" —s,t7)) > bgs and Q((t",t" + s)) > bgs. (2.9)

(2) Let p € (0,00]. We say that a probability measure p on X’ x ) has a 7-quantile
of p-average type 2 if the conditional probability measure @, := p(- | x) has
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pr-almost surely a 7-quantile of type 2 and the function

VX = (0,00), (@) = Yp(la) = bo(fa)s
where b, (.|¢) > 0 is the constant defined in part (1), satisfies vy~ € Lb_ .

One can show that a distribution @ having a 7-quantile of type 2 has a unique
T-quantile t*. Moreover, if @) has a Lebesgue density hg then @ has a T-quantile
of type 2 if hg is bounded away from zero on [t* — a,t* + a] since we can use
bg :=inf{hq(t) : t € [t* —a,t* +a]} in (2.9). This assumption is general enough to
cover many distributions used in parametric statistics such as Gaussian, Student’s ¢,
and logistic distributions (with Y =R), Gamma and log-normal distributions (with
Y =[0,00)), and uniform and Beta distributions (with Y = [0, 1]).

The following theorem, to be proved in Sec. 4, gives a learning rate for the
regularization scheme (1.2) in the special case of quantile regression.

Theorem 2.9. Suppose that |y| < |L|o almost surely for some constant |L|op > 0,
and that each kernel k; is C> with X; C R% for some d; € N. If Assumption 2.2
holds with r = % and P has a T-quantile of p-average type 2 for some p € (0, 0],

4(p+1)

then by taking A =n" 36+ for any € > 0 and 0 < § < 1, with confidence at least
1— 9 we have

2
~ 2 1
Reop(frp,A) —Ri- pr<C <log 5T log <log -t 2)) n @ (2.10)

where C is a constant independent of n and § and

2(p+1)
a(p) = —=. 2.11
0= 313 (211)
Note that the exponent «(p) given by (2.11) for the learning rate in (2.10) is
independent of the quantile level 7, of the number s of additive components in

fivrp=f1+-+f; and of the dimensions d,...,ds and

d:idj.
j=1

Further note that a(p) € [%, %), if p> 2, and a(p) — % if p — oo. Because € > 0 can
be arbitrarily close to 0, the learning rate, which is independent of the dimension
d and given by Theorem 2.9, is close to n~2/2 for large values of p and is close to

n~1/2 or better, if p > 2.

2.4. General learning rates

To state our general learning rates, we need an assumption on a variance-expectation
bound which is similar to Definition 2.8 in the special case of quantile regression.
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Assumption 2.10. We assume that there exist an exponent 6 € [0, 1] and a posi-
tive constant cg such that

/Z (L @y, f(@)) — L*(z,y, 3 p(2)2}dP(z, )

< oL+ 1flloe)* ARLep(f) = Re-p(frp)}’, YVfEF. (212)

Remark 2.11. Assumption 2.10 always holds true for § = 0. If the triple (P, F, L)
satisfies some conditions, the exponent 6 can be larger. For example, when L is the
pinball loss (2.8) and P has a 7-quantile of p-average type ¢ for some p € (0, x]
and ¢ € (1,00) as defined in [26], then § = min{2, -F7}.

Theorem 2.12. Suppose that L(x,y,0) is bounded by a constant |L|o almost surely.
Under Assumptions 2.2, 2.5 and 2.10, if we take € > 0 and A = n=? for some 3 > 0,
then for any 0 < § < 1, with confidence at least 1 — § we have

2
~ 2 1
Rr+.p(frp,a) —Ri-pr<C <log 5 + log (log - + 2)) nee(r8.0,¢), (2.13)

where a(r, 3,0,¢) is given by

, 1 (+r) 1 4
mln{’"ﬂ’i“Lﬂ( i 2 )’4—29+¢9‘6’

2 (1-rg 2 (1-n8 BO+r(1-§ -1
4-204+C0 2 4—-20+¢0 2 4

(2.14)

and C is constant independent of n or § (to be given explicitly in the proof).

3. Comparison of Learning Rates

We now add some theoretical and numerical comparisons on the goodness of our
learning rates with those from the literature. As already mentioned in the intro-
duction, some reasons for the popularity of additive models are flexibility, increased
interpretability, and (often) a reduced proneness of the curse of high dimensions.
Hence it is important to check, whether the learning rate given in Theorem 2.12
under the assumption of an additive model favorably compares to (essentially) opti-
mal learning rates without this assumption. In other words, we need to demonstrate
that the main goal of this paper is achieved by Theorems 2.9 and 2.12, i.e. that an
SVM based on an additive kernel can provide a substantially better learning rate
in high dimensions than an SVM with a general kernel, say a classical Gaussian
RBF kernel, provided the assumption of an additive model is satisfied.

Remark 3.1. Our learning rate in Theorem 2.9 is new and optimal in the literature
of SVM for quantile regression. Most learning rates in the literature of SVM for
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quantile regression are given for projected output functions IIjz|,(fzp, ), While
it is well known that projections improve learning rates [40]. Here the projection
operator Il |, is defined for any measurable function f : X — R by

flx) it [f(@)] < [Llo,
Mg, (f)(@) = [Lloif f(z) > [Llo, (3.1)
—[Lfo if f(z) < —|Llo-
Sometimes this is called clipping. Such results are given in [28, 41]. For example,
under the assumptions that P has a 7-quantile of p-average type 2, the approx-
imation error condition (2.4) is satisfied for some 0 < r < 1, and that for some
constants a > 1,¢ € (0, 1), the sequence of eigenvalues ()\;) of the integral operator
Ly, satisfies \; < ai~1/¢ for every i € N, it was shown in [28] that with confidence
at least 1 — 9,

~ 2
Re-p(IL,(fL.p,2) — Rix pr < Clog 5n‘"‘,

where

oz—min{ (p+1r 2r }
N p+2)r+(p+1—r)&r4+1)"

Here the parameter £ measures the capacity of the RKHS Hj and it plays a similar
role as half of the parameter ¢ in Assumption 2.5. For a C* kernel and r = %7
one can choose ¢ and ¢ to be arbitrarily small and the above power index a can be
taken as o = min{g—j'_é7 2} —e

The learning rate in Theorem 2.9 may be improved by relaxing Assumption 2.2
to a Sobolev smoothness condition for fr p and a regularity condition for the
marginal distribution Py. For example, one may use a Gaussian kernel k = k(n)
depending on the sample size n and [29] achieve the approximation error condition
(2.4) for some 0 < r < 1. This is done for quantile regression in [42, 7]. Since we

are mainly interested in additive models, we shall not discuss such an extension.
Example 3.2. Let s = 2, &1 = X = [0,1] and X = [0,1]%. Let o > 0 and the
additive kernel k be given by (1.6) with k1, ke in Example 1.1 as

2
[v 21]' ), u,v € [0,1].

kl (U7’U) = kg(u, 'U) = exp (_ >

If the function fr p is given by (1.9), |y| < [L|o almost surely for some constant
|L]o > 0, and P has a T-quantile of p-average type 2 for some p € (0, 0], then by

(p+1)
taking A = n"~ §<§1;>7 for any € > 0 and 0 < § < 1, (2.10) holds with confidence at
least 1 — 4.

Remark 3.3. It is unknown whether the above learning rate can be derived by
existing approaches in the literature (e.g., [28, 29, 41, 42, 7]) even after projection.
Note that the kernel in the above example is independent of the sample size. It
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would be interesting to see whether there exists some r > 0 such that the function
[ defined by (1.9) lies in the range of the operator Ljy;. The existence of such a
positive index would lead to the approximation error condition (2.4), see [25, 31].

Let us now add some numerical comparisons on the goodness of our learning
rates given by Theorem 2.12 with those given by [7]. Their Corollary 4.12 gives
(essentially) minimax optimal learning rates for (clipped) SVMs in the context of
nonparametric quantile regression using one Gaussian RBF kernel on the whole
input space under appropriate smoothness assumptions of the target function. Let
us consider the case that the distribution P has a 7-quantile of p-average type 2,
where p = oo, and assume that both Corollary 4.12 in [7] and our Theorem 2.12
are applicable. That is, we assume in particular that P is a probability measure
on X x ) :=R? x [~1,+1] and that the marginal distribution Py has a Lebesgue
density g € L, (R?) for some w > 1. Furthermore, suppose that the optimal decision
function f7. r p has (to make Theorem 2.12 applicable with r € (0, £]) the additive
structure f7. z p = fi + -+ f; with each f as stated in Assumption 2.2, where
X; =R% and d := ijl dj, with minimal risk R} . p » and additionally fulfills (to
make Corollary 4.12 in [7] applicable)

fz*,P,}' € L2(Rd) N LOO(Rd) N Bgs,oo(Rd)7

where s := %= € [1,00] and Bg‘sm(Rd) denotes a Besov space with smooth-
ness parameter o > 1. The intuitive meaning of « is, that increasing values of
a correspond to increased smoothness. We refer to [8, pp. 25-27, 44] for details
on Besov spaces. It is well known that the Besov space By q(Rd) contains the
Sobolev space W (R?) for a € N, p € (1,00), and max{p,2} < ¢ < oo, and
that W' (R?) = BgQ(Rd). We mention that if all k; are suitably chosen Wendland
kernels, their reproducing kernel Hilbert spaces H; are Sobolev spaces, see [39, The-
orem 10.35, p. 160]. Furthermore, we use the same sequence of regularizing param-

eters as in [7, Corollaries 4.9 and 4.12], i.e.

An = cin PES(@@0)  where Brs(d,a,0) = Mza—i—;)d—l—d’ neN, (3.2)
where d € N, a > 1, 6 € [0,1], and ¢; is some user-defined positive constant
independent of n € N. For reasons of simplicity, let us fix ¢; = 1. Then [7, Corollary
4.12] gives learning rates for the risk of SVMs for 7-quantile regression, if a single
Gaussian RBF-kernel on X € R? is used for 7-quantile functions of p-average type 2
with p = oo, which are of order

2a
200+d’
Hence the learning rate in Theorem 2.9 is better than the one in [7, Corollary 4.12]
in this situation, if

- d
con~oEs () where ags(d,a) =

Oé(’]"7 ﬁES (d7 «, 9)7 97 C) > aps (d7 O[)7
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Table 1. Comparison of exponents of learning rates.

AS [07 1] C € (0) 2) linfld—»oo O<E5(d7 a) from limd—u)o Q(T) BES(d) , 0)7 0) C)

[7, Corollary 4.12] from Theorem 2.12
>0 fixed 0 positive
1 1 0 min{r, 1/3}
1 3/2 0 min{r, 1/7}
1/2 1 0 min{r, 1/7}
0 fixed 0 0
c0,1] —2 0 0

Note: The table lists the limits of the exponents limg .., ags(d,a) from [7,
Corollary 4.12] and limg_. o a(r, Bes(d, o, 0),0,¢) from Theorem 2.12, respec-
tively, if the regularizing parameter A = A, is chosen in an optimal manner for the
nonparametric setup, i.e. A, = n=0Es(d.0)  with Bes(d,a,0) — 1 for d — oo
and « € [1,00). Recall that r € (0, 1].

Table 2. Comparison of exponents of learning rates.

r 0 ¢ limg . oo Q(T) BES(dﬂ a, 0))0) C)
0.5 1 0.1 0.5
1 0.333
1.9 0.026
0.5 0.5 0.1 0.311
1 0.143
1.9 0.013
0.5 0.1 0.1 0.05
1 0.026
1.9 0.003
0.25 1 0.1 0.25
1 0.25
1.9 0.026
0.25 0.5 0.1 0.25
1 0.143
1.9 0.013
0.25 0.1 0.1 0.05
1 0.026
1.9 0.003
0.1 1 0.1 0.1
1 0.1
1.9 0.026
0.1 0.5 0.1 0.1
1 0.1
1.9 0.013
0.1 0.1 0.1 0.05
1 0.026
1.9 0.003

Note: The table lists the limits of the exponents
limg oo a(r, Bes(d, ,8),0,() from Theorem 2.12, if the
regularizing parameter A is chosen in optimal manner for the
nonparametric setup, i.e. A=n—2a+d)/(2a(2-0)+d) ith
o € [1,00) and 0 € [0, 1], see [7, Corollary 4.12].

13
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provided the assumption of the additive model is valid. Table 1 lists the values of
a(r,Bes(d,a,0),0,() from (2.14) for some finite values of the dimension d, where
a € [1,00). All of these values of a(r, Brs(d, o, 0),0,() are positive with the excep-
tions if # = 0 or ¢ — 2. This is in contrast to the corresponding exponent in the
learning rate by [7, Corollary 4.12], because

2
dlirn ags(d,a) = lim a 0, Vacel][l, ).

d—oo 200+ d o
Table 2 and Figs. 1 and 2 give additional information on the limit limg .o X
a(r, Bes(d, a,0),0, (). Of course, higher values of the exponent indicates faster rates
of convergence. It is obvious, that an SVM based on an additive kernel has a signif-
icantly faster rate of convergence in higher dimensions d compared to SVM based
on a single Gaussian RBF kernel defined on the whole input space, of course under
the assumption that the additive model is valid. The figures seem to indicate that
our learning rate from Theorem 2.12 is probably not optimal for small dimensions.
However, the main focus of the present paper is on high dimensions.
We now briefly comment on the goodness of the learning rate provided by
Theorem 2.9. Let us assume that the distribution P on X x ) := R? x [~1,+1] has

r=0.05 r=0.125

0.5
0.5

exponent
0.2
]
exponent
0.2
]

0.1

i
r

0.1

T T T T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000

d d
r=0.25 r=0.5
o 0 |
o o
< _| < _|
o o
= @ = @
g © g ©
2 2
[=} o
g g
G 8 3
5 5
e | o |
e T T T T T T e T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000
d d

Fig. 1. Plots of exponents limg_. . a(r, Bes(d, @, 8),0,¢) from Theorem 2.12 (thick curve) and
[7, Corollary 4.12] (thin curve) versus the dimension d, if the regularizing parameter A\ = \,, is
chosen in an optimal manner for the nonparametric setup, i.e. A, = n~(20+d)/(2a(2=0)+d) ity
a=1 Weset § =0.5and ( = 1.
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Fig. 2. Similar to Fig. 1, but for a = 10.

a T-quantile of p-average type ¢ = 2 for some p € (1, oo]. Furthermore, consider the
sequence of regularizing parameters

2a0+d

X = cyn Pesdad) o with Bes(d,a,0) := a2 — 0~ d 2—0)1d
al2 —

where ¢; > 0, a > 1, and 6 € [0, 1]. For reasons of simplicity, we set ¢; = 1. Under
the assumptions of Corollary 4.9 in [7], the learning rate for the risk of SVMs for
T-quantile regression, when a single Gaussian RBF-kernel on X = R? is used, is
then of order

2c
20(2-0)+d’

e—aps(d,a,0)
?

com where apg(d, o, 6) =

where ¢y > 0 is a constant independent of n. If «, 0, and p are chosen such that
2a(22"‘jff = ;EZ i;g is fulfilled with d € N, we can make a fair comparison between
the learning rates given by [7, Corollary 4.9] and by Theorem 2.9, respectively.
Obviously, the learning rate given in Theorem 2.9 favorably compares to the one
given by [7, Corollary 4.9] for high dimensions d, if the assumption of an additive
model is satisfied, because the exponent a(p) = gg i;i
and independent of d € N, whereas ags(d, o, 0) — 0, if d — oo.

Summarizing, the following conclusion seems to be fair. If an additive model

is valid, its structure is known, and the dimension d of X = R? is high, then it

in Theorem 2.9 is positive
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makes sense to use an additive kernel, because (i) from a theoretical point of view:
faster rate of convergence, (ii) from the big data point of view: the same accuracy
of estimating the risk can in principle be achieved already with much smaller data
sets, (iii) from an applied point of view: increased interpretability and flexibility.

4. Proofs

This section contains all the proofs of this paper. As some of the results may
be interesting in their own, we treat the topics of estimating the approximation
error, the proof of the somewhat surprising assertion in Example 1.1, sample error
estimates, and the proofs of our learning rates from Sec. 2 in different subsections.

4.1. Estimating the approximation error

To carry out our analysis, we need an error decomposition framework.
Lemma 4.1. There holds

Resp(fro.a) = Ri- pr + M fro,ali < S+D0), (4.1)
where the terms are defined as
S ={Rr+p(fLp, ) = Rr-p,(fLp, )}
+{Rr*p, (fr.pA) = R+ p(fL.PA)}s (4.2)
D(A) = Re- p(fr,pr) — Riw pr+ Al fr.pallF (4.3)
Proof. We compare the risk with the empirical risk and write R« p(frp, 1) as

{Re-.p(frp,x) — Rip, (frm. )} + R p,(fr.p,,1). Then we add and subtract
a term involving the function f7, p  to find

Riep(frp,») — Riv pr+ Al L. allz
={Rr~p(frp.A) = Rr-p,(fLp.A)}
+{(Rep, (frp. ) + AL alE) = (Reep, (fr,pa) + Al fr.palli)}
+{Rrp,(fr.p2) = Rr-p(fr,pA)}
+{Re-.p(fr.pa) = Ri+ pr + Al fr.pallir}-
But (Rr+p, (fz.p,.2) + Alfeo.allE) — (Reep, (fr,pA) + Al fr.pall7) < 0 by the

definition of fr, p, ». Then the desired statement is proved. O

In the error decomposition (4.1), the first term S is called sample error and will
be dealt with later on. The second term D(A) is the approximation error which can
be stated equivalently by Definition 2.1.
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In this section we estimate the approximation error based on Assumption 2.2.
Our estimation is based on the following lemma which is proved by the same method
as that in [25]. Recall that the integral operator Ly, is a positive operator on
Lo(Px;), hence Ly, + Al is invertible.

Lemma 4.2. Let j € {1,...,s} and 0 < r < L. Assume f; =L, (g5) for some
g; € La(Px;). Define an intermediate function f; x on X; by

fin = (L, + M) L, (f7). (4.4)
Then we have

1in = £ Bacrny + AL Fially < 227105 12 e (4.5)

Proof. If {(A;,1)}i>1 are the normalized eigenpairs of the integral operator Ly,
then the system {y/A;¢; : \; > 0} is orthogonal in H;.

Write g7 = >2,5, dith; with [[{di}[|= = ||g;||L2(pXj) < oo. Then ff =375, %
/\fdf@/]l and

_ 1 by
Fin = 15 = (L, + A1) Ly (f ZA S Ndi
Hence
A\ 2
| fin—f ||L2(PX) Z()\i+)\>\ldl>
i>1
A 2(1—r) A 2r
o\ 2r 1 2
=2 §:<&+A> (&+A> di
i>1
Also,
2 2
2+r )\1+2r )
»di i d i = —r ___d.
k; 2 ky 7

Therefore, we have

Vi = 1513 o) + AR,

B )\QT Z A 2(1—-r) i 2r N A 1-2r i 1427 d2
- I\ N+ i + A A+ A i + A i

A Ai
2 ! F = N I{di}I2 = X llg; 1l
<A Z{m+xi+x}di_A bl =20 e

i>1

This proves the desired bound. O
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4.2. Proof of Theorem 2.3

Proof of Theorem 2.3. Observe that f;\ € H;. So fix+---+ fsx € H and by
the definition of the approximation error, we have

D(A) < Ripwp(fin+ -+ fsx) = Riw pr+ Al fia+ -+ forllh-
But
Ri-pr=Reip(frp) =Re-p(fi ++[)
according to Assumption 2.2. Using the inequality in (1.5), we obtain
D) < Rpep(fin+ oo+ fox) = Ree p(F 4+ £) + Al
j=1
Applying the Lipschitz property (1.1), the excess risk term can be estimated as
Rr«p(fix+-+ fox) = Ro-p(fi +---+ f)

:/ZL*(a:,y,fl,A(a:l)+---+fs,x(a:s))dP(:c7y)

- /Z L@y, fi(m) + -+ f(22))dP(z, )
< /Z L)y ;fj,x(:vj)—;f;‘(:cj) dP(z,y)

<ih /X Ufiae) 5 )P )
But
[ 15 = £ @Iy @) = i = sy < 1o = £ Dacr,

J

The bound (4.5) implies the following two inequalities
i = I 1 Lacpa ) < X795 T o, (4.6)
and
MallR, < X795 1L, e )- (4.7)
Taking square roots on both sides in (4.6) yields
D) <Y (Ll fin = fi lacen,) + Al finlld,):

j=1
This together with (4.7) and Lemma 4.2 gives

D) < Y {ILLN NG a(pay) + A N5 11, (o )}
j=1

and completes the proof of the statement. O
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4.3. Proof of the assertion in Example 1.1

Proof of Example 1.1. The function f can be written as f = f; + 0 where f; is
a function on & given by fi(x1,2]) = k1(21,0) € Hy. So f € H.

Now we prove (1.10). Assume to the contrary that f € Hpn. We apply a char-
acterization of the RKHS Hyn given in [20, Theorem 1] as

Hn={f=¢ waz® Il =3 ¢ ZZ Ya oo\ g
|a|=0 502/ \|zC°‘

where ||z[|? = |z1]? + |22|? and C¥, =
we have

for v = (o, ) € Z3.. Since f € Hyn,

rar

|z1]? _le1Pien? &
T1,T2) = exp < — =e = wax®,
Flwn,m2) = exp{ =3 > waz®

|a|=0

where the coefficient sequence {w, : @ € Z2 } satisfies

oo

I = X 5702y 2/(,” > %o

laj=¢

It follows that

|2 ]2 —ii |22 ’"_f: o
exp o2 [ m! \ o2 a Walt

m=0 || =0
Hence
—, if @ = (0,2m) with m € Z,
Weo =
0 otherwise,
and
o) 2 [e’e] 2 [e’e)
K — (2/0.2)2m OQm 02m) — (2/0-2)2m m!O-Qm — 22m(m]) .

Finally we apply the Stirling’s approximation:

and find

2m 2m
00 . 2w (2m) | — .
S NS il Y

m=0

This is a contradiction. Therefore, f¢ H,u. This proves the conclusion in
Example 1.1. O
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4.4. Sample error estimates

In this subsection we bound the sample error § defined by (4.2) by Assumption
2.10. It can first be decomposed in two terms:

S=8+68,, (4.9)
where

St ={Re~p(frp.A) —Re-p(frp)}

—{Re-p,(fLp,A) —Re-p,(f5p)} (4.10)
So = {Rr~p,(fr,pr) — Rr-p, (fFp)}
—{Rr-p(fr.pr) = Re-p(f7p)}- (4.11)

The second term Sy can be bounded easily by the Bernstein inequality.

Lemma 4.3. Under Assumptions 2.2 and 2.10, for any 0 <A <1 and 0 < § < 1,
with confidence 1 — , we have

(4.12)

9 )\rgl )\ - +6(7+1)
SgSC’ilog—max{ , ,
5 n NG

where C} is a constant independent of 6,n or X and given explicitly in the proof,
see (4.13).

Proof. Consider the random variable £ on (Z,B(Z)) defined by

5(3:, Z/) = L*(JJ, Y, fL,P,)\(x)) - L*(:vaa f;‘,P(:C))? z = (l‘, Z/) €Z.
Here B(Z) denotes the Borel-o-algebra. Recall our notation for the constant
ko= Y5 ysup, ex, Vhj(xg,25) > /Ko By Assumptions 2.2 and 2.10,
£ pllLo(Py) < 00 and by Theorem 2.3,

1fz.p Al pr) < Ellfr Al < RVDOV/A < KVCAT < 0.

This in connection with the Lipschitz condition (1.1) for L tells us that the random
variable £ is bounded by

« r—1
By = [Lh(lf 7 pllowpy) +EVCATZ)

By Assumption 2.10, we also know that its variance 02(¢) can be bounded as

o2(¢) < /Z (&(z,))2dP(z,y)

<cp(1+ ”fL,P,A||LQC(PX))Q_G{RL*,P(fL,P,A) - RL*7P(f}7P)}0
< cp(1+ w\/CNZT)2HCAY < cp(1+ ki /Cp) 00N 1+ 72

9(7‘+1)
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Now we apply the one-sided Bernstein inequality to & which asserts that, for all
€e>0,

TL62

2 (02(@ + %Bke)

Prob <% > &(z) —E(6) > e) <exp| —
i=1

Solving the quadratic equation

7’L€2

2
1 =log
2 (02(5) + §B>\e>

for € > 0, we see that with confidence 1 — %7 we have

> el) — B

1 2 1 2\° 2
—B) log 5 + \/(—BA log g> + 2no?(€) log 5

3 3
- n
2 2
2B,\log5 QIOgS 9 A\ IRl
< 2(¢) < Clog =
=T T n &= OBy T Vn ’

where C is the constant given by

A
2

Cr = 1Lh(If5 pllowpe) + FVCr) +V20(1+ k/CHYE5CE. (413)
But 237" &(z) — E(£) = Ss. So our conclusion follows. O

The term &; involves the function fr p, » which varies with the sample. Hence
we need a concentration inequality to bound this term. We shall do so by applying
the following concentration inequality [41] to the function set

G ={L"(z,y, f(x)) = L*(z,y, f p(x)) : [ € H with |[f[lm <R} (4.14)

parametrized by the radius R involving the fs-empirical covering numbers of the
function set.

Proposition 4.4 ([41, Proposition 6]). Let G be a set of measurable functions
on Z, and B,c > 0,0 € [0,1] be constants such that each function f € G satisfies
[ flloo < B and E(f?) < c(Ef)?. If for some a > 0 and p € (0,2),

sup sup log N2 4(G,¢€) <ae P, Ve>0,
leN zez*
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then there erists a constant c,, depending only on p such that for any t > 0, with
probability at least 1 — e~t, there holds

1 1, V7" 18B1
Ef ——> flz) <5n' Q(Ef)e‘FC;W‘FZ(E) +——, Vfeg,
i=1

where

NI
Sk

2
2 p a\ 726770 =
n = max{c4—26+pe <—> " B
n

(&)},

Lemma 4.5. Under Assumptions 2.5 and 2.10, for any R > 1,0 < A < 1 and

0 <6 <1, with confidence 1 — %, we have

{RL*7P(f) - RL*,P(fj"—',P)} - {RL*,Dn (f) = Ri~p, (f},P)}
< 0531—971*%(73]4*713(}0) - RL*,P(ij,P))e

2
+CY log anwz?w, Y| flu <R, (4.15)

where Ch, CY are constants independent of R,§,n or X\ and given explicitly in the
proof. In particular, Cy = % when 6 = 1.

Proof. Consider the function set G defined by (4.14). Each function takes the form
g(z,y) = L*(z,y, f(x)) — L*(z,y, f5 p(x)) with | fl|z < R. It satisfies
9lloe < [LIIf = f7 plle < [Lhi(k+ 17 pllLo(pe) R =B
and by Assumption 2.10 and the condition R > 1,
E(g*) < (1+k)* %coR**(Eg)’.

Moreover, the Lipschitz property (1.1) and Theorem 2.6 imply that for any € > 0
there holds

s|L|1R>C

€

sup sup log N2 ,(G,€) < log N ({f € H:|fllag <R}, ﬁ) < sc¢ (

LeN ze Z¢

Thus all the conditions of Proposition 4.4 are satisfied with p = ¢ and we see that
with confidence at least 1 — g, there holds

1 & 1, clog(2/6
Eg - — > glz) < 51 (B)’ + cin +2 (#)
=1

18Blog(2/6

| 18Blos(2/5)
n

where ¢ = (1 + k)2 ¢y R?7?, a = sc¢(s|L|1 R)¢ and

2 2
2—¢ a\ 1—26+co 2—¢ a\ 2+¢
7) = max  c*-20+c0 (—) , B2%¢ <_) .
n n

1/(2—-6)

, Vgeg, (4.16)
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But

Eg =Rr-.p(f) —Re~p(fF.p)

and

I .
- > 9(zi) = Rpep, (f) = Ree o, (f5.p)-
i=1
Notice from the inequality 4 — 20 + (6 > 2 + ( that
)< Cyfn~ T,
where C% is the constant given by

O = (14 R)? ) 5755 (s (5| L]y ) ) =

. 2-¢ 2
(LI (5 4 15 Pl Lo (Pr))) 7€ (scc (5| L11) ) 7.

Then our desired bound holds true with the constants given by
1 _ - *
O = max {5(C) 0. Ch 214 1) (@) 20 IS 13}

and
, cy it0<0<1,
02: 1 .

Here the case § = 1 can be seen directly from (4.16). This completes the proof.
O

Combining all the above results yields the following error bounds. For R > 1,
we denote a sample set

W(R) = {Z ISALE ”fLDn,)\”H < R} (417)

Proposition 4.6. Under Assumptions 2.2, 2.5 and 2.10, let R>1,0< A <1 and
0 < § < 1. Then there exists a subset Vg of Z™ with probability at most 6 such that

Rep(frp,x) — Riw pr+ Al fro.alli

< O Pl — Ty * 0
<CyR'n O (Rexp(frpo.2) — Rep(fr.p))

9 )\7‘71 )\E+9(7‘+1)
+C1 log—max{ - A -
n

5 vn

2 .
+ 03 log <Rn” T + C,N, Yz € W(R)\Vr. (4.18)

To apply the above analysis we need a radius R which bounds the norm of the
function frp, -
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Lemma 4.7. If L(x,y,0) is bounded by a constant |L|y almost surely, then we have

almost surely
1fLpaallz < VILfo/A.

Proof. By the definition of the function fr, p, x, we have

Reep, (fr.0,,0) + A frp, Al < Reep, (0) + 03 =0
Hence we have almost surely

Mfroaali < —Riep, (fLp,.2)

A

\ N

_ZL 58173/1, < |L|0
Then our desired bound follows. O

Applying Proposition 4.6 to R = \/|L|o/\ gives a learning rate. But we can
do better by an iteration technique. However, we will first give the proof of Theo-
rem 2.6.

4.5. Proofs of the main results in Sec. 2

Proof of Theorem 2.6. By the definition of the {s-empirical covering number,
for every j E {1, ...,s} and xU) € (X;)", there exists a set of functions {fi(j) :
i=1,. 20! with NG = N{f € Hj : ||fllu, < ].}76) such that for every
f9 e H Wlth | £z, <1 we can find some i; € {1,..., NV} satisfying dy ) %
(FO), fi(jﬂ)) <e.

Now every function f € H with || f||zz < 1 can be written as f = f() 4... 4 ()
with || f9) |, < 1. Also, every x = (z¢)}_, € (X)" can be expressed as z; =
(:c%l),...,xés)) with x() = (z (J))Z 1 € (X;)™. By taking the function f;,, ;. =
fil RS fi(:), we see that

n

1/2
d2x ([, firsoois) = {% > (flae) - fil,...7is($4))2}
=1

n

= {1 DoV @) 4 O )

n
(=1

1/2
— D)+t fif)<x§3)>>>2}

1/2
< Z{ Z (J)) fz(]])( (J))) }

(=1

= Zd2,x(-7)(f(j)7fi(jj)) < se.

Jj=1
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The number of functions of the form f;, ;. is H;le\/(j). Therefore,

s

log N({f € H: |fllm < 1},5¢) <D logN({f € Hy : ||fllm; < 1},€)

j=1

1 ¢
< - .
= SC¢ (€>
Then our desired statement follows by scaling R to 1. O

We are now in a position to prove our main results stated in Sec. 2. Theorem 2.12
is proved by applying Proposition 4.6 iteratively. The iteration technique for analyz-
ing regularization schemes has been well developed in the literature [29, 41, 12, 13].

Proof of Theorem 2.12. Take R’} = max{/|Lo, 1}% Lemma 4.7 tells us that
W(R[O}) =Z". We apply an iteration technique with a sequence of radii {Rm >
1}een to be defined below.

Apply Proposition 4.6 to R = Rl¥, and when 0 < @ < 1, apply the elementary
inequality
1
7
with ¢ = %,q* = 1179 and

1 1 -
+—=1withq,¢" >1=a-b<-a’+ b7, Va,b>0
q q

==

(1-0)
a=2"%Rep(frp,) — Re-p(frp)?, b= 290§R179n74i;9“9 -
We know that there exists a subset Vpp of 2™ with measure at most ¢ such that
Riep(fro,2) = Riw pr + Al frp. sl
1 *
< 5{Rep(frp,0) = Re- p(fFp)}
+(20¢h) e RWUp e
9 /\r;1 /\TT_1+9(T4+1)
+C’{log5max{ — NG

2
+CY log gRV]nw—23+<e +C\, Vze WRIDN\ V.

It follows that when A = n~? for some § > 0, we have
R p(frp,0) = Riw pr + M froalF
< max{an ;R b, 5}, Yz e W(RD\ Vg, (4.19)
where
ans = {4(2°C})T7 + 4CY } log %mm
and

2 /
bn.s :={4C] + 4C, } log Sn*a



Anal. Appl. Downloaded from www.worldscientific.com
by CITY UNIVERSITY OF HONG KONG on 04/08/15. For personal use only.

26 A. Christmann € D.-X. Zhou

with

o = min{% + 4 (G(IIT) - 121) , rﬁ}

Thus we have
I fooo e < max{ng\/mm, n Vonst, Yz e WRIDN\Vyy.
Hence
W(RM) CWR) UV, (4.20)

after we define the sequence of radii {RIY > 1},en by

R = max{n? \/an5V R, n? \/bps,1}. (4.21)
For any positive integer J € N, we have

2™ = W(RI")) CW(R) U Vg C - CW(RV) U (U/Z) Vi),

which tells us that the set W(R[’]) has measure at least 1 — J§. We also see itera-
tively from the definition (4.21) that

R[J] < max{ng\/ an,s5 \/m, ng \/ bn757 1}
<0< max{(ng\/m)1+%+---+2111 (R[O])z%,n
,/an,5)1+%+»..+21%1(max{n§ /bn7671})ﬂ%1}

2 "
< {4(2°Ch) T + 4CY + AC| + AC, + 1} max{\/|L|o, 1} log s

B
2

bm(s,l,...,

X (ng

where

" S LN (et p_o
O‘_max{(g 1 )\3 T 291¢e) T2 T
W(B__ L \L(B_ o
9 1-20+c¢o)2\2 2)7

1\ /3 1 1 (3 o
8 (2_2J—1> (5_4—29+<0>+2J—1 (5_7>}

- P 1-r8 A-r)p  Bl+nA-5—-1] 1
_max{ﬂ—4_29+ce, 5 ) 9 + 1 }+2J.

Denote

o' = max {ﬂ

2 (1-nB (-np BlEni-§ -1
4-20+C0° 2 7 2 4



Anal. Appl. Downloaded from www.worldscientific.com
by CITY UNIVERSITY OF HONG KONG on 04/08/15. For personal use only.

Learning rates for the risk of kernel-based quantile regression estimators 27

and the constant
Cs = {4(2°C4) 77 4+ 4CY 4+ 4C} + 4C,} max{+/|L|o, 1}.
Choose J to be the smallest positive integer greater than or equal to log, % Then
2%, < eand
[J] 2 a///+€

R < Cslog gn .

Applying (4.19) to £ = J, we know that for every z € W(RI”1)\Vy, there holds
Ri-.p(froon) — Rie pr < max{ansR7, b, 5}

< (C3{4(2°CH) T +4CY} + {4C] +4C,})
2
x (IOg %) ne i~ o'

Since the set W(R!’]) has measure at least 1 — J§ while the set Vi has measure
at most ¢, we know that with confidence at least 1 — (J + 1)J,

~ 2\ 2
Ri-p(fLp, ) —Ri-pr=<C (log 3) me e,

where

2
o = mm{m _Oé”/, a/}

and
C = (C3{4(2°C}) ™7 +4CY} + {4C} + 4C,}).

Scaling Jd to J, and expressing « explicitly, we see that the conclusion of Theo-
rem 2.12 holds true. O

It only remains to prove Theorem 2.9. We will do so by showing that Theorem 2.9
is a special case of Theorem 2.12.

Proof of Theorem 2.9. Since P has a 7-quantile of p-average type 2 for some
p € (0, 00], we know from [27] that Assumption 2.10 holds true with § = 2. Since
X; C R% and kj € C°(X; x &;), we know from [44] that Assumption 2.5 holds
true for an arbitrarily small ¢ > 0. By inserting r = 1, 3 = gggig and ¢ = 25
into the expression of «a in Theorem 2.12 and choosing ¢ to be sufficiently small,
we know that the conclusion of Theorem 2.9 follows from that of Theorem 2.12.

a
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