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Abstract

This paper aims at approximation of functions by linear integral operators on vari-
able exponent spaces associated with a general exponent function on a domain of a
Fuclidean space. Under a log-Ho6lder continuity assumption of the exponent function,
we present quantitative estimates for the approximation and solve an open problem
raised in our earlier work. As applications of our key estimates, we provide high order-
s of approximation by quasi-interpolation type and linear combinations of Bernstein
type integral operators on variable exponent spaces. We also introduce K-functionals
and moduli of smoothness on variable exponent spaces and discuss their relationships

and applications.
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1 Introduction

Approximation of functions by positive linear operators is a classical topic in approxima-

tion theory starting with the Bernstein operators [7], for approximating functions in the



space C[0,1] of continuous functions on [0, 1], defined by B, (f,z) = Y r_y f(E)pui(x) for

x € [0,1] with the Bernstein basis p,x(z) = (})a*(1 — )" *. The Bernstein operators
have been extended in various forms for the purpose of approximating discontinuous func-
tions, by replacing the point evaluation functionals by some integrals. Classical examples
for approximation in LP[0,1] (1 < p < oo) with the norm || f||z» = <f01 |f(x)|pdx> " are
Bernstein-Kantorovich operators [27]

n k+1

K,(f,z) = Z(n +1) /:H f)dt ppi(z), z € [0,1] (1.1)
k=0 51
and Bernstein-Durrmeyer operators [20]
n 1
D,(f,x) = Z(n + 1)/0 Png(t) f()dt poi(x), x € [0,1]. (1.2)
k=0

Quantitative estimates for approximation by Bernstein type positive linear operators of
functions in C'[0, 1] or L?[0, 1] have been presented in a large literature (e.g., [5, 4]). See [19]
and references therein for details and extensions to infinite intervals and linear combinations

of positive operators for achieving high orders of approximation.

In this paper we study the approximation of functions by quasi-interpolation type linear
integral operators on variable LP() spaces. The functions are defined on a connected open
subset  of R%. The variable LP*) space, LP1)(Q), is associated with a measurable function

p: Q — [1,00) called the exponent function. The space LP() consists of all measurable

p(z)
functions f on €2 such that fQ <@> dxr < 1 for some A\ > 0. This space is a generalization
of the Lebesgue LP space with constant p € [1,00), but its norm cannot be defined by

replacing the constant p by exponent function p(-). Its norm is defined by scaling as

p(z)
1l = ||f||Lp<->:mf{A>o: / (@) dxﬁl}- (1.3)

With this norm, LP() becomes a Banach space.

The idea of variable LP() spaces was introduced by Orlicz [35]. Motivated by connections
to variational integrals with non-standard growth related to modeling of electrorheological
fluids [1], image processing (e.g., [8, 9, 13]) and learning theory [32], there has been much
interest in the approximation by linear operators on the variable LP() spaces recently (e.g.,
[16, 32, 42]). On the other hand, these function spaces have been developed in analysis, and
research topics include boundedness of maximal operators and denseness of smooth functions.

We shall not go into details which can be found in [28], [18] and references therein. Instead,
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we only mention the following core condition on the log-Holder continuity of the exponent
function which leads to boundedness of Hardy-Littlewood maximal operators and the rich
theory of the variable LP()(Q) spaces.

Definition 1. We say that the exponent function p : Q — [1,00) is log-Hélder continuous if

there exists a positive constants zzlp > 0 such that

A

p(z) —ply)| < ——2—, r,y e |lr—y| <1/2. 1.4
(o) =) < = oyl <1/ (1.4

We say that p is log-Hélder continuous at infinity (when € is unbounded) if there holds

P

< —r Y EeQ, |yl > |zl 15
< ey TYED b2l (15)

Ip(z) — p(y)]

Denote

p-=infp(z),  py =supp(x).
zef x€eQ)

It is obvious that 1 < p_ < p, < 0.

Regularity of approximated functions on the variable space LP() may be described by the
variable Sobolev space W™P()(Q) (e.g., [22, 18]) with a regularity index r € N which is the

Banach space of measurable functions f such that for every multi-index o = (v, ..., qq) €
Z% with |af; = S a; < 7, the partial derivative D*f = ax‘f?‘.i;.ngdf is in LPO)(Q). We

define the norm on the space W"P() by

1 oty = Ifllwrrorey = Y 1D Floe-

lal1<r

It is obvious that W) (Q) = LPO)(Q). Denote the seminorm | f|,. () = > tadi=r 1D (@)
We shall measure the regularity of approximated functions by the K-functional K., (f, 1),
defined by

K (fit)ooy = inf {If =gllpoy +tllgllrpr}» >0 (1.6)
gEW"‘vP()
When r = 1, we denote K, (f,t)y¢) by K(f,t)p)-

Denote by C§°(2) the space of all compactly supported C* functions on 2. From [18],
we know that when p, < oo, C$°() is dense in LPO)(Q). Hence for any f € LP() (), there
holds K, (f,t)p) = 0 ast — 0.

The first motivation of this paper is an open problem raised in our earlier work [32]. Tt

is associated with quasi-interpolation type linear operators starting with the classical work
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of Schoenberg on cardinal interpolation by B-splines and developed well due to applications
in the areas of finite element methods, cardinal interpolation for multivariate approximation
and wavelet analysis. A large class of linear operators for approximating functions on R?
take the form

T(f z)= /RdCID(x,t)f(t)dt, r € R, (1.7)

where ® : R? x R — R is a window function satisfying [, ®(z,t)dt = 1 and some con-
ditions for decays of ®(z,t) as |r — t| increases. Quantitative estimates for approxima-
tion in C(R?) N L®°(RY) or LP(RY) with 1 < p < oo (p being constant) can be found
in a large literature of multivariate approximation (see e.g. [10, 30, 26]). Establishing
analysis for approximation by quasi-interpolation type linear operators on the variable
LP1) spaces is a new and interesting topic. The barrier we met in [32] is the assumption
that a measure p satisfies p(§2) < oo. This assumption is not satisfied for most quasi-

interpolation type linear operators or the classical Weierstrass (or Gaussian convolution)

operators G,,(f) = (\/g)d Jga €xp {—"‘tTf‘Q} f(t)dt, for which p is often the Lebesgue mea-
sure on R?. It is desirable to overcome the technical difficulty and establish error analysis
for linear operators with respect to unbounded measures. The first purpose of this paper is
to solve this problem. We shall present a general framework of approximation in LP¢)(RY)
associated with variable exponent Sobolev space W™?()(R?) and provide approximation the-
orems (Theorem 1 and Theorem 2 in Section 2) for a class of linear integral operators on R?

under mild conditions for decays of ®(z,t) as |x — t| increases.

The issue of approximation by Bernstein type positive linear operators on variable LP¢)(€)
spaces with Q = (0,1) was raised by the third author in [42]. It turned out that the
variety of the exponent function p creates technical difficulty in the study of approximation.
In particular, the uniform boundedness of the Bernstein-Kantorovich operators (1.1) and
Bernstein-Durrmeyer operators (1.2) is already a difficult problem. The key analysis in [42]
is to show that the Bernstein-Kantorovich operators and Bernstein-Durrmeyer operators are
uniformly bounded when the exponent function p is Lipschitz « for some « € (0, 1]. It was
conjectured there that the uniform boundedness still holds when p is log-Hoélder continuous.
This conjecture was solved by the first and third authors ([32]) who also gave approximation
theorems in the Holder space W;(O)o defined by

Wiy =1{9€ Loty : Igllproe < 00}

with the norm [|gllpree = [9llp¢) + 220 < IP%9llc and presented some applications to

learning theory such as error analysis for some learning algorithms for classification [40] and



quantile regression [39] in variable LP()(Q) spaces. It would be interesting to apply our

approximation theorems to analysis of some other learning schemes [25, 21, 24, 37].

The second purpose of this paper is to provide quantitative estimates for high orders of
approximation by linear combinations of Bernstein type operators on variable LP() (S) spaces
with a simplex S C R?. We shall improve the approximation order in the previous work [32]

and extend the approximation theorems in the univariate case [42] to the multivariate case.

The last purpose of this paper is to introduce moduli of smoothness w, (f,t)p(.) on variable
LPO)(Q) spaces and provide some relationships between K,.(f,t),.) and w,(f, t)p( This is a
very difficult problem on variable LP()(Q) spaces. The main essential difficulty is that the
variable LP)(Q)) spaces are no longer translation-invariant (even not shift-invariant) in gener-
al. This leads to the difficulty in defining moduli of smoothness on variable LP()(Q) spaces.
We overcome this difficulty by means of integral means and define moduli of smoothness

wr(f,t)p) as follows.
For h > 0, denote
Q(h)={zx e Q:B(z,h) CQ},
where B(z, k) is the ball defined by B(z,h) = {y € R?: |y — 2| < h}. Denote the integral

mean of a locally integrable function f on () by

My f(x) ]B i ’/ e y)dy, x € Q(h), (1.8)

where |E| denotes the Lebesgue measure of a subset E of . Then for r € Z,, the rth
modulus of smoothness is defined for f € LP0)(Q) by

r

H(I = Mp,) fXO(h1+41y)

i=1

: t >0, (1.9)
p(")

Oy = s,
i=1,.r

where I is the identity operator and Xqo(u,+.+h,) is the indicator function of the set Q(h; +
-+ h,). When r = 0, we denote wo(f,t)p) = |I.fllpe)-

The paper is organized as follows. In Section 2, we give quantitative approximation
theorems and a converse theorem for a general class of integral operators on variable LP¢)(R9)
spaces under the assumption of log-Holder continuity of the exponent function p(-). These
theorems are proved in Section 3 based on two key local estimations. As an application, we
provide in Section 4 high orders of approximation by linear combinations of Bernstein type
operators on variable LP()(S) spaces. In Section 5, we present some properties of the moduli
of smoothness w,(f,t),) on the variable LP0)(§2) spaces and some relationships between

K. (f,t)py and w,(f,t)pc)- In the last section, we give some further discussion.
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2 Main Approximation Theorems on L*()(R?)

We consider the integral operator defined by (1.7) with the kernel function ® on R? x R?
satisfying

/ O(z,t)dt = 1. (2.1)

We also assume that the integral operator decays polynomially fast in the sense that for

some nonnegative integer m and a constant C,, there holds

vz, t € RY, (2.2)

Below are some typical examples.

Example 2.1. If & : R? x R — R satisfies (2.1) and (2.2), is continuous, symmetric
such that the matrix (®(z;,2;)), ;_, is positive semidefinite for any {xy,---,z;} C R? then
® generates a reproducing kernel Hilbert space (RKHS) for regression and classification in
learning theory analysis [36]. Such a kernel is often called a basic windowing function in

statistics.
Example 2.2. Suppose that for some nonnegative integer ¢, there exists a constant ¢, such
that a function ¢ : R? — R satisfies

Cq

G 23)

[ oo =1 et <

then the kernel function ® : R? x R? — R defined by ®(x,t) = p(x — t) satisfies conditions

(2.1) and (2.2) with m = ¢. As a special case, consider the Gaussian density function

( ) 1 4 |$|2 Ezﬂgd
o\l ) = ex ——5 (> X
7 2T P 202

with a parameter o« > 0. It is easy to see that ¢, satisfies (2.3) for any ¢ € N. Set

D, (z,t) = @o(x—t). Then the operator T defined by (1.7) becomes the Weierstrass operator
[19, 36] with the parameter a > 0, taking the form

Ga(f,x):< ! )d Rdf(t)exp{—‘x_t‘z}dt, r €R% (2.4)

21« 202
Example 2.3. Take a kernel function ® : R? x R? — R defined by

O(x,t) = Y oz —T1)p(t —7),

TEZA



where for some nonnegative integer m, there exists a positive constant C,, such that the
function ¢ : R? — R satisfies

Chn

[ et =1 ot <

Z plx+71)=1.
Terd
Then conditions (2.1) and (2.2) are satisfied [33]. The function ¢ can be a refinable function

in wavelet analysis.

Multivariate approximation in LP(RY) with p being constant was motivated by finite
element methods [23]. Lei, Jia and Cheney [30] investigated the approximation from shift-
invariant spaces by integral operators (1.7). They gave a characterization of the approxima-
tion order provided by these operators and unified some approximation schemes in cardinal
interpolation (see, e.g., [12, 15]), quasi-interpolation (see, e.g., [11, 14]) and wavelet analysis
(see, e.g., [29, 33, 34]). They also showed that under some decay conditions, the integral
operator T' provides approximation order m if and only if it reproduces all polynomials of

degree at most m — 1.

Definition 2. Given a positive integer m, we say that an integral operator T on LPC)(R?)
defined by (1.7) provides approximation order m € N if for every sufficiently smooth function
f in LO(RA),

ITif = fllpoy < Ch™,  as h — 0, (2.5)

where the constant C is independent of h. Here with the scaling operator with a scaling
parameter h > 0 defined by

Uhf - f(/h)>

Ty, is the linear operator opT'oy .

Our first theorem provides the uniform boundedness of the scaled operators 7}, on the
variable LP()(R?) space and gives the order of approximation by these linear operators when
the approximated function has some smoothness stated in terms of a K-functional (1.6) with

r=1.

Theorem 1. Suppose the exponent function p : RY — (1,00) satisfies 1 < p_ < py < 00
and the log-Hélder continuity condition (1.4) and (1.5). If the kernel ® satisfies conditions
(2.1) and (2.2) with m > d + pf‘_l, then the operators {Tj, }nso on LPO(R™) are uniformly
bounded by a positive constant M, as

Tl < M,,  Yh>0. (2.6)



Moreover, we have
ITn(f) = flloey < Col(fiR)py, VR >0, (2.7)

Here Mp and 5]3 are constants depending on p(-),d, m, C,,, to be given explicitly in the proof.

We devote our second theorem to high order estimates of approximation by operators
{T),} when the approximated function has high order smoothness stated in terms of the
K-functional K, (f,t),) with r > 1.

Theorem 2. Let r € N. Under the same assumption on p as in Theorem 1 with the
extra requirement p— > d, if the kernel ® satisfies conditions (2.1), (2.2) with m > d +

max{r, =} and

/ O(z,t)(t — x)%dt = ba0, Vo € Q,a € Z% with |af, <, (2.8)
Q

then for any f € L), we have
IT5(f) = Flloey < Apaky (F07)y VYh>0, (2.9)

where the constant flnd is independent of f € LPY) and h (given explicitly in the proof).
Remark 1. The vanishing moment assumption (2.8) corresponds to the Strang-Fix type
conditions in the literature of shift-invariant spaces (e.g., [30, 26]).

In fact, from the proof of Theorem 2 given in Section 3, we have the following extension of

the Bramble-Hilbert Lemma and a result in [30] with constant p to the variable LP) spaces.

Proposition 1. Let r € N. Under the same assumption on p and ® as in Theorem 2, let T
be the integral operator defined by (1.7). If Tq = q for all q € I1,_1, then

IThf = Flioty < Clflepoyh”s — f € Wl (2.10)

where C' is a constant independent of f and h, and 11, = I1,.(R™) denotes the linear space of

all polynomials of degree at most r on R™.

The following theorem gives a converse of Proposition 1. It gives an upper bound for the

approximation order.

Theorem 3. Let r € N. Suppose the exponent function p : RY — [1,00) satisfies 1 < p_ <
py < 00. Let the kernel ® satisfy (2.1), (2.2) with m > d, and

O(z —wv,t) = Pz, t +0), Vo e Z4 2t € R (2.11)
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Define the integral operator T by (1.7). If for every f € C°(RY), there holds
1T f = fllotr(o,1ya) = o(h"™1), as h — 0, (2.12)

then Tq = q for all g € 11,_4.

Remark 2. Condition (2.11) described in Theorem 3 is equivalent to the commutativity of
T with all shift operators S, with v € Z? defined by S,(f) = f(- — v). This condition is
satisfied by many integral operators such as convolution operators, quasi-interpolants, and

cardinal interpolants.

Remark 3. Proposition 1 and Theorem 3 together characterize the approximation order
of an integral operator with its kernel satisfying (2.1) and (2.2) by means of the degree of
polynomial reproductions in the variable LP) spaces. From [30], we also see that Theorem

3 remains true if the cube J = (0,1)¢ in (2.12) is replaced by any nonempty open subset of
R,

3 Proving Approximation Theorems

In this section we give detailed proofs of our approximation theorems stated in Section 2.
Denote by L} (RY) the space of locally integrable functions on R?. We need the following
two lemmas to estimate regularity of differential functions by the centered Hardy-Littlewood

maximal operator M defined for locally integrable functions on €2 by

M(f)(z) = sup

_ f(t)|dt, x € Q. 3.1
>0 | B(x, h)| B(z,h)ﬂﬂ‘ )l (3.1)

Lemma 1. If g € L} (R?) satisfies |Vg| € L}, (R?), then for any x,t € R?, there holds

loc loc

6d
9(0) = 9(0) < 5 (M(Tal) @) + AT ) o~ (32)
Proof. Denote zy = % and 0 = ‘%t‘. For y € B(x,0), we denote w = é:il when y # x

and have

g9(x) —gly) = — /Ow_m' D, (9(1‘ + pw)> dp = — /OLHl Vy(x + pw) - wdp, — (3.3)



where D, (g(x + pw)) is the derivative of g(z + pw) with respect to p. Integrating both
sides of (3.3) about y € B(x,d), we have

1
/ o gy = rB<xo,6>r(g<x>——|B(% i / W)g@)dy)

ly—z|
= —/ / Vy(z + pw) - wdpdy. (3.4)
B(z0,0) J0

Define
Gl - {Vg<u>, if u € Bz, 30),

0, otherwise.

Since |y — z| < 36 for y € B(xg, ), we see B(xg,d) C B(x,30) and from (3.4),

1 1 ly—=|
r)— —— dy| < ——— Vg(x + pw)|dpd
‘g( ) | B(z0,0)| /B(mo,é)g(y) y‘ = |B(x0,9)] /B(acg,é)/o Vol pu)ldpdy
1 36
< —/ / G(z + pw)dydp
$0= | (x,36)
35 36
= / / / (a: + p— y— ) dS(y)drdp,
an ’ OB(z,T) |y ‘

where OB(x, ) denotes the spherical surface {y € R?: |y — z| = 7}. Setting y = z + Tv, we

find 30 d
/ / (x +pl— T ) as(yydr = &) / G(z + pv)dS(v).
dB(x,7) ly — | d 8B(0,1)

Setting u = x + pv yields

‘9(w>—%m,/xoé)g(y)d '_d‘B (20 ‘/36/6301 (z + pv)dS(v)dp

30 4 36
pi-tds / | s
d|B an |/ /8B(a:p ( ) d|B an | 0B(z,p) |u_'x|d ! ( )

) G,
= AB(0 0] oy Ju— a1 (3.5)

d
Since |B(x,6)| = 9¥(d)d?, where ¥(d) = F(ZL) is the volume of the unit ball in R?, we have
2

1 / ‘ 34 / G(u)
g(r) — — g(y)dy| < —— ————du. 3.6
‘ (=) |B(20,0)| J B(xo.0) @) di(d) Jp(z s v — ]! (3:6)
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Since G(u) > 0, we have

/ Gw) . _ i/ Gl)
B(z,36) ‘U, - x’d ! k=1 {uERdzg’—g§|u—x|§2ls’%l} |u - ‘Tld_l
00 2k d—1 (%) 2k d—1
G(u)du = <—) / G(u)du
Z (35) /{ueRd'|u w\< 36 kz; 30 B(x,23f )

0o d—1
( ) / [Vatul
k=1 72k 1 | ;E

IN

M

< 360(d) sz-’fMuvm)(a:) - 2d3aﬁ<d>M<|v9|><x>. (3.7)

Combining (3.7) with (3.6), we obtain

900) = gy 00| < o Tal) )

< 6—M<rv9\>< >35<— (V) (@)]z — . (3.8)

By symmetry, we also have

64
90~ (e o 90| < MOV 0l — ] (39)
l'(), | xo 5)

From the estimates (3.8) and (3.9), we immediately get the desired estimate (3.2). The
lemma is proved. O

Lemma 2. Let s > d. If g € L}, (R?) satisfies |Vg| € LL.(RY), then

1

l9(2) = 9(t)] < csa [M(IVgI")(@)]7 |z =], Vot R, (3.10)

where ¢ 4 is a constant depending only on s,d (given explicitly in the proof).

Proof. We continue the proof of Lemma 1. Applying the Hélder inequality to (3.8), we have

d

1 6 s 1
00 = e o, 90| < T (V) o)

(3.11)

Define
Vg(u)|, if ue B(x,49),

0, otherwise.

G(u) =

11



Since B(wg,d) C B(t,30), by the method used in the proof of Lemma 1, with w := =%

ly—t|’
we obtain

1 1 ly—t|
t) — — d S—/ / Vy(t + pw)|dpdy
’9” Blzo,0)] /Bm,g)g(y) y' Bao.0)] Jows fy VIEF D

1 85/ _
_ G(t + pw)dyd
\B(m0,6)|/0 B(t,36) b+ pw)dydp

1 86 30 - y —t
= — G(t+p )dSydep.
soniih L Lo y—a) W

Setting y = t + Tv, we have

36 _ d _
/ / G (t + py—t) dS(y)dr = (39) / G(t + pv)dS(v).
o JoBr) ly —t| d  Jap(o,)

1 3d 84 .
gt——/ gydy‘g / / G(t+ pv)dS(v)dp.
90~ B3 s PO < o oy CE 950
Let u =t + pv. We have
1 34 G(u)
" | B(0,0)] B(x,5) ) di(d) B(t,86) lu — t]a-t

37 / [Vg(u)l
= 2 YT gy, (3.12)
dI(d) Jpss)nBwas) lw— 1"

Thus

Since s > d, by the Holder inequality, we have

1
0~ B0 s "

il ' [ () ")
< Vg(u)|’du / _— du
di(d) B(x,45)| (w) Btss) \|u — 41
g1 (s—1 = s 1 a1 -1 [ s—1 = s 1
< gt (S2) T s (Ve @)t <3t (S20) T (v @) e -,

Here in the second inequality, we have used the estimate

1

o P s] < DI

and the integral formula

1 P = 85 ) =
— ] du = |do(d) | PPV
u — t]4-1
B(t,86) 0

1
s

e

(49)




Combining this estimate with (3.11), we finally have

9(z) — g(t)] < csalM(|Vg|*)(2)]

1
s

x —t

with the constant ¢4 given by

= — d_ S .
Cs.d d + 3 s —d

This proves the lemma. O]

For proving our approximation theorems, we also need the following lemmas. The first
two can be found in [18] and the last in [16].

Lemma 3. If Q is an open subset of R? and p : Q — [1,00) satisfies 1 < p_ < p, < o0
and the log-Hélder conditions (1.4) and (1.5), then there exists a constant A, > 0 depending
only on p such that

1M (Hllpey < Apll fllpy,  VF € LPO(Q). (3.13)

Lemma 4. If Q is an open subset of R? and p : Q — [1,00) satisfies 1 < p_ < py < o0,
then for any r > 0 with rp_ > 1 and f € L™ (Q), there holds

I ey = WFllpe)- (3.14)

Lemma 5. If Q is an open subset of R and p : Q — [1,00) satisfies 1 < p_ < py < o0,
then for any sequence {fu}n C LPO(Q), we have lim,_o0 || fn — fllpey = 0 if and only if
limy, o0 [ [fn(2) = f2)[P@dz = 0.

Now we are in the position to prove our approximation theorems.

Proof of Theorem 1. First we prove the uniform boundedness of the operators {T},} on
LPO(RY). Rewrite T, (f) as

Tu(f)(z) = h™ /Rd @(%, %)f(t)dt, r € RY (3.15)
By the decay condition (2.2), we have
—d ; _ P, % d
) < O™ [ gl (Ol = Gl ), o <R (310

where @y (z,t) = h~4(1+ @)_m and we have abused the convolution notation @ * |f].

From [38], we know that there exists a constant A depending on d and m such that

O« |f|(x) < AM(f)(z), VzeRh>0. (3.17)
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So from Lemma 3 we have
|Th()llpey < CnAIM()llp) < Crn AAL flp()- (3.18)

This verified the uniform boundedness of the operators {7}, } with ||7},|| < C,,AA, for any
h > 0.

As for the second part of the theorem, from [p, ®(z,t)dt = 1, we have Tj,(1,2) = 1. So
for any f € LPO)(R?) and g € W'0), by the uniform boundedness of {T},}, we have

ITo(f = Doy < NTRIS = llpe)-
Thus for any g € WHP0),

10 () = Flloey = I Th(f = 9) +Tu(9) = g+ 9 = Fllney
< (Tl +DIF = glloe) + 1Tr(g) = glln)-

By taking the infimum over the space W'?) we only need to estimate the term ||T},(g) —

gllzr» for g € WHPO) By Lemma 1, for any = € R?, we have

da, Tt
(9.2 - g(o) = | [ 190G I - rlad
Rd h h
% - -
< ([ Bt 02mqvaD@le — e+ [ ate02(VaD Ol )
R R
6d
= E (JL}Z(tT) + Jg,h(l‘)) .
Consequently,
6d
ITa(9) = gl < = (1 0alloe) + 1920l - (3.19)
What is left is to estimate ||Jip||p) and || Jon||pc)-
We first estimate || Jop[lp(). Since m > d + -P=;, we take a positive number 7' > =

such that m > d + +/. Take the conjugate number v of +' satisfying % + % = 1. Then
1 < v < p_. Then there hold pi_ < 1 and yp_ > 1. By the Holder inequality, Jo(z) is
bounded by

1
v

(/. EISh@c,t>uw<|v9|><t>wt)i ([ Bt —alar) (3.20)

: / A 1
Since m > d + ~', we set the constant C,, = fRd Wdt’ and get

1 1
~ o\ h—d k4 AL
Op(x, |t —z["dt) <h / — ,dt) =Cyh, VreRL (321
(Lt e —at'ar) <Rd<1+|7t|>m—v (321)
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By Lemma 3 and Lemma 4, from estimates (3.17) and (3.18), we have

p(+)
< (AA)YNIM( 7 gDV 1 = (AA) T IM( 7 gDy < (A4 AL N7 gl -

1
~

[ utaoir(1 v shorar)

5
()
¥

H (/]Rd By (z, t)[M(|vg|)(t)Pdt);

Combining this estimate with (3.21) and (3.20), we get

2
12alloe) < (AA2) Y A,C RV gy - (3.22)

The first term ||.J1 ||,y is easier to estimate. Notice that

Jun(x) = B / d ﬁdtwwgmm

—dr1 1 B 1 )
S /R (1+|x_;e|)m_1dtM(|Vgl)(x) —h/Rd —(1+’t‘)mfldtM(|Vg|)( ).

Hence

Jin(z) < CohM(|Vg|)(z),  VzeR%

Thus, with the boundedness of the maximal operator stated in Lemma 3, we have
1allpey < CnhlIM (VgD lpe) < CnAphll[Valllp)- (3.23)

Putting (3.23) and (3.22) into (3.19), we finally conclude

6% [ . AL
HTh(Q) - ng(-) < - (OmAp + (AA%)l/WApC%

’ )l

By taking infimum over the space W) for any f € LPO)(R?), we have

64 [ . .7 ~
||Th(f) - f”p(-) < E (CmAp + (AA§>1/WApCﬂW% + ||Th|| + 1) K(fv h)p(-) < CpK(fa h)p(-)

with the constant @, = % (C’mAp + (AAg)l/VApCA‘TZ + C,,AA, + 1) depending only on
p(+),d,m, and C,,. The proof of Theorem 1 is complete. O

Proof of Theorem 2. We follow the standard procedure in approximation theory and consider

the error Tj,(g, ) — g(z) for g € W), Apply the Taylor expansion

oty =gl@)+ Y = aj!(” (t—2)* + Rypa(2,t),  x,tEQ

1<]a[1<r—2
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where the remainder term R, ,_1(x,t) is given by

Ry, 1(x,t) = / (1 —u)"? Z Doyl t;(t —2)) (t — x)*du.
0 lafy=r—1 '

We see from the vanishing moment condition (2.8) and the condition (2.1) that

Th(g,2) — g(z) = /Rd@h(x,t) i+ ¥ Daj!(:c>(t—x)a+Rg,r(az,t) dt — g(x)

1<|a)1<r—2

_ L@h(x,t) /0(1—u)r—2 yo Dlaletult =) yegy Y ar,

!
|ali=r—1

By the inequalities |bl; < V/d|b| and |by|*|by|? - - - |bg|* < |b|‘1a|1 for « € Z%¢ and b =
(b1, b, -+ ,bg) € R% it is easy to verify that |T},(g, ) — g(x)| can be bounded by

ro1 ! D (z +u(t —x)) — D(z)|
= " 1 — )2 | ¢ plloh ‘
d g | D (x, 1) /0 ( u) E o |t — x| “"du p dt

|ali=r—1

Take a positive number s satisfying d < s < p_. By Lemma 2 we obtain

Th(g,7) — g()]

1
< d’“?/ @z, 1) /(1—u)"—2 S o MIVDogP) @)t — 2l du b dt
R4 0
|a|1=r—1
< cad™ 3 VD)@ [ [@w 0t - ol
Rd

lali=r—1
We need to estimate the term [p, |®y(z,t)||t — z|"dt. By the assumption (2.2) we have

t— x| 1
Dy (x,t t—a:rdtﬁcmh_d/ |—_$dt=th_d+r/ o dt.
/Rd| (. D]t — ] R e

Since m > d + r, we set the constant C,, = f]Rd Wdt and obtain
/ Bz, )|t — 2|"dt < CrnCin”. (3.24)
R4

By the method in estimating ||J54]|,¢) in the proof of Theorem 1, since s < p_, we get
1

> [peavog@it| <€ 3 NPl <€ D2 NP @l

lo|p=r—1 |ali=r—1 |Bl1<r
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with a constant €, depending on p(-) and s. Combing this estimate with (3.24), we have
=l .~ r
1Th(9) = 9llpe) < €sad > ECmCnh"||gllwrro-
Thus by taking infimum over g € W), we have

) = flboy < _in€ TS = 9l + ITl5) = glbty + g = T}
< it {(HThH F ) IF = gl + Coad T €CmCon” I gllwnsce }
< Ay (f, 00,
where Ap,d =CnAA, +1+ csvddr%l epémcm. This complete the proof of the theorem. [

Proof of Theorem 3. By the linearity of Tj, for f € C3°(R?) and J = (0,1)¢, we can write
(2.12) as

lim || T, (A~ f) = A=V f oy gy = 0 (3.25)
h—0
which is equivalent to
lim / T (b= )(z) — b= f(2) PP = 0 (3.26)

according to Lemma 5.

Denote J; = {z € J : |T(h~ "V f)(x) — ="V f(z)] > 1} and J, = J \ J;. Then
[ 0@ —n e @ e = [ Tee @) b)) da
J J1

| T(h D f)(@) — D f()] da.

Jo

By the Holder inequality and |Jo| < 1, since p; > 1, we have

\Th<h<”>f><x>—h“““f(x)!”*d:cz( | T (h T”f><x>—h<”>f<x>\dfc>m-

J2 J2
Thus
lim / ITW(h= D f) () — 0D ()| d = 0
h=0 J 5
and
lim/ T (™D f)(z) — "V f(2)| da = 0.
h—0 Jo
It follows that
/|Th ()| dz = o(A"") as h— 0.
From Theorem 3.1 of [30], we know that our conclusion holds true. ]
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4 Approximation by Bernstein Type Operators

In this section, we apply our main approximation theorems to high orders of approximation
by linear operators on variable LP()(Q) spaces when the approximated function has high

orders of smoothness. The smoothness is stated in terms of the K-functional (1.6).

We consider a class of more general integral operators taking the form
L) = [ Kalwt)f(dt,  zeffe i@ (11)
Q

in terms of their kernels {K,(x,1)}>2, defined on Q x Q with [, K, (z,t)dt = 1 on Q. We
assume that the kernels satisfy the following three conditions with some positive constants
Co >1,b, Cy and C, (depending on r € N)

sup/ | K, (x,t)|de < Cp and sup/ | K (z,t)|dt < Cp, (4.2)

teQ JQ e JQ

sup | K, (x,t)| < Cyn®, Vn e N, (4.3)

z,te)

/ | K, (2, )] |t —o*dt < Con™, Vn e N,r e N. (4.4)
Q

The uniform boundedness of these operators can be proved by means of the method in [32].
Here we state the following estimates for approximation by the linear operators {L,} and

omit the detailed proof.

Theorem 4. Let Q C R? be an open set with finite measure and an exponent function
p:Q — (1,00) satisfy d < p— < py < oo and the log-Hélder continuity condition (1.4).
If the kernels {K,(x, )}, satisfy conditions (4.2), (4.3) and (4.4), then the operators
{L,}2, on LPY)(Q) defined by (4.1) are uniformly bounded by a positive constant M, as

|L,|| < M,,,  Vn€N. (4.5)
Furthermore, if Q is convezr, r € N and
/QKn(sc,t)(t — x)%dt = 40, Vo € Q,a € Z% with |a| <1, (4.6)
then for any f € LPY) and n € N we have
IZa(F) = Flloty < AppalSe (fin75), ) (4.7)
where the constant A,pq is independent of f € LPV)(Q)) and n € N.
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Remark 4. Theorem 4 improves our earlier result in [32] which states under the assumption
of Theorem 4 that there exists a constant A, 4 such that for any f € LP),

1) = Flbr < Ayl (Fm77%) (4.8)
where 7_ is the integer part of rp_/2 and the K-functional K, (f,t),, associated with the
Holder space W;(o)o is defined by

Ke(fit)poy = inf {lIf =gl +tlgllproct, — £>0.
gEWpé~)

As a special case, we consider multivariate Bernstein type positive linear operators and
give high orders of approximation by these operators on variable LP)(S) spaces with S being

a simplex of R

First we briefly describe two kinds of Bernstein type operators: multivariate Bernstein-

Durrmeyer operators and Bernstein-Kantorovich operators on S.
The Bernstein-Durrmeyer operators on an open simplex
Q=5={rc(0,00): |z, <1} CcR?

are defined as

t)dt

Js F)pn,al ]
D,(f,z) = ’ PnalT), feLl(S), zebs, (4.9)
|0§;n fs Pna (t)dt
where for © = (21,...,2q4) € S,a = (o, ..., aq) € 24,
n! o nelals
Pra() My (1= [zfy)"

"0, — Ja]y)!

The classical Bernstein-Durrmeyer operators (1.2) on 2 = (0,1) (d = 1) with dp(z) = dx
have been well studied (e.g., [20, 19] ) and extended to multivariate forms with dp(z) = dx
in [17] or with Jacobi weights dp(z) = II9_,2%dz in [6]. Bernstein-Durrmeyer operators
on © = (0,1) with an arbitrary Borel probability measure were introduced in [43] and
applied to error analysis of learning algorithms for support vector machine classifications.
A multidimensional version of such linear operators was considered by [2, 3, 31]. In [31],
the first author gave orders of approximation on S C R? and applied the result to error
analysis of some learning algorithms for regression. Here we consider the case with a general
exponent function p(-) satisfying 1 < p_ < p; < oo and the log-Holder continuity condition
(1.4) or (1.5).
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The multivariate Bernstein-Kantorovich operators on S is defined in [41] as

_ L f(t)dt
Kn(f,z) = Z M

iz 15nal

Pn.a(T), feL's), wzes, (4.10)

where |5, | is the Lebesgue measure of S, , and {S,, »}» are subdomains of S defined by

i i 1
Sma:{xGS:xGHf:l{ a a ),]m\lgmh—i_ }, lal; < n.

n+1'n+1 n-+1

Set a sequence of kernels {¥,} on S x S by

Pn a(t)pn o(T)

U, (z,1) = .
(=:1) Js Pna(t)dt

laf1<n

Then the Bernstein-Durrmeyer operators (4.9) can be written as

Do(f.x) = / W, (1) f (1),

Similarly, if we define a sequence of kernels {U*} on S x S by

* pnya<x>xsn,a (t)
MEHESY S

lo1<n
where xsg, , is the indicator function of S, ,, then the multivariate Bernstein-Kantorovich

operators defined by (4.10) can be expressed as
Ro(f.0) = [ wiw0f e
s

With the properties of Bernstein-Durrmeyer operators D,, and Bernstein-Kantorovich
operators K, found in [19, 6, 41], all the three conditions (4.2), (4.3) and (4.4) can be verified
for the kernels W, (z,t) and ¥ (xz, ), so the desired uniform boundedness and approximation

orders for the operators D,, and Izn follow from Theorem 4.

The Bernstein-Durrmeyer operators D,, and Bernstein-Kantorovich operators K, are pOs-
itive, which prevent them from achieving high orders of approximation due to a saturation
phenomenon. Linear combinations of such operators can be used to get high orders of ap-
proximation. The idea and literature review of this method can be found in [19] and [32].
Some further developments have been made in Holder spaces in [32]. Let £,, be the Bernstein-
Durrmeyer operators D,, or Bernstein-Kantorovich operators KC,, defined respectively by (4.9)

and (4.10). The linear combinations of £,, are defined as

mq,r

Los(f, ) ZC Lo, (f ), (4.11)
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_ (d4r=1)!
where mg, = P

and with two positive constants El, EQ independent of n, we have

is the dimension of the space of polynomials of degree at most r — 1,

md,r
n=mng<n<..<ng, <Bm, Y |Ci(n)|< By, (4.12)
=0
and
mgq r
> Cin)Ln, (- = 2)%,2) =609, VO |afy <r—1. (4.13)
=0

We have the following high orders of approximation by linear combinations of D,, and
lzn. We omit the detailed proof.

Proposition 2. Let the exponent function p : S — (1,00) satisfy d < p— < p; < oo and the
log-Hélder continuity condition (1.4). Let L, be the Bernstein-Durrmeyer operators D,, or
Bernstein-Kantorovich operators K,, defined respectively by (4.9) and (4.10). If2 <r € N
and the operators {L, ,}nen defined by (4.11) satisfy (4.12) and (4.13), then for any f €
LP0)(8) and n € N, we have

L0 (f) = Flloey < Arpale (fin72) ) (4.14)

where the constant A, q is independent of f € L) and n € N.

Remark 5. We can give characterization theorems for approximation orders provided by

{L,} or {L,,} in the same way as Proposition 1 and Theorem 3.

5 Discussion about K-functionals and Moduli of S-
moothness on Variable L*() Spaces

In this section, we turn to the general setting with an open subset 2 of R%. We give some

fundamental properties of the modulus of smoothness w,(f, ), defined by (1.9) and estab-

lish some relationships between the K-functional K, (f,),.) and the modulus of smoothness

wr(f,t)p(y on variable LP0)(Q) spaces. The following basic properties can be seen directly
from the definition of w, (f, ).

Proposition 3. Let r € N and t > 0. The following statements hold.

(i) For f € LPY), w,(f, t)p(y 15 a nondecreasing function about t.
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(i3) For f1, fo € LPO)(Q), there holds w,(f1 + fo, oy < wr(f1,8)p0) + wr(fa, t)p()
(iti) For f € LPO), we have limw,(f,t),) = 0.
t—0

() If p: Q — [1,00) satisfies 1 < p~ < pt < 0o and the log-Hélder continuity condition
(1.4) and (1.5), then w,(f,t)p() < (1+Ap) we—i(f, t)pe) for any j € {0,1,...,r}, where
A, is the constant given in (3.13).

The following properties give some relationships between moduli of smoothness with

various orders r and the K-functional.

Theorem 5. Let Q2 be an open subset of R, the exponential function p : Q — [1,00) satisfies
1 <p~ <pt < oo and the log-Hélder continuity condition (1.4) and (1.5). Then for r € N
and j € {0,1,...,7}, there exist a constant c; ; > 0 depending only on p(-) and d such that
for f € Wiwl)

wr(f,1)pe) < dt] sup wy—; (D £, 1)), t>0. (5.1)

18|=7
Theorem 6. Let r € N and Q be an open subset of R, the exponential function p : Q —
[1,00) satisfies 1 < p~ < pt < oo and the log-Hélder continuity condition (1.4) and (1.5).
Then for any f € LPO(Q) and t > 0, we have

wr(f, t)p() < max{ 1—|—A , pd}K ft" )p(), (5.2)

where the constant A, is given in (5.13) and c;, ; > 0 given in Theorem 5.

Proof of Theorem 5. We first prove that for any f € W) and ¢t > 0,

d

2¢A
wr(fot)p() < 2t sup w1 (DP £ 1), (5.3)
p) S 7 Sup p()

In fact, for any 0 < h; <t,7=1,...,r, denote

r—1

g@) = T[T - Mp) f(), zeq, (5.4)

i=1

then

T

LT = Mu) f(@) X 4inn) (@) = (T = Ma,)§(2) Xap 4-th) (2), 7€ Q.

i=1
For any fixed x € Q(hy +---+ h,), and y € B(x, h,), set w = ﬁ (set w =0 when y = x),
then

ly—=| ly—=|
o) =it = [ Dugtatpudp=— [ Vi + pu) - wd.
0 0
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Integrating both sides of this equation about y € B(x, h,) yields

/ ) =)y = |B<x,hr>|(g<x>——‘3(;, =i (m)gw)dy)

j / dy'
( Ih | cr:h)
ly—=| hy
— Vi(z + pw)|dpdy < ———— / / Vi(x + pw)|dydp
B r// Vot oW =BGy o) )

hr hr
= 1Bz k)l dS(y)drdp.
|B(x, he) /0 /0 /QBW) ) ‘ (y)drdp

Let y =  + Tu, then
hd

ha _
/ / Vg (x + Pu> ‘ dS(y)dr = —r/ Vg(x + pu)|dS(u).
0 JoB(z,7) ly — x| d 8B(0,1)

Take v = x 4 pu. Then we have

hy
(=300 < gy [ ¥+ st

h
r Vg(v 1 / |Vg(v)]
_ dS(v)dp = —— YT g,
PRI / /BBI,,HU—W (WP = G5 Jyuny To— 2t

Notice that

Vo0l _ 3 Vi)l
‘U_x|d71 v d.h h ‘fu_x|d71 v
B(z,hy) {UER :2—£§|v7w\<2kf1}

k=1

<y <2_]:)d_1 /B(M) |V§/(v)|dv:i(}2l—i>d 1 M() 722’1 - ‘/ . | [Vawdy

k=1 1ok—1 k=1

So we have

(I = Mp,)g(x)| =

Ve <“”|y—a:|

o0

< ho(d) ) 2R M (V) (2) = 2R, 9(d) M (V) ().

k=1

Thus we have
2¢p,

(1 = My, )g ()] < —=M(|[Vg|)(z).
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By Lemma 3, we have

H([ - Mhi)fXQ(h1+"'+hr) = [I( - Mhr)gXQ(M-l-”-—i—hr)Hp(’)

=1 p()
. 2°h, .
= (= Ma)dllp) 000 ++0) < == IM VI lp) @001+-+00)
214 . 2¢A 5
S d phr H ’ng‘p(.)’Q(hlJ’,...J’,hT‘) S TJPhT wSllllI:)l ‘|Dﬁg|’p(.)’ﬂ(hl+...+h7‘). (55)
Notice from the definition (5.4) of ¢ that for 8 € Z? with |3|; = 1,
r—1
DA(z) = [ = M) D F@) X o(@), @ € Qhy+---+ ).
i=1
It follows that
r—1
ID?3llo0).0mssn) < || ] T = M) D® FXtr 4ty (5.6)
i=1 (")
Putting (5.5) into (5.6), we get
w0y = sup [TTC7 = Mu) Fxamsoin)
0<h; <t ||~
i=1,...,r =1 p(*)
! B
< sup Ph, sup [|D”§ . ot
Q_<1hi§t \/E Bt H ||p( ),Q(h1+4-+hs)
2dA r—1 5
< Pt sup  sup I — M, )D b
va e sup H( 1) D FXQbs 4 4Ry 1)
i=1,..r—1 =1 p()
274,
= t sup w1 (DPf,1)p0)-
Vd jsn=1 -
The case j = 2, ..., r of the theorem can be proved by induction. The theorem is proved. [

Proof of Theorem 6. From the proof of Theorem 5, we see that there exists a constant
¢pa > 0 depending only on p and d such that for f € Wwrel),

wr(f)p() < 6 gt Sup ID? fllpey, >0
1=r

For g € W0)_ by (ii) of Proposition 3, we have

w?“(f? t)P(')

wr((f =9) +9:t)pe) S wr(f = 9,)p() +wr(g:t)p0)
< O+Awa—mm»+%JT$P”D%WO

1=r

< max{(1+4,)", ¢ o} (1f = gllpy + " llgllrp))-
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By taking infimum over g € W™P() we finally obtain

wr(f, )y < max{(L+ Ap)", ¢ S (f, 1) ()
The proof of the theorem is complete. n

We end our discussion by giving the following conjecture concerning the K-functional
K. (f,1")p) and the modulus of smoothness w,(f,)y(.).-

Conjecture. Under the assumption of Theorem 6, there exist positive constants C; and Cs
independent of f and ¢ such that

CLE(f 1) p) < wrl(fy )py < CoF(f 1 )p0,s Ve LPO(Q),0 <t < 1.
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