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Abstract Recently, there has been considerable work on analyzing learning algo-
rithms with pairwise loss functions in the batch setting. There is relatively little
theoretical work on analyzing their online algorithms, despite of their popularity in
practice due to the scalability to big data. In this paper, we consider online learning
algorithms with pairwise loss functions based on regularization schemes in repro-
ducing kernel Hilbert spaces. In particular, we establish the convergence of the last
iterate of the online algorithm under a very weak assumption on the step sizes and
derive satisfactory convergence rates for polynomially decaying step sizes. Our tech-
nique uses Rademacher complexities which handle function classes associated with
pairwise loss functions. Since pairwise learning involves pairs of examples, which
are no longer i.i.d., standard techniques do not directly apply to such pairwise learn-
ing algorithms. Hence, our results are a non-trivial extension of those in the setting
of univariate loss functions to the pairwise setting.
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1 Introduction

For any T € N, the input space X is a subset of R and the output space ) € R. In
the standard framework of learning theory [11, 29], one considers learning from a set
ofexamplesz = {z; = (xj, y;) e ¥ xY:i =1,2,..., T} drawn independently and
identically (i.i.d) from an unknown distribution p on Z = X x ). Associated with
a specific learning problem, typically a univariate loss function (%, x, y) is used to
measure the quality of a hypothesis function 2 : X — ).

There are various important learning problems involving pairwise loss functions,
i.e. the loss function depends on a pair of examples which can be expressed by
L(f, (x,y), (x',y")) for a hypothesis function f : X x X — R. For example, met-
ric learning [12, 17, 30, 35] aims to learn a metric D such that examples with the
same label stay closer while pushing apart examples with distinct labels. In this set-
ting, a typical pairwise loss function is given, for any (x, y), (x’,y’) € X x ), by
LD, (x,y), ®",y)) = (1 +r(y,y)D(x,x)y = max(0, 1 + r(y, y)D(x, x"))
where r(y,y) = 1if y = y’ and —1 otherwise. Another prominent exam-
ple is the problem of bipartite ranking [1, 8, 10, 25], which aims to predict the
ordering between objects from their observed features. The quality of a rank-
ing rule f : X x X — R can be measured by a least-square pairwise loss
function £(f, (x,y), (*’,y") = (y —y — f(x,x"))?. Other learning problems
associated with pairwise loss functions include AUC maximization [38], gradient
learning [21, 22], minimum error entropy principles [13, 15] and similarity learning
[6, 9].

This paper considers learning problems associated with pairwise loss functions
which, for simplicity, is referred to as pairwise learning problems. In this context, we
assume that the hypothesis function f : X x X — R for pairwise learning problems
belongs to a reproducing kernel Hilbert space (RKHS) defined on the product space
X2 = X x X. Specifically, let K X2 x X2 — R be a Mercer kernel, ie. a
continuous, symmetric and positive semi-definite kernel, see e.g. [11, 29]. According
to [2], the RKHS H g associated with kernel K is defined to be the completion of
the linear span of the set of functions {K ,/(-) := K ((x,x"), (-,*) : (x,x") € X2
with an inner product satisfying the reproducing property, i.e., for any x’, x € X’ and
g € Hi, (Kixy. 8k = gx, x').

A general regularization scheme in a RKHS Hg for pairwise learning can be
written as

e min =2 e v o 4 2R L )
fus = arg min T<T—1>,~.,Z:1 (s ety 3, oy + SIS Nk - (€

i<j

where A > 0 is a regularization parameter. The above formulation is a common reg-
ularization formulation in the batch learning setting in the sense that the algorithm
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uses the training data z at once. Recently, there has been considerable work on ana-
lyzing the generalization performance of the above batch learning algorithm and its
related variants using the techniques of U-Statistics [6, 10, 25] or the concept of algo-
rithmic stability [1, 17]. In contrast to well-studied pairwise learning in the batch
setting, online learning algorithms only need to access the data sequentially and are
more popular in practice due to their ability of analyzing big data. However, there is
little work on designing and analyzing online learning with pairwise loss functions
except recent work by [16, 32]. Specifically, Wang et al. [32] and Kar et al. [16] estab-
lished generalization bounds for the average of the iterates of online learning with
uniformly bounded pairwise loss functions. These results are established in the same
spirit as the online to batch conversion bounds [7] for learning algorithms associated
with univariate loss functions.

In this paper, we study the regularized online learning with pairwise loss functions
and establish generalization bounds for its last iterate instead of the average of its iter-
ates as studied in [16, 32]. Our technique uses Rademacher complexities in order to
handle function classes associated with pairwise loss functions. Since pairwise learn-
ing involves pairs of examples, which are no longer i.i.d., and standard techniques
in [37] do not directly apply to such pairwise learning algorithms. Hence, our results
are a non-trivial extension of those in the setting of univariate loss functions [37] to
the pairwise setting.

The remainder of this paper is organized as follows. In Section 2, we introduce
online regularized learning algorithm associated with pairwise loss functions and
state the main results. In particular, a general convergence theorem is established for
the above online algorithms and their convergence rates with polynomial-decaying
step sizes are established. Related work is discussed in Section 2.1. Section 3 devel-
ops some technical results which are needed to prove the main results stated in
Section 2. Section 4 summarizes this paper and discuss some possible directions for
future work.

2 Learning algorithm and main results

In this section, we introduce an online regularized learning algorithm associated
with a pairwise loss £( f (x, x"), r(y, y')) in a reproducing kernel Hilbert space H,
which is motivated by the learning algorithm [32] in the linear setting. For sim-
plicity, we restrict our attention to the hinge loss, i.e. £(f(x,x"),r(y,y)) = (1 —
r(y,y") f(x,x"))+. Here, r is a function from ) x ) to a bounded interval [—M, M]
with some constant M > 0, i.e.

sup |r(y,y)| <M.
v, y'ey

The definition of function r can vary in different learning settings. For example,
r(y,y") = sgn(y—y’) for the problem of ranking and, for metric learning, r (y, y') =
1 if x and x” are from the same class and —1 otherwise.
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Definition 1 Given the i.i.d. generated training data z = {z; = (x;,y;) : i
1,2, ..., T}, the online regularized pairwise learning (ORPL) is given by f| = f> =
0 and

t—1

1 !
ferr = fi—my [t_l D S %), r G YK oy () +)\f,} . VreNand2<:<T,
j=1

@)
where {n; > 0 : t € N} is usually called the step size, A > 0 is the regularization
parameter and £’ (s, r(y, ¥')) denotes the sub-gradient of the hinge loss £ with respect
to the first argument s € R.

In the above definition, the sub-gradient of the hinge loss can be defined by

/ N —r(y,y/) ifsr(y,y’)fl
EGs,r(y,y)) = { 0 otherwise.

The above online learning algorithm ORPL only needs a sequential access to the
training data, and, from the above definition, we know that f; only depends on the
variables z;_1 = {z1, 22, . . ., Z:—1}. Specifically, at each time step #+1, the algorithm
ORPL presumes a hypothesis f; € Hx upon which a new data z; is revealed. The
quality of f; is assessed on the local regularized empirical error:

1

t—1

& A

E) = 7 DA o xp).rO yp) + 5 I Ik 3)
j=1

Then, a gradient step is made to update f; based on the gradient of the above local
empirical error & (f;) which is exactly given by

1 t—1
VE D= = 77 D GG x)). 7 G v K + i
j=1

Here, V:S;’L( f) denotes the functional gradient of the functional 51 in the RKHS Hg.
Denote the true risk of a hypothesis f by

E(f) = /f E(f e, xD),r (v, yNdp (x, y)dp(x', y). “

Our main aim is to consider the generalization performance of fr., i.e. the last
iterate of ORPL. Consider the regularization function f; defined by

. A
fu= it {&(f) = E&(f) + Ellfll?(}- Q)

Now we state the following theorem which shows that the last iterate of ORPL
converges to the regularization function f; under certain conditions on the step sizes
{n; :t € N}.
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Theorem 1 For every fixed A > O, if the step sizes {n; : t € N} in algorithm (2)
satisfy

(0.¢]
llingo n: =0 and Zn, = 00, (6)
1=2

then we have

Tli—>moo]E[”fT — fallk]=0.

Let «k = sup \/K((x, x"), (x,x")). If we choose explicit step sizes, the
x,x'eX
convergence rate of the last iterate of ORPL can be stated as follows.

Theorem 2 Let O < A < 1, {f; : t =2,3,..., T + 1} be defined by algorithm (2).
If we choose the step size as n; = # with) < o < 1, then

1
2
E[llfr+1 = fulgx] < Ci (AZT“) ,
where C is a constant independent of T (see its explicit expression in the proof).

In particular, if the step sizes are chosen as n; = %[ then we can further obtain the
following result.

Theorem 3 Let O < A < 1 and the iterates {f; 1t =2,3,..., T + 1} be generated
by algorithm (2). If we take the step size as n; = % then we have, for any T > 2, that

log T
E[ll fr+1 — fillk] < G2 ( o ) ,

where C; is independent of T (see its explicit expression in the proof).

The proofs of Theorems 1, 2 and 3 will be given in Section 3.2. For fixed A, The-
orem 3 states that E[|| fr41 — fo.1%] = O(log T/T). This rate is consistent with the
rate of standard stochastic gradient descent algorithms in the setting of classification
and regression [24, 26].

In the literature of learning theory [11, 29], we are often interested in the excess
generalization error E(fry1) — infy £(f), where the minimization is taken over
all measurable pairwise functions. The above theorems mainly describe the con-
vergence of || fr41 — fillk which is usually referred to as the sample error. By
combining the approximation error which describes the difference between f; and
fe = arginf £(f), we can drive the overall convergence rate of the excess general-
ization error. To this end, we prove the following lemma which may be interesting in
its own right.
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Lemma 2.1 Consider ) = {#£1} and define, for any y,y € Y, r(y,y) = yy'.
Let, for any x,x" € X, n(x) = P(Y = l|x) and f,(x,x) = Z[r)(x)n(x’) + 1 -
n(x))(1 — n(x"))] — 1. Then, f. = sign(f,), i.e., forany x,x" € X,

11 fp(-xsx,)zoa
—1, otherwise.

felx,x') = { N

In binary classification (e.g. [11, 29]), one is often interested in finding an
estimator from data to approximate the minimizer g, = arginf, [/ xxyd —
vg(x))+dp(x, y). It is well-known [34, 39] that g. is identical to the Bayes rule, i.e.
gc = sign(g,) where g, is defined by g,(x) = 2n(x) — 1. Lemma 2.1 can be con-
sidered as extension of this classical result to the scenario of pairwise learning. We
are not aware of any results similar to Lemma 2.1. Therefore, we outline its proof in
Section 3.2 for completeness.

Now we state the overall rate for the excess generalization error.

Corollary 4 Consider Y = {£1} and define, for any y,y' € Y, r(y,y) = yy'
Assume, for some 0 < B < 1, that D(A) := infre3q, {E(f) - E(fe) + %IIfII%(} =
OOP). Let the iterates {fi:t=2,3,..., T + 1} be generated by algorithm (2) with

2 1
%, then, by choosing \ = (bgTT)2<‘+/3>, we have

E[E(fre1) — Ef)] =O<T_2<1€fﬁh/logT). (8)

the choice n; =

In the above corollary, the decay assumption on the approximation error D(}) is
standard, see e.g. [11, 29]. In the particular case of f. € Hg, we have D(A) <

X0 foI% . This means that E[E(fr41) — E(fo)] = O (T—%(log T)1/2> . This rate is
apparently sub-optimal when compared with the rates in the batch learning setting [1,

25]. Improving the learning rates of the online pairwise learning is one of the future
research directions.

2.1 Related work and discussion

Recently, pairwise learning has attracting increasing attention. A key characteris-
tic of pairwise learning is that pairs of examples are not i.i.d., and hence, standard
techniques of generalization analysis for learning algorithms with a univariate loss
function do not directly apply to pairwise learning. The generalization bounds of
pairwise learning in the batch setting can be established by using U-statistics and
algorithmic stability [5, 6, 10, 13, 14]. Below, we discuss some existing work which
is closely related to ours.

Zhao et al. [38] proposed an online learning algorithm for maximizing area under
ROC curve (AUC) for imbalanced classification. The main challenge for online AUC
maximization (OAM) is that it requires to optimize the pairwise loss between two
examples from distinct classes. They presented an effective online algorithm based
on the reservoir sampling [31].
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By employing the covering number approach, Wang et al. [32] investigated the
regret bounds and generalization performance of online learning algorithms with
pairwise loss functions in the linear setting where the algorithm is similar to ours. The
authors showed the data-dependent bounds for the average risk of the sequences of
hypotheses generated from an arbitrary online learner. Such results can be regarded
as an extension of online to batch conversion bounds [7] for learning algorithms
associated with univariate loss functions. More recently, Kar et al. [16] considered
the generalization bounds for the online learning algorithms with pairwise loss func-
tions. The authors improved the results in [32] by using the Rademacher complexity
techniques.

Now we compare our result with that of the average iterates in [16] where the
generalization ability of the online learning algorithms with pairwise loss functions is
investigated. By careful checking the proof of Theorem 5 in [16], we can restate the

+/Br log T log(T/5)

result there as % Zthl L(h;) < L(h*) + % + CdO(W), where R
denotes the regret bound and Br = max{R 7, 2Cy4log T log(T /§)}. Note that, in the
original result stated in [16, Theorem 5], the strongly convex parameter X is absorbed
in the O(-) notation. By the properties of the strong convexity, the above result means

~/ Br log T log(T /8§
that ||h]+T+hT _h*HZ < 77%_)7: +O( T log T log(T'/5)

oy ) We can see our result stated
in Theorem 3 is comparable to the ones appeared in the literature which means, in
theory, the performance of the last iterate of online pairwise learning algorithm is
competitive to that of the average of iterates.

Our work is mainly motivated by [16, 32]. The main novelty of this paper is that
we established, for the first time, the convergence rate for the individual iterate of
online pairwise learning algorithms. The previous literature [14,30] focused on the
average of its iterates, i.e. HLI 23.1]1 fj. One can directly derive the convergence
rate for the average of the iterates from those of the individual iterates. Indeed, if we
have, for some © € (0, 11, E[|l fi+1 — fall%] = O@~?) for any ¢, then E[| fr41 —

HIE] = A B ES - Al%] = 0G™?), for ¥ € (0,1) and E[|l fiy1 —
i ||%<] =0@! logt), for ¥ = 1. In this sense, the previous results can be regarded
as corollaries of our new results.

We end this section with some remarks on the applicability of algorithm (2).
The implementation of ORPL algorithm (2) requires, at iteration ¢, to store the
previous examples {z1, 22, ..., z;—1}. Consequently, the memory (space) complex-
ity is very high. In order to improve the applicability of ORPL, one intriguing
approach is to develop a memory-efficient implementation which, instead of keep-
ing all previous t — 1 examples at iteration ¢, stores only a buffer set of a limited
size as employed in [16, 33] using, e.g., reservoir sampling techniques [31]. In
this case, ORPL would work with finite buffers associated with the local error
L(f) = |l;—[lX:jeBrE(f(x,,)cj),r(y,,yj)) + %||f||2 , where B; is the state of
buffer at iteration 7. Notice that each iterate function f;; can be represented as
fiy1 = Z’F 1 a;. K(x,.x;)- Therefore, another direction to improve the applicability
of algorithm (2) is to design online learning algorithms for pairwise learning, which
would encourage the predictor f;4 to have sparse support vectors (i.e. with a large
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proportion of zero coefficients a;). Such algorithms should be able to reduce the
computational time at both training and testing stages.

3 Technical results and proofs
This section proves our main results.
3.1 General technical results

For any A > 0, we can establish the uniform bound for the learning sequence { f; :
t € N} as follows. Our main aim is to consider the generalization performance of f;
which is expected to converge to the true regularization function fj.

We can establish the following lemma.

Lemma 3.1 For any A > 0 and ¢ € N, if the step size satisfies n;A < 1 for ¢t > 2,
then we have

kM
I fillx < = vt € N. )

Proof We prove the claim (9) by induction. The initial functions f; and f> certainly
satisfy inequality (9). Observe that |€'( f; (x;, x ), 7 (¥, ¥j)| < M, consequently,

||ft+l||K - ”(1 - nt)\f)ft - tz_rl 3-_:11 6’(f,(x[, )CJ'), r(y,, y,/))K(xr,x_,-)”K
<= =nMl fellk +neMk.
KM

Putting induction assumption || f;|[x < %~ into the above inequality yields the

desired estimation for || fi4+1llx < (1 — n,)»)% +n Mk = % This completes the
proof of the lemma. O

To prove the main convergence results, we need to introduce the concept of
Rademacher complexity [4] which is defined as follows.

Definition 2 Let F' be a class of uniformly bounded functions. For every integer n,

we call
1 n
Ry(F) :=E,Re | sup = > & f(z)) |,
feF n i=1
the Rademacher average over F, where z = ({z;}_, are independent random
variables distributed according to some probability measure and ¢ = {g;}!_, are
independent Rademacher random variables, i.e. P(e; = 1) = P(g; = —1) = %

The Rademacher complexity has the following useful property (see e.g. [20])
which will be used in the later proof. This property is a refined version of the
well-known contraction inequality due to Ledoux and Talagrand [18, Corollary 3.17].
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Lemma 3.2 Let {g;(0)} and {h;(0)} be sets of functions on ®. If for each j, 6, o’
that |g;(0) — g;(0")] < |h;(6) — h;(0")|, then

m m
E. supzejgj(e) <E. SupZe.,’hj(Q) . (10)
0€®j=1 06(~)j=1

Now we define

t—1

1
() = 3 DS G x)). G ¥,
j=1
and

N 1 t—1
E'f) = Z/Ze(f(x,x,-), r(y, y)dp(x, ).
j=1

t—1+4

Furthermore, let gi( f)= & H+ %H f ||%(. With the above notations, we can get the
following recursive inequality which is very critical to prove the convergence of the
ORPL algorithms.

Theorem 5 Assume n; A < 1 for anyt > 2, then we have

2
2560e(ic M) ) Can
Y]

E[Wfw = fillk ] = Q=0 E[If = fiullk ] +4M202? + 20, (

To prove Theorem 5, we need the following technical lemma which is mainly
motivated by the peeling and re-weighting techniques [3, 28] for Rademacher
averages.

Lemma 3.3 Let s > 2, then for any 0 < 7 < 1 there holds

1280ex2M?

E[E(f) - E (] < T EIEH) — S+ Toon @

Proof Let F = {f € Hk : | fI| < «M/A} which can be further written as JF; =
U2, F(4'b), where, forany i > 1,

F@b)y={feF 47 b <b+&(f) - &(f) <4b).
Here, b > 0 is a constant to be determined later. Define, for any i > 0,

Ri= suwp [E(/)=Ef)—E(NH+E(f].
feF@ib)
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To prove the desired result in the lemma, we start to estimate the term

EA(fT);fg(&%;fé@S g*m). Indeed, we know from (9) that f; € F). Therefore,

EU)-&H - EW+EU _ [EWD - &) - EWN +E ()
b+ &) - E(F) = e EAGECATY

EN —ES) —EN+E )
b+E.()—E(f)

> [sm —&U) -EN+ Em)}

sup sup
i feF4ib)

IA

Suj
L ) EAGEIN)

o0
SN A I PYOECATART AT ERATA)
i=1 feF(4ib)
e .
="'y 4R, 13)
i=1
It remains to estimate R;. To this end, note that R; is a function of {z1, z2, ..., Zs—1},
ie. R; = Ri(z1,22,-.-,2:—1). In addition, observe from the strong convexity of

&[] and the definition of f; that A| f — f)x||%< < &) — En(f>)- Consequently,

b .
If = fillk < 2’\/; Vf e F@Db). (14)

Now, for any z; being replaced by z’j, observe, for f € F(4'b), that

2 M 2%hem [b
s z-1) — Rizr, ..., Zjyenes a-Dl = 1f = fillk = —— \/;

where the last inequality used the estimation (14). Therefore, we know from the
McDiarmid inequality that, with probability 1 — 27'§, there holds

. [2b10g(Z
R; —E[R:] <2t heMm t—f(‘s).

Now we move on to the estimation of E[R;] using the standard symmetrization
trick (e.g. [3]). To this end, for any z = (x, y), let L ¢ (z) = Ez£(f (X, x), r (3, y)) —
Ez(fi(X, x), 7 (3, y)).

Letz; = {z/j = (x;., y}) cj=1,2,...,t} be the i.i.d. copy of z; = {z1, ..., 2},
then

t—1

1
E[Ri] =By, | sup [E(f) = &) ——5 D Lyxjy))]
_fé]‘—(4’b) - j=1

1 1 t—1
=By | sup [By[-— D LyG) D] = = DLy y))]
j=1

1 t—1 1 t—1
< EZ,]EZ; sup. [:ZLf(x}v y;)_:ZLf(xj’ yj)]
feF@b) j=1 j=1
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Hence, for any ¢; € {1, —1} with j = 1,--- ,¢ — 1, we have that
EuEy | sup [ IZqu,sy»— mef 3]
fe]-—(4’b) -
= E,Ey | sup Z [y ) = LyCxjy)]
| reFain T LD

1
< 2E,E: | sup ZS;Lf(x/ i)
feF@in) t ] 1
< 2B, B:E; sup Z [eCF &, x)), 15, y))) = LHE, x)), r(F, y))].
feruipg t — 1=

Using the property of Rademacher averages stated in Lemma 3.2 with 8 = f,
gi(O) = U(f &, x;),r(F, ) — L(fr(F xj), r(F, y;)), and h;(0) = M f (X, x;) —
fo(X, xj)] implies that

t—1

1
Ee sup —Zs, EF@E x). r(F. y) — L@ x). r(F. y)]
feF@in !
-1
< ME. sup Ze, FGE x) — fuE x))]
feF@in !
!
= ME[ sup (———3 ;K. [ = fi)k] (15)
feF@ib) =
Combining the above inequalities with (14) implies that
1 t—1
Ee[ sup I_IZSJIQH,) f= k] <E sup ([_71 ZSjK(f.xj)»f_fA)K]
feran) = filg=<2 [t i=

b t—1

2’\/;]E5 ﬁze.iK(i,x,-) i)
Jj=1 K k,

. b Ul 1/2 ; b ! 1/2
lelm(ﬂiaké:lajé‘kl{((x’xj),(szk))) =2 m(;K((ij)y(X,xj)))
< 2 L

(t—DAr

Therefore, for any i > 1, with probability 1 — 2-1§ we have that

. 26 . 2blog(%L) . 2b 2i
R, < 2l+1 M. == 21+1 M TN < 2l+1 M= 11 1 =
"= KMy tex A - Myt og( 8)

(16)
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Combining the estimation (13) with (16) implies that, with probability 1 — §, there
holds

Elf) = &) —Ef)+EL) up E() = &) —E +E(f)
b+E(f) — E(fr) FeF b+E.(f) — E(f)

o0 .
, 2b 2!
8b~' Y 27 kM) = | 1+ ,/log(=
; K = + og(a)
2 ad / 1
< 8M,|— (1 27 [i +log -
< oK Abt( +; 1+ og(s)
< 8kM 2 14,/1 1+i2‘l’f
=% Abt 8% P l
Sk M 2 34,/1 ! (17)
K —_— og—1],
V abr V8

where, in the last inequality, we have used the fact that

IA

IA

o0 o0 o
. 1 V2 1 . 1 V2 1 1
DR I e e I A (o D e e A
‘ l_2+4+2‘ @+ 2+4+8+2_ i
i=1 i=3 i=3
V25 1™ V251 1 2
< Z 44 27%ds =~ 4 = 4 - <2
_4+8+2/2 e @ 4+8+8((log2)2+10g2)_

This implies that

= = 2 1
Ef) = Ef) = E () +E(fL) < 8M, b (3 +4/log 8) [b+ E(f) = En(f].

(18)

2

2
For any 0 < 7 < 1, selecting b = [(Sl’i—Mr) %:| <3 + ,/log %) , substituting it

back into (18) and arranging terms, we obtain, with probability 1 — §, that

2
1
1282 M2 <3+ 1°g5>
. (19)

ELf) = Ef) < TES) - &) + ( e =

Denote the random variable & = £ (f,) — & (f,) — T1(&.(f2) — Ex(f1)). The above
estimation implies, with probability at least 1 — §, that

1\2
12822 (3+y/log5)”  1282M2 10 e
< )— log —.
1—1 tA 1—1 tA 6

£<(
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_u___
1280k2 M2
[(E=217)

The above inequality means Prob[§ > u] < exp {1 — } for any u > 0.

Therefore,
0

E[£] = /OOProb[é > uldu —f
0

—00

</°°e . (1 —7)thu < 1280ex 2 M*>
X _ u _—.
=), P 1280202 [ " = T —oin

This completes the proof of the desired result. O

Prob[¢é < uldu < /OOProb[E > uldu
0

Remark 3.1 Indeed, from (17) we can have, with probability 1 — &, that

E) = &) —EN +E(f) [2 o1
;;g[ b+&(f) = &) }5 S Oy o )
2

Selecting b = |:8KM 2] (3 + /log %)2 and arranging terms in the above

IV rx
estimation, we obtain, with probability 1 — §, that

, VfeF,.
(20)

A

128K2M2> (3+,/log 1)’
1—1

EHI-E) < f(&(fx)—fx(f))Jr(

Now we are ready to prove Theorem 5 using Lemma 3.3. In the following, we
use the notation E[£|z1, .. ., z;] to denote the conditional expectation of the random
variable & conditioned on {z1, ..., z:}.

Proof of Theorem 5: Let .Zl\i(f;) = ﬁ th_:ll C(fr ey x), r e, i) Ky ) +AJ2-
By the definition of f,41 = f; — n;/A} (f1), we have

Elll i1 — fil %] = ELIf — Al 1+ n?BOAL Ol 4+ 20 BLCf — fin AL () k1.
(21)
By Lemma 3.1 and the definition of M, we have

1A ()l <M+ Al fillx < 26M. (22)

Now we estimate the third term on the righthand side of equation (21). The reproduc-
ing property and convexity of £(-, r(y, y')) imply that the term (f;, — f;, A5 (f))k
can be bounded by

1 t—1
— D Ui x), r O ) Sty = fo x)) + A fi fi)k = MLl
j=1

t—1

1 A
< D Ui x), r O ) Sriwny = frl x)) + ZU LI + il — A fillk
j=1

<E(f) - Ef.
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Since f; only depends on the examples z,—; = {z,...,z1}, we have
[gt(ft |21,z ] = &t ' (f1)- Hence,

E[E(£) - E(f0] =E[E[EL(f) — EL(folz1s. - o -1 | =E[EL (F) —EL(F)] 23)
Applying Lemma 3.3 with T = 1/2 implies that

- ~ 1 2560e(x M)?

E[& () - 8] = 3EIEU0 — &1+ #

By &E.(f) — E.(f1) < —Allfr — fill3, the above inequality implies that
- ~ A 2560e (i M )2

E[&(f) - &) = —3E[Ifi - Alx]+ %

Substituting the above estimation and inequality (22) back into (21) yields the desired
result. This completes the proof of the theorem. [

The proof of the recursive inequality (11) in Theorem 5 critically depends on
the estimation of the term E[ﬁ’ (fn) = EL(fD)] — E[En(fn) — En(fp)]- This term is
very similar to the well-known sample error in the standard framework of learning
theory [11, 29]. One could use the standard Rademacher complexity approach [4]
to directly estimate this critical term. Indeed, observe that E[Ei (fr) — Si( f,)] —
E[&(f) =E(n] = E[E(f) =& (f0)] —E[E(f) —E(f)] = E[E(f) —E"(f0)].
Then, one can apply the standard symmetrization technique [3] and get the following
estimation:

E[E(f) —E(f)] <E sup E[E(f) —E(f)]
Ifllk<%
—1

eile(f & xp),r(@, yi)]
1

IA

2EE, sup
irnx<g £ = 14z
1 t—1
2MEE, sup —Zajf(i,xj)
k=gt 155

IA

t—1

1
— 2MEE,[ sup Zs]Kw,) Nkl
Iflx < =

2M%k
— f ZK((x xj), (%, %))

2M%ic? ! < M2K2,/3.
(t — D A

This estimation together the above observation means that

1/2

IA

~ ~ 2
E[E(f) — E(] <E[E.(f) - E ()] + M2K2\/;.
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Using the above inequality, instead of the more refined estimation (12) in the proof
of Theorem 5, we can have

2V2M?i%y,
VIA

We can see the inequality (11) is much better than inequality (24), since the last
term on the nghthand side of (24) depends on J while the counterpart in (11) only

E[ll fis1 — flk] = (1= A)E[Il fr — ful k] + 4M*nc? + . (24)

depends on 7. This improvement comes from the Lemma 3.3 which is obtained by
applying peeling and re-weighting techniques [3, 28] to the strongly convex objective
function &, (f) — En(fi).

3.2 Proofs of main results
In this subsection, we prove the main results, i.e. Theorems 1, 2 and 3. First of all, by

induction we can easily get from the recursive inequality (11) that, for any #p, T € N
and T > ftg, there holds

T T
E[ll fr+1 — fillk] < H 1= ) E[ll fio— £ill% +4M2:<22n, [T @ —nj»
1=t 1=t j=t+1
n
+5120eM2K22A—; .]_[ (1 =mnj2), (25)
t=tp  j=t+1

. . 7 .
where the conventional notation ]_[JT-:T 1 (1 — n’T) = 11is used.

Proof of Theorem 1 : Our proof mainly follows from [37]. By the assumption (6),
there exists some 7y € N such that n,A < % holds for each ¢ > #y. Fixing such #y, we
estimate three terms on the the right hand side of (25) step by step.

Estimation of term 1:  We first estimate the first term on the righthand side of (25),

ie. l_[ 1 — N ||f,0 fﬂl%(]. Since Z?izo n; = ocand 0 < n;A < 1 for any

=ty
T T

t > to, we have that l_[(l —mA) < exp(— Z ntk) — 0as T — oo. Hence, for
t=ty =Ip
any € > 0, there exists some 7 € N such that, for any 7' > T,

T

[T = nn)E[fi — filk] <e

=ty

Estimation of term 2: Now we are in a position to estimate the second term
on the righthand side of (25). By the assumption lim;_7; = 0, there
exists some integer f. > ty such that 5, < )‘76 for each + > .
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T
Then we divide 3/, n? 1—[ (1 — ;) into the following two parts, i.e.
j=t+1
te T T T
Znt H (=m) =X TT -+ X 0 T1 (-n2).-
t=ty j t+1 =10 Jj=t+1 t=te+1 Jj=t+1
Iy I

Fixing f., we can find some 7, € N such that for every T > T, there holds

T . T . 1 [?
Zj=te+1 nj > Zj=te+1 nj = 3 log T fortg <t < t., we have
T T T 2

2)%€
[T (=mn) <expl= D njnd <expl— Y mjr} <
j=t+1 j=t+1 j=te+1 €
estimation and the fact that n,1 < 1/2 for t > 1y together yields the following
bound for I;

. Putting this

2}\.26 < 2)\.26 1 €
I = Z’?t 1_[ 1—’7/) TZU%EZXIGXEZE'

1=ty j=t+1 € 1=t

For I, we can get

T T T Ae T
= [T 0=mn)= 32 n5 [T (1=nj3)
t=te+1  j=t+1 t=te+1 j=t+1
T T T

=3 (1=n;2) = [T =n;2)
t=te+1 \j=t+1 j=t

=s{1- J] a-nn| =5

j:te+1

where the first inequality holds due to the fact that n; < %E foreacht > t..
Estimation of term 3:  The estimation of the third term on the righthand side of (25)
is similar to that of the second term. To see this, observe that there exists t/ eN

A A€ —
such that < when ¢ > , rewrite the term Z Y 1—[ (1—n;xr)as

=1y j=t+1
1, n T T n T
t
25, I (=np)+ >0 0 T (=ni).
t=to  j=t+1 t=t{+1  j=t+1
I3 Iy
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By the assumption that ) ,o,7, = oo, there exists some 73 € N such
T /
that there holds that > > 10 . That means
Z n = Z n = g foe
t=t/+1 t=t/+1
T T T 2240e
1—[ (1—njr) < exp{— Z njr} < exp{— Z njr} < % holds for
j=t+1 j=t+1 j=tl+1 €
o<t < té and T > T3. Consequently, /3 can be bounded as
[ T 2 4 2
_ e o A tye e A toe , 1 _€
[3_12[)‘t l_[ (1=mj3) = ! ZMS 1! e X N T 2
=l Jj=t+1 1=ty
2
For 14, since % < )‘Té when ¢t > té, there holds
T n T T T
_ i . € _
b= X BT 0-n) =5 Y e [T (-0
t=t/+1 j=t+1 t=t/+1 Jj=t+1

T
=5 > | [Ta-nn- H(l—nm

t=t/+1 | j=t+1

T
=3 [1 - Hj:zg+1(1 - 77./)‘)] <3

Combining all the above estimations, for 7 > max{T, T>, T3}, we have
that

E[ll fro1 — fillx] < (1 + 42 M? + 5120ex>M?)e.

Since ¢ > 0 is arbitrary, this completes the proof of Theorem 1. O

To derive explicit rates, we need the following technical estimations from [37] and
[27].

Lemma 3.4 Forany 0 < v < 1,t < T,0 < o < 1, and b > 0, the following
estimations hold true.

ST e { T+ D+ D)), 0<a<1

i .
(1) j=t+1J log(T +1) — log(t + 1), a=1.

S+ P expl— R (T D) e <,

(i) Loex { —v j D‘}Ie
Zt 2 p Z] =t+l lﬁv(T'i_l) Voa=1.

(i) e < (&)x0.

- ve

We are now ready to prove Theorem 2.
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Proof [Proof of Theorem 2] By letting 7o = 2 in inequality (25) we have that

T T T
E(ll fre1— filk] < [T =0 Il +4M*3 Y 07 T] (1—nj2)
=2 t=2 j=t+1
T 0 T
t
+ SIZOEKZMZZA—t [T (1=n;2). (26)

t=2 j=t+1

By the definition of f3, we know that &( f,\) + 41 £0% < £0)+410]% = 1, which

implies that || f, |k < f Taking n; = t”‘ with 0 < o < 1 and by estimation (i) of
Lemma 3.4, we can bound the first part as

T T T
1
[Ta-nmisk < exp{—me} A =6XP{—Z,—a} A
=2 =2 =2
(1-@2/3)') 1—a| 2
< —_——(T+ 1) %} —. 27
_exp{ 1o (T+1) ; (27)
2\1—a
Applying (iii) of Lemma 3.4 with b = ;= and v - (3) yields that
1—(2/3) =
exp _M(T —+ 1)1—0{ S # T_a.
(I-w (1= (2/3)17")e
Putting this estimation into (27) implies that
[T =i 15 < « e 28)
LIV = e = a=@3ie]  are
Since i <n = }a , the third part can be bounded by the second part, i.e.
T 0 T T T
t 2
SETT (=)= Xn ]_[ (1—;7,-A). (29)
=2 j=t+1 =2 j=t+1
For the second part, we know from estimation (ii) of Lemma 3.4 that
T T T T 1
2 —
Z”t l_[ (1 _’71')”) _Z)\%Za H (1 - J_oc)
=2 j=t+1 =2 j=t+1
L (18 97!~ { 1—201—1(T+1)1_a}+ 1
=2 \re T q Zagate P -« T2
1 (19 971~ 1 —20-1
=+ —— -—— (T 11_"‘}. 30
= AZ(T“+(1—a)21—“eXp{ —g D ) (30)
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Applying (iii) of Lemma 3.4 with b = 1 and v = =2 implies that

1

-« _(1_201—1) -« 1 = a
T'exp| - ————T+1'"} = <—(1_2a 1)e> T,

Putting the above estimation into (30) implies that

Z”' l_[ ( _”-/A) = (19+ (1—3)2101((1—21“1))1_1&)#' Gb

t=2 j=t+1

Putting (28), (29) and (30) into (26) implies that

E[ll fr1 — filk] < Clm,

o 1
— = 2 9 1 T
whereC) = [2(%) +4(1+1280e) (k M) (19+ b ((Ha_l)e) )}

This completes the proof of the theorem. O
Proof of Theorem 3 1f we take the step size as 1, = 7y in inequality (26), we have
T T
B[l fra = f3] = TT(1 =) EQ 1] +4M2x22n? [T (1-n%)
=2 t=2 Jj=t+1
+5120e M2 ZZ o ]_[ (1=n2)
j=t+1
T ro, T |
2 2.2
<T] (1 - ;)IlfxllK +4(1 + 12800) M2 Y oy ]_[ (1 - ;>
=2 =2 j=t+1
T
o) M2ic2 1
= FIAIG+ SRS ) 0
< 2+ 4(1 + 1280e) Mk 21"” < [2+4(1 + 1280e) M2k 2]‘%.
This completes the proof of the theorem by taking C3 = [2 + 4(1 + 1280e) M2«?].

O
We turn our attention to the proof of Lemma 2.1 and Corollary 4.
Proof of Lemma 2.1 We rewrite the generalization error as
e = [[a= s o e’y = [ [ Lireandoxwdox ).
Here,
L) = [[a=ynudptiodpi/ )

= (1 — )4 Prob(yy’ = 1]x,x") + (1 +t) 4 Prob(yy’ = —1|x, x’)
= (1 =04+E)n&) + A =) A =GN+ A + D41 = nx")
+n(x) (1 = n(x)].
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When ¢t = f.(x,x’) € {—1,+1}, one can easily see that L(f.(x,x")) =
2Prob(yy’  #  fe(x,x")|x,x’). And from the definition of f., we have
L(f:(x,x")) < 2Prob(yy’ = s|x,x’) forany s € {—1, +1}.

Case 1: Ifr > 1, wehave (1 —t); =0and

L@ =1+ =0 +nG)(A = n@&)]
> 2[n(x)(1 = n(x") + (") (1 = n(x)] = 2Prob(yy" = —1}x, x") = L(fe(x,x)).

Case2: Ift < —1,wehave (1 +¢)y =0and

L) =1 —-0n@)nE) + (1 —n@x)A —n&))] = 2[n0)nx")
+ (1 =)A= n(xN] = L(fe(x, x)).

Case3: If—-1 <1t <1, we have

L) =1=0n@nG") + A=) A=nG@N+A+D)nE) - +n(x)1-n®))]

1 1
>1- I)EL(fc(x,x/)) +d +t)§L(fc(x,x/)) = L(fe(x,x)).

Hence, we have L(t) > L(f.(x,x")) forall t € R, it follows that

&N = // L(f (x,x)dpx (x)dpx (x') = f/ L(fe(x,x)dpxd(x)px (x") = E(fe).

This completes the proof of the lemma. O
We are now ready to give the proof of Corollary 4.

Proof of Corollary 4 Observe that

A

Efrin =€) = [Efren — €] +[EG0) - £ = [fran) - £ + DG
kll fr+1 — fillk + D). (32)

IA

We know from Theorem 3 that, for any 0 < A < 1, that

1 log T
Bl fr1 — file] = B[l - AIRD* = 0(252).

Putting this estimation with D(%) = O(A#), from (32) we obtain that

logT 8
B[ = (0] = O( 7 +3F).
1
Choosing A = (@) 20+8) yields the desired result. O

This paper focuses on the convergence of the individual iterate f; in the expec-
tation form. We end this section with a comment on describing the difficulties of
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deriving the convergence of || fr+1 — filllx ||%( with high confidence. To this end,
let

N 1 t—1
A=Y /Z 570, 7 yi) Ko pdp (o ¥) + A,
=1

and we know that

(o = fo ALk < EL(R) — EL(S). (33)

Combining the above estimation, we can see, by the definition of f;; and (22), that
Il fi+1 — full% can be bounded by

Ife = fllk +42M202 200 — fo, A (f) — A (g + 200ELCS) — EL())

< Ifi = filk +43M202 + 200 — frs AL(f0) — AL (f))k
2
+0(En(fo) = En.(f1) + 51262 M? (3 + J@) [tA
< A= fi = Ll + 20 fo — for A (f) — A ()i + 4> M

2
128 (3 +/log g)

tA

n +

)

where the second to the last inequality used (20) with T = %, the fact that f; € Fj
for any 7, and &, (f) — E4(f3) = Al fi — fill% - Consequently,

T

T T
Ifro = £lk < JTO=medlflk +4u> Y [T a=mn) |0+

1=2 j=2k=j+1

2
128 (3+‘/10g%> n;

JA

T T
+ 23 [T a=neomith = £ A — ALk (34)

J=2k=j+1

By choosing n; = jLw the first two terms on the right hand side of (34) can achieve
log T

the fast convergence rate O(W

) since

T

1 1
[Ta=nmlflk = 1A% < =
1_2( neM N fllk TIIfAIIK = 7

and

T T 128(3 +,/log 10, 1412803+ ,/log })* 1oeT
ST a=mm[ni+ I d = 32 5 ( i )

j=2k=j+1

Notice that {(f; — fj, Al (f;) — AL(fj))k : j € N} is a martingale difference
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sequence. Choosing n; = /l,\ and directly applying the Pinelis-Bernstein inequality
[23] to this martingale difference sequence implies that

Z H (1= men; (fi — fi. AL — ALk
j=2k=j+1

1 < Y
=Hj=2(fx—fj’Ai(fj e rEel

f,\z

From the above arguments, we now clearly see that the critical hurdle to get the

fast convergence rate for || fr4y1 — f)\||%< with high probability comes from the
T T n T

term Yo [Timjy (1 = medni(fo — £ A7) — AL(f))k. We can get the

fast convergence rate in the form of expectation since the expectation of this term

disappears.

4 Conclusion

In this paper, we first introduced an online learning algorithm (2) with pairwise loss
function with focus on the hinge loss for the sake of brevity. Our analysis can be
easily extended to other general pairwise loss functions. Under certain conditions on
step sizes, we established general convergence results and derived the learning rate.

There are several possible directions for future work. Firstly, in this paper we con-
sider the performance of the last iterate f74 of algorithm (2). It would be interesting
to investigate the performance of the average of all iterates (f1 + f>+---+ fr)/T
or the average of the o proportion iterates with 0 < o < 1, it is expected to get the
optimal rate by averaging scheme. For more discussion about the averaging scheme
for online learning algorithms associated with univariate loss functions, see [26] and
references therein. Secondly, our results only indicates a sub-linear convergence rate,
it is unknown how to get an exponential convergence rate under certain conditions
on the step sizes and the RKHS H k. Thirdly, our analysis requires the regularization
parameter to be strictly positive, i.e. A > 0. We know from [36], for the least-square
loss in the univariate setting, that convergence results also can be established even
when A = 0. However, it still remains a challenging question to us on how to establish
similar convergence results for algorithm (2) with A = 0.
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