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Abstract

In this note, we propose and study the notion of modified Fejér
sequences. Within a Hilbert space setting, we show that it provides a
unifying framework to prove convergence rates for objective function
values of several optimization algorithms. In particular, our results
apply to forward-backward splitting algorithm, incremental subgradi-
ent proximal algorithm, and the Douglas-Rachford splitting method
including and generalizing known results.

1 Introduction

The notion of Fejér monotonicity captures essential properties of the iterates
generated by a wide range of optimization methods and provides a common
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framework to analyze their convergence [8]. Quasi-Fejér monotonicity is a re-
laxation of the above notion that allows for an additional error term [16, 10].
In this paper, we propose and study a novel, related notion to analyze the
convergence of the objective function values, in addition to that of the it-
erates. More precisely, we modify the notion of quasi-Fejér monotonicity,
by adding a term involving the objective function and say that a sequence
satisfying the new requirement is modified Fejér monotone (modified Fejér
for short). In this paper, we show the usefulness of this new notion of mono-
tonicity by deriving convergence rates for several optimization algorithms in
a unified way. Based on this approach, we not only recover known results,
such as the sublinear convergence rate for the proximal forward-backward
splitting algorithm, but also derive new results. Interestingly, our results
show that for projected subgradient, incremental subgradient proximal, and
Douglas-Rachford algorithm, considering the last iterate leads to essential-
ly the same convergence rate as considering the best iterate selection rule
27, 26], or ergodic means [5, 28], as typically done.

2 Modified Fejér Sequences

Throughout this paper, we assume that f : H — |—00, 00| is a proper func-
tion on a normed vector space H. Assume that the set

X ={z e H|f(z) = min f(z)}
is nonempty. We are interested in solving the following optimization problem

fe = min f(z). (1)
Given z € H and a subset S C H, d(x,S) denotes the distance between
x and S, ie., d(z,S) = infycs ||z — 2||. Ry is the set of all non-negative
real numbers and N* = N\ {0}. For any S C H, we denote by 1} the
characteristic function of S.
The following definition introduces the key notion we propose in this paper.



Definition 1. A sequence {z;} ey C H is modified Fejér monotone with
respect to the target function f and the sequence {(n:, &) hen in RZ, if

(Vo e domf)  [lwpn — al” < floe — 2l = m(f(20) — f(2) + & (2)
Remark 1.

(1) Choosing x € X in (2), we get

mef (ra1) <&+ nefu + o — 2] < o
This implies that {x;}ieny C domf.

(ii) By setting x = zy in (2), a direct consequence is that, for allt € N,
@1 — 2] < & (3)

(111) All the subsequent results hold if condition (2) is replaced by the follow-
ing weaker condition

(Vo € X Uf{zibien) Nz —l® < o — 2l = no(f(2en) = f(2)) + &

(4)
Howewver, in the proposed applications, condition (2) is always satisfied
for every x € domf.

e Here we highlight that the inequality (2) has been proved to be satisfied
and implicitly used to derive convergence rate for many algorithms, con-
sidering the best iterate selection rule, e.q., [27, 26], or ergodic means
[5, 28]. The main novelty of this paper is to show that considering the
last iterate leads to essentially the same convergence rate as that for
considering the best iterate selection rule, or ergodic means, see Theo-
rem 2.

In the following remark we discuss the relation with classical Fejér se-
quences.



Remark 2 (Comparison with quasi-Fejér sequences).

If > en &t < 400, Definition 1 implies that the sequence {x;}ien is quasi-
Fejér monotone with respect to X [16, 10]. Indeed, since the solutions set
X € domf and that f(xi1) — f(xe) >0 for every x. € X, (2) implies

(Vo € X) @1 — 2] < ||z — z|* + &

Note that, in the study of convergence properties of quasi-Fejér sequences
corresponding to a minimization problem, the property is considered with
respect to the set of solutions X, while here we will consider modified Fejér
monotonicity for a general constraint set or the entire space H.

We next present two main results to show how modified Fejér sequences
are useful to study the convergence of optimization algorithms. The first
result shows that if a sequence is modified Fejér monotone, one can bound
its corresponding excess function values in terms of {(n;, &) }en explicitly.

Theorem 1. Let {x;} ey C H be a modified Fejér sequence with respect to f
and {(nt, &) ben in R2. Let {n }ren be a non-increasing sequence. Let T € N,
T >1. Then

nr(f(@rir) — fo) ST d (21, X)* + Z ft + &r- (5)

Proof. Let {u;}jen be a sequence in R and let k € {1,---, T — 1}. We have

J=T—k+1 j=T—

1 T T
j=T—k+1 i=T—k
1 T
=—— ) (u—ury).
k(k+1) J=T—k+1
Summing over k =1,--- ;T — 1, and rearranging terms, we get
1 T T-1 1 T
T:?ZUj—i—Zm' Z (uj—uT_k). (6)

j=1 k=1 j=T—k+1



For any « € domf, choosing (Vt € N) u; = n,(f(2151)— f(x)) and rearranging
terms, we have the following error decomposition [19]:

nr(f(er) — Zm (@141) — f(2))

+ ; k(l{;—i—l) t:Tz;H Ne(f(@ip1) — f(@2r—k41))
Z k+1 Z U 77T—k] {fxr—p) — f(2)}.
k=1 t=T—k+1

Let x = x, € X. Since {1 }+en is a non-increasing sequence and f(zr_g11) —
f« >0, the last term of the above inequality is non-positive. Thus, we derive
that

m(fera) = ) € 7 S flmn) = F())

T-1 T
1

T 2 M) = farn)). ™)

=1 t=T—k+1

For every j € {1,...,T}, and for every # € domf, summing up (2) over

t=4,---,T, we get

Zm (2e1) = f(2)) < [y — 2 + Zﬁt- (8)

t=j
The above inequahty with z = z, and j = 1 implies
1 1
2
—Zﬁt (we41) = fl@n)) < pllay — 2| +f;ft- (9)
Inequality (8) with # = xp_j41 and j =T — k + 1 yields
T-1 1 T
m Z ne(f (@e1) = f(@r—r+41))
k=1 t=T—k+1
T-1
< 1
< DD = -y Z 2 (10)
k=1 t T—k



Exchanging the order in the sum, we obtain

T-1 1 T T-1 T-1 T-1 1
PV ILED I b+ b
—k(k+1) £ — E(k+1) k + 1 ik + 1)
T-1
S Y e (o)
N T —t t T
t=1
T-1 1 1 T
=) T hta -5 & (11)
t=1 t=1
The result follows by plugging (9),(10), and (11) into (7). 0

In the special case when, for every t € N, & = 0, we derive the following
result.

Corollary 1. Let {z;}en C H be a modified Fejér sequence with respect to
[ and a sequence {(ny, &) hen in R, Assume that & = 0 for every t € N,
and {n }ren is non-increasing. Then for any T € N with T > 1,

1
f(zrg1) — fo < —=d(x1, X)%
nrT
The second main result shows how to derive explicit rates for the objec-
tive function values corresponding to a modified Fejér sequence with respect
to polynomially decaying sequences {(n,&:)}en in R%. Interestingly, the
following result (as well as the previous ones) does not require convexity of

f.

Theorem 2. Let {x;},en C C be a modified Fejér sequence with respect to a
target function f and {(n:, &) }en C RY. Let n € 10, +00], let 6; € [0, 1], and
set m, = nt~. Let (0,,€) € R and suppose that & < 7% for all t € N.
LetT € N, T > 3. Then

d(mh X>2T91—1 5092

flara) - £ < S + 2 log T) st T (12)



Here, cy, 1s a positive constant depending only on 6y and is given by

(

] 1
5+1_92 if 0y < 1,
Cy, = < 9 Zf02 = 1a (13)
292 4 30, — 1
3 1.
\ 0y — 1 if 0y >

To prove Theorem 2, we will use Theorem 1 as well as the following
lemma.

Lemma 1. Let g € Ry and T € N, T > 3. Then

-1 (442/(1—¢q)) T %ogT, whenq<1,
ﬁt*q << 8T tlogT, when g =1,
=1 (29+2q)/(q — )T, when q > 1,

Proof. We split the sum into two parts

T—1 1 1
T — 4
T 2. Tttt X
t=1 T/2<t<T—1 1<t<T/2
< 2777 Y T—+2T— > o
T/2<t<T—1 1<t<T/2
= T Z 427! Z 7,
1<t<T/2 1<t<T/2

Applying, for T > 3,

T T T'% /(1 —6,), when 0y <1,
Zt‘ez <1 +/ uw2du < { 2logT, when 6, = 1,
92/(92 — 1), when ‘92 > 1,

we get
-1 (2/(1 —¢))T™% when ¢ <1,
Z 1< 2T og T + { 4T tlogT, when ¢ = 1,

2¢qT'/(q—1), when ¢ > 1,

which leads to the desired result by using T-911logT < 1/(2(q¢ — 1)) when
q> 1. 0



Now, we are ready to prove Theorem 2.

Proof of Theorem 2. It follows from Theorem 1 that (5) holds. Substituting
N = 7775_017 gt S ft_%,

T—1
3 1 1 _
nT~"(f(xr) — fo) < fd(whxy +¢ ;:1 iy 4T

Applying Lemma 1 to bound the term ZtT:_ll TL_tt_GQ, and by a direct calcu-
lation, with ¢, given by (13),

1 .
fd(l‘h X)? + Ecg,(log T) M=y T~ min{02,1}

The results follows dividing both sides by nT~%. O]

0T~ (f(zra) — fo) <

Remark 3. Following the proof of Theorem 2, we see that for a sequence
{yi}ren € C satisfying

(Ve € domf) |y — 2l < llye — 2l* = n(f () = f(y) + &,
under the same assumptions of Theorem 2, there holds

d(Il, X)

2
flyr) = fo < = Tel_l*g%<1ogT>1{92<1}T91‘mi“{92’”-

3 Applications in Convex Optimization

In this section, we apply previous results to some convex optimization al-
gorithms, including forward-backward splitting, projected subgradient, in-
cremental proximal subgradient, and Douglas-Rachford splitting methods.
Convergence rates for the objective function values are obtained by using
Theorem 2. The key observation is that the sequences generated by these
algorithms are modified Fejér monotone.

Throughout this section, we assume that H is a Hilbert space, and f :
H —] — 00, 00] is a proper, lower semicontinuous convex function. Recall
that the subdifferential of f at x € H is

Of(x) ={ueH: (VyeH) flz)+ (uy—x) < fy)} (14)

8



The elements of the subdifferential of f at x are called subgradients of f at
x. More generally, for € € |0, +o0[, the e-subdifferential of f at x is the set
O.f(z) defined by

Ocf(x)={ueH: (VyeH) flx)+(u,y—z)—e< f(y)}.  (15)

The proximity operator of f [21] is

pros (o) = angunin { (0) + 3w — | (10

yEH

3.1 Forward-Backward Splitting

In this subsection, we consider a forward-backward splitting algorithm for
solving Problem (1), with objective function

f=1l+r (17)

where r: H — |—00, 00| and [: H — R are proper, lower semicontinuous, and
convex. Since [ is real-valued, we have dom dl = H [2, Proposition 16.14].

Algorithm 1. Given xy € H, a sequence of stepsizes {ay}en C |0, +00],
and a sequence {€ }eny C [0, +00[ set, for every t € N,

Tep1 = ProxXg,, (T — i ge) (18)
with g, € O, l(z¢).

The forward-backward splitting algorithm has been well studied [29, 7, 9,
6] and a review of this algorithm can be found in [11] under the assumption
that [ is differentiable with a Lipschitz continuous gradient. Convergence
is proved using arguments based on Fejér monotonicity of the generated
sequences [10]. Under the assumption that [ is a differentiable function with
Lipschitz continuous gradient, the algorithm exhibits a sublinear convergence
rate O(T~!') on the objective f [3]. If [ is not smooth, the algorithm has been
studied first in [25], and has a convergence rate O(T~'/?), considering the
best point selection rule [28]. Our objective here is to provide a convergence
rate for the algorithm considering the last iterate, which shares the same rate

9



(up-to logarithmic factors) and to allow the use of e-subgradients, instead of
subgradients. Before stating our main results, we introduce the following
novel lemma for the forward-backward splitting for a (possibly) non-smooth
[. Tt recovers previous result (e.g. [3]) when [ is smooth.

Lemma 2. Let {x;}ien+ be the sequence generated by Algorithm 1. Then for
all t € N*, there holds

200[f (z131) — f(@)] < |lwe — 2|* = Jwgsr — 2l = (|2 — e ||

+ 204 [(Tr11 — Tt, g1 — 1) + €1 &) (19)
Proof. Let t € N*. By Fermat’s rule (see e.g. [2, Theorem 16.2]),
0 €z — x4 + g + 0 0r(xpyq).

Thus, there exists ¢;+1 € Or(x41), such that z;;; in (18) can be written as

Te+1 = Tt — QG — Gy 1. (20)
Let x € domf. The convexity of r implies

r(@p41) = 7(@) < (T — @, Qi)

Multiplying both sides by 2«4, and combining with (20), we get

204[r(v41) — ()] < 20T — T, Gria)
= 2Ty — X, T — Ty — uGt)

= ATy — 2, T — Typr) + 204(T — Typ1, Ge)-
A direct computation yields
2Ty — T, 0 — Ty1) = 2xpq1 — 2,2 — ) — 2||2041 — 2|
= o — 2| = |z — 2)* = o — zen|*. (21)
Therefore,

20y [1r (24 41) — ()]

< e =2l = oo — 2l = 2 — 2eal* + 200z — 2041, 90)-

10



Moreover, by (15), we have

(=24, 9)) < Ux) — U(20) + 61

and
(Tt — 211, Gevr) <o) — U(Tep1) + €441,
and thus
<33 - $t+1,9t> = <£E - $t>9t> + <$Ut — Li41, gt+l> + <$ — Li4+1, 9t — gt+1>

< Uz) = Uwy) + e+ Uxy) = Uwpgr) + €1 + (T — D1, G — Grg1)

= (@) = U@ep1) + (Teg1 — T, Ge1 — Ge) + €141 + €1
Consequently, we get
204[r(x41) —7(2)] < o — 2l = |lzes — 2)® = |l — zoga |
F2ou[l(x) — H(xp1) + (Te41 — T4y g1 — Ge) + €41 + €.

Rearranging terms and recalling that f = [+, the desired result thus follows.
O

Theorem 3. Let o € ]0,400|, let 0 € [0,1], and let, for every t € N*,
a; = at™?. Let e €10, +00[, {e}ien= C [0, +00], and assume that ¢; < eqy.
Let {x¢}1en- be the sequence generated by Algorithm 1. Let T € N with T > 3.
Assume that there exists B € |0, 4+o00[ such that

M <t<T) gl < B, (22)
and let ¢ be defined as in (13). Then

(ml’X)
2c

Proof. Let t € N*. By (19) and Cauchy-Schwartz inequality

f(xrgr) — fo < ==L 7971 4 90(B? + €)cgp(log T) o<y = min{01-0}

lwe — l|* = [l — ||
< — oy — 2 P 4 200 (i1 — T, g1 — G0) + €1 + €] = 200 f(2141) — f(2)]
< — oy — 2o l® + 20u[llzes — zellllges — gell + €1 + €] — 200 [ f(2041) — f(2)]
<o||gir1 — gil|* + 20uferis + €] = 20 [f(241) — f(2)].

11



Using the assumptions ||g;|| < B and ¢; < ey,

01 = )1 = |z — 2|
§4B2af + 2ecq oy + oy ] — 204 f(2441) — f(2)]
<A(B* + €)a? — 20y f(zi11) — f(2)].

Thus, {z;}sen+ is a modified Fejér sequence with respect to the target function
f and {(2c4,4(B? + €)a?) hien+. The statement follows from Theorem 2,
applied with 6, = 0, 6, = 20, n = 2a and £ = 4(B? + €)a’. O

The following remark collects some comments on the previous result.
Remark 4.

1. Setting 6 = 1/2, we get a convergence rate O(T~/?logT) for forward-
backward algorithm with nonsummable diminishing stepsizes, consider-
ing the last iterate.

2. In Theorem 3, the assumption on bounded approximate subgradients,
which tmplies Lipschitz continuity of 1, is satisfied for some practical
optimization problems. For example, when r is the indicator function
of a closed, bounded, and convexr set D C RY, it follows that {x;}ien
is bounded, which implies {g;}ien is bounded as well [1]. For general
cases, similar results may be obtained by imposing a growth condition
on Of, using a similar approach to that in [19] to bound the sequence
of subgradients.

3. Theorem 8 improves [12, Corollary 2.4] in two aspects. First, the as-
sumption (22) is weaker than the assumption, i.e., ||g; + w|| < B for
some u; € Or(xy), in [12]. Second, [12] shows convergence rate only for
the best point, i.e, the one with smallest function value:

(VI e N*) br = argmin f (). (23)

1<t<T
where our result holds for any last iterate.

If the function [ in (17) is differentiable, with a Lipschitz differentiable
gradient, we recover the well-known O(1/T) convergence rate for the objec-
tive function values.

12



Proposition 1. [3, Theorem 3.1] Let 5 € [0,4+o00[ and assume that V1 is
B-Lipschitz continuous. Consider Algorithm 1 with € =0 and oy = 1/8 for
all t € N*. Then, for every T € N, T > 1

ﬁd(l‘l, X)Q
2T

Proof. Following from (19) and that VI is S-Lipschitz continuous, with ¢, =
0,

f@ri) = fo < (24)

204[f (1) = f ()] < o=~ lwa—z ]’z =z " +H20eBllwea —ae,

which leads to [3, Equation 3.6]
L2
(vt €N G(f(wen) = fo) < llwe = vl = o — @ l®. (25)

Thus, {2 }+en+ is a modified Fejér sequence with respect to the target function
f and the sequence {(n:, &) hien+ with (Vt € N) 1, = 2/ and & = 0. The
statement follows from Corollary 1. O]

3.2 Projected Approximate Subgradient Method

Let D be a convex and closed subset of H, and let ¢p be the indicator function
of D. In this subsection, we consider Problem (1) with objective function
given by

f =14+ D (26)

where [: H — R is proper, lower semicontinuous, and convex. It is clear
that (26) is a special case of (17) corresponding to a given choice of r. The
forward-backward algorithm in this case reduces to the following projected
subgradient method (see e.g. [27, 26, 5] and references therein), which allows
to use e-subgradients, see [1, 8].

Algorithm 2. Given x1 € H, a sequence of stepsizes {ayhen C |0, +00],
and a sequence {€ }ien C [0, +00[, set, for everyt € N,

Tiy1 = PD(Q?t - atﬂt) (27)

with g, € O, l(xt).

13



The algorithm has been studied using different rules for choosing the
stepsizes. Here, as a corollary of Theorem 3, we derive the convergence rate
for the objective function values, for a nonsummable diminishing stepsize.

Theorem 4. For some a; > 0, € > 0 and § € [0,1), let oy = mt~? and
€ < ey for allt € N*. Let {x;}ien be a sequence generated by Algorithm 2.

Assume that for all t € N*, ||g:|| < B. Then, for every T € N, T'> 3

d(xl, X)

2
f(xTJrl) _f* < T9—1 +&1(B2+26)’529(10gT)1{29§1}T—min(9,1—9)

201

Choosing 6 = 1/2, we get a convergence rate of order O(7T~'/21ogT) for
projected approximate subgradient methods with nonsummable diminishing
stepsizes, which is optimal up to a log factor without any further assump-
tion on f [13, 24]. Since the subgradient method is not a descent method, a
common approach keeps track of the best point found so far, i.e., (23). Pro-
jected subgradient method with diminishing stepsizes of the form {at=%},,
with 6 € ]0, 1], satisfies by — f. = O(T~Y/2). Our result shows that consider-
ing the last iterate for projected approximate subgradient method essentially
leads to the same convergence rate, up to a logarithmic factor, as the one
corresponding to the best iterate, even in the cases that the function val-
ue may not decrease at each iteration. To the best of our knowledge, our
result is the first of this kind, without any assumption on strong convex-
ity of f, or on a conditioning number with respect to subgradients (as in
[17] using stepsizes {7:/|g:]|}+). Note that, using nonsummable diminishing
stepsizes, convergence rate O(T~'/2) was shown, but only for a subsequence
of {x¢}ien+ [1]. Finally, let us mention that using properties of quasi-Fejér
sequences, convergence properties were proved in [8].

3.3 Incremental Subgradient Proximal Algorithm

In this subsection, we consider an incremental subgradient proximal algo-
rithm [4, 22| for solving (1), with objective function f given by, for some
m € N*,

m

Z(lz + T’Z'>,

=1

14



where for each i, both [; : H — R and r; : H — ]—00,400] are convex,
proper, and lower semicontinuous. The algorithm is similar to the proximal
subgradient method, the main difference being that at each iteration, z; is
updated incrementally, through a sequence of m steps.

Algorithm 3. Let t € N*. Guwen z; € H, an iteration of the incremental
proximal subgradient algorithm generates xy.1 according to the recursion,

Tip1 = ?ﬂ;n, (28>

where V" is obtained at the end of a cycle, namely as the last step of the
TECUTSION

1/)? = Iy, W, - proxmm( 2_1 - Oétgb, ngi S all( 2_1)7 1= 17 e, M

(29)
for a suitable sequence of stepsizes {ay}ien+ C 10, 4+00].

Several versions of incremental subgradient proximal algorithms have
been studied in [4], where convergence results for various stepsizes rules and
both for stochastic of cyclic selection of the components are given. Concern-
ing the function values, the results are stated in terms of the best iteration,
i.e., (23). See also [23] for the study of the special case of incremental sub-
gradient methods under different stepsizes rules. The paper [18] provides
convergence results using approximate subgrdients instead of gradients.

In this section, we derive a sublinear convergence rate for the incremen-
tal subgradient proximal algorithm in a straightforward way, relying on the
properties of modified Fejér sequences assuming a boundedness assumption
on the subdifferentials, already used in [23].

Theorem 5. Let o € ]0,400|, let 0 € [0,1], and let, for every t € N*,
ar = at™®.  Let {xi}ien be the sequence generated by Algorithm 3. Let
B €)0,400[ be such that

(¥ € N') (Vg € Oli(an) Udr(z)) gl < B,
and let ¢ be defined as in (13). Then, for every T € N*,

flzr) — f < MTG_I 4 a(4m + 5)mB?

loc T 1{29§1}T— min{@,l—@}.
20 2 cx(logT)

15



Proof. 1t was shown in [4, Proposition 3 (Equation 27)| that,
e = 2l* < llze = 2l* = 200[f (1) = f(2)] + o (4m + 5) mB”.

Thus, {z;}en+ is a modified Fejér sequence with respect to the target function
f, and {(2c4, af (4m +5)mB?)},.y.. The proof is concluded by applying
Remark 3 with 6, = 0,0, = 20, n = 2a and £ = o? (4m + 5) mB?. O

Remark 5.

1. An immediate consequence of Theorem 5, is that the choice 6 = 1/2
yields a convergence rate of order O(T~'/?logT).

2. In contrast to [{, Proposition 5] where convergence rate of order T—1/?

is derived for the best iterate (23) using a fized stepsize, our result holds
for any last iterate, considering both the fixed and diminishing stepsize
setting.

Similar to Theorem 5, we can derive convergence rates for the projected
incremental subgradient method. Analogously to what we have done for the
forward-backward algorithm in Section 3.1, Theorem 5 can be extended to
analyze convergence of the approximate and incremental subgradient method
in [18].

3.4 Douglas-Rachford splitting method

In this subsection, we consider Douglas-Rachford splitting algorithm for solv-
ing (1). Given [: H — R and r: H — R proper, convex, and lower semincon-
tinuous functions, we assume that f =1+ in (1).

Algorithm 4. Let {a;}ene C |0,+00[. Let t € N*. Given z;, € H, an
iteration of Douglas-Rachford algorithm generates x,y1 according to

Yi+1 = Prox,, ()

A+l = prOXatr(Qyt-‘rl —T), (30)
Ti41 = Tt + Zp41 — Yg1-

16



The algorithm has been introduced in [15] to minimize the sum of two
convex functions, and then has been extended to monotone inclusions in-
volving the sum of two nonlinear operators [20]. A review of this algorithm
can be found in [11]. The convergence of the iterates is established using
the theory of Fejér sequences [10]. Our objective here is to establish a new
result, namely a convergence rate for the objective function values.

Theorem 6. Let o € |0,400[, and let § € [0,1[. For every t € N*, let
a; = at™?. Let {(ys, 4, 2 }ren+ be the sequences generated by Algorithm 4.
Assume that there exists B € )0, 4+o00[ such that

(Vi e N")(Vg € 9l(y)) gl < B and (3¢ € Or(zy)) gl <B. (31)

Let ¢ be the function defined in (13). Then, for every T € N, T' > 3,

2 2
flarn) 1. < W08 o 3w

loe T 1{29§1}T—min{9,1—6}‘
50, 5 (logT)

Proof. Let t € N*  set v = (x; — Y1)/ and w = (2y441 — 24 — 2441) /w. By
Fermat’s rule,
v € Ol(yi41) and w € Or(zi41). (32)

We can rewrite (30) as
Yi+1 = Ty — 040,

241 = (2yt+1 - ﬂft) — W, (33)
Tip1 = Ty + Ze41 — Yet1,

By (14), we have for any = € domf,
Hyerr) = U(@) < (Y1 — 2, 0).
Multiplying both sides by 2«4, and introducing with v = (z; — y441)/cu,
204 [[(yer1) — U()] < 204 (ys11 — ,0) = 2(Ye1 — T, T — Ypi1)-
Similarly, we have
20u[r(ze41) — r(2)] < 200(2e11 — @, w) = 221 — T, 2Yp41 — Tp — Ze41).
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Combining the above two estimates, we get

200 [l (Y1) + 1r(2e41) — U(x) — r(2)]
< 2<yt+1 — T, Tt — ?/t+1> + 2<Zt+1 — T, 2y — Ty — Zt+1>-

Plugging with z,41 = 2441 — 2y + Y41 (implied by the third equability of

(33)),

200[l(Yr11) + 7(2041) — U(z) — 7(2)]
< 2<yt+1 — T, Tt — Z/t+1> + 2<f’5t+1 — X+ Yep1 — T, 241 — T — yt+1>

= 2 — Tyy1, Tyg1 — ).

Introducing with (21),

20,[l(yesr) + r(z41) = U(x) — r(@)]
< lze—2l® = o — 2l = llze — 2o ).

Adding both sides by 2cu[l(xi41) + 7(2401) — (Y1) — 7(2021)], and recalling
that f =1+,

20[f(zi41) = f(@)] < llze — 2l|* = Nzesr — 2l* = [l — 2ega ||

+ 204 [U(@e41) + 7 (Te41) — Uyr1) — r(2e40)] (34)

Let u € 0l(zy41) and s € Or(x441) such that ||Jul| < B and ||s|]| < B. Then
using the convexity of [ and r, and (33),

Hzer) = Uye1) < (@1 = Yo, w)
= (Teg1 — T u) + (T — Ypr1, W)
= (@41 — xp,u) + v, u)
@41 = @ell[ul] + ol ||l
241 — ]| B+ 0, B®
zee1 — 2]|*/(204) + By /2 + . B?,

ININ A

and

r(Te1) = r(2e01) < (Tep1 — 2041, 8)

= (v, s) < aollllsl| < B

18



Introducing the last two estimates into (34), and by a direct calculation,
200(f (we1) = f(2)] < 2o — 2] = ||lwsa — 2]|* + 5B

Thus, {z;}ien+ is a Super Quasi-Fejér sequence with respect to the target
function f and {(2a4,5a?B?%)}en+. The statement follows from Theorem 2
with 01 =6 and 62 = 20. ]

Again, choosing § = 1/2, we get a convergence rate O(T~"/?log T') for the
algorithm with nonsummable diminishing stepsizes. Nonergodic convergence
rates for the objective function values corresponding to the Douglas-Rachford
iteration can be derived by [14, Corollary 3.5, under the additional assump-
tion that [ is the indicator function of a linear subspace of H.

Remark 6. Theorem 6 still holds when the assumption (31) is replaced by
(vt e N)(Vg € Or(y)) lgll =B and (39" € Ol(xy)) |d'll < B,

where the proof is essentially the same.
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