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Based on the tree architecture, the objective of this paper is to design deep neural
networks with two or more hidden layers (called deep nets) for realization of radial func-
tions so as to enable rotational invariance for near-optimal function approximation in
an arbitrarily high-dimensional Euclidian space. It is shown that deep nets have much
better performance than shallow nets (with only one hidden layer) in terms of approxi-
mation accuracy and learning capabilities. In particular, for learning radial functions, it
is shown that near-optimal rate can be achieved by deep nets but not by shallow nets.
Our results illustrate the necessity of depth in neural network design for realization of
rotation-invariance target functions.
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1. Introduction

In this era of big data, datasets of massive size and with various features are rou-
tinely acquired, creating a crucial challenge to machine learning in the design of
learning strategies for data management, particularly in realization of certain data
features. Deep learning [11] is a state-of-the-art approach for the purpose of realizing
such features, including localized position information [3] [4], geometric structures
of datasets [6] 29], and data sparsity [I7, [15]. For this and other reasons, deep
learning has recently received much attention, and has been successful in various
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application domains [§], such as computer vision, speech recognition, image classi-
fication, fingerprint recognition and earthquake forecasting.

Affine transformation-invariance, and particularly rotation-invariance, is an
important data feature, prevalent in such areas as statistical physics [17], early
warning of earthquakes [2R], 3D point-cloud segmentation [27], and image render-
ing [22]. Theoretically, neural networks with one hidden layer (to be called shallow
nets) are incapable of embodying rotation-invariance features in the sense that
its performance in handling these features is analogous to the failure of algebraic
polynomials [T3] in handling this task [T4]. The primary goal of this paper is to con-
struct neural networks with at least two hidden layers (called deep nets) to realize
rotation-invariant features by deriving “fast” approximation and learning rates of
radial functions as target functions.

Recall that a function f defined on the d-dimensional ball, B¢(R) with radius
R > 0 where d > 2, is called a radial function, if there exists a univariate real-
valued function g defined on the interval [0, R] such that f(x) = g(|x|?), for all
x € BY(R). For convenience, we allow B(R) to include the Euclidian space R?
with R = oo. Hence, all radial-basis functions (RBFs) are special cases of radial
functions. In this regard, it is worthwhile to mention that the most commonly
used RBFs are the multiquadric g(r) = (r2 + ¢)/2 and Gaussian g(r) = e,
where ¢ > 0. For these and some other RBF's, existence and uniqueness of scattered
data interpolation from the linear span of {f(x —xx) : k = 1,...,¢}, for arbitrary
distinct centers {xi,...,x¢} and for any ¢ € N, are assured. The reason for the
popularity of the multiquadric RBF is fast convergence rates of the interpolants to
the target function [I], and that of the Gaussian RBF is that it is commonly used as
the activation function for constructing radial networks that possess the universal
approximation property and other useful features (see [21], 25| [34], 38| [40} [9]) and
references therein). The departure of our paper from constructing radial networks
is that since RBFs are radial functions, they qualify to be target functions for our
general-purpose deep nets with general activation functions. Hence, if the centers
{x1,...,%x¢} of the desired RBF have been chosen and the coefficients ay,...,as
have been pre-computed, then the target function

¢
Zakf(x — Xg)
k=1

can be realized by using one extra hidden layer for the standard arithmetic oper-
ations of additions and multiplications and an additional outer layer for the input
of RBF centers and coefficients to the deep net constructed in this paper.

The main results of this paper are three-fold. We will first derive a lower bound
estimate for approximating radial functions by deep nets. We will then construct
a deep net with four hidden layers to achieve this lower bound (up to a logarith-
mic multiplicative factor) to illustrate the power of depth in realizing rotation-
invariance. Finally, based on the prominent approximation ability of deep nets, we
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Deep neural networks for rotation-invariance approximation and learning 3

will show that implementation of the empirical risk minimization (ERM) algorithm
in deep nets facilitates fast learning rates and is independent of dimensions. The
presentation of this paper is organized as follows. Main results will be stated in
Sec. [2, where near-optimal approximation order and learning rate of deep nets are
established. In Sec. Bl we will establish our main tools for constructing deep nets
with two hidden layers for approximation of univariate smooth functions. Proofs
of the main results will be provided in Sec. Bl Finally, derivations of the auxiliary
lemmas that are needed for our proof of the main results are presented in Sec.

2. Main Results

Let B? := B%(1) denote the unit ball in R? with center at the origin. Then any radial
function f defined on B? is represented by f(x) = g(|x|?) for some function g :
[0,1] — R. Here and throughout the paper, the standard notation of the Euclidean
norm |x| := [(zM)2 + - 4+ (2()2]1/2 is used for x := (zV),... (D) € R9 In
this section, we present the main results on approximation and learning of radial
functions f.

2.1. Deep nets with tree structure

Consider the collection

Spn 1= Zajqi)(wj x+bj):a;,b; € R, w; € R? (1)<—

j=1

of shallow nets with activation function ¢ : R — R, where x € B?. The deep nets
considered in this paper are defined recursively in terms of shallow nets according
to the tree structure, as follows.

Definition 1. Let L, Ny,...,Np e N, Ny =d,and ¢ : R—R, k=0,1,...,L, be
univariate activation functions. Set
No

Hz,y (%) = Y a;.7,000(wj 7,087 +bj 7.0),
j=1

L
x= (M, 2®), #me][{12... N}
i=1
Then a deep net with the tree structure of L layers can be formulated recursively by

Ny,
Hz (%) = a7 560(Hjz_ k1(X) +bj74), 1<k<L,
=1

L
me J[ {n2....N}

i=k+1
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where a; 7, i, b7k Wj7.0 € R for each j € {1,2,..., Ny}, T € Hf:kH{L?,...,
N;},and k € {0,1,..., L}. Let H° denote the set of output functions Hy, = Hz, |,
for 7, € @ at the Lth layer.

Note that if the initial activation function is chosen to be ¢¢(t) = t and
bj 7.0 =0, then H{™° is the same as the shallow net Sy, n,. Figure [I] exhibits
the structure of the deep net defined in Definition [ showing sparse and tree-based
connections among neurons. Due to the concise mathematical formulation, this defi-
nition of deep nets [5] has been widely used to illustrate its advantages over shallow
nets. In particular, it was shown in that deep nets with the tree structure can
be constructed to overcome the saturation phenomenon of shallow nets; in that
deep nets, with two hidden layers, tree structure, and finitely many neurons, can be
constructed to possess the universal approximation property; and in [12] [26] that
deep nets with the tree structure are capable of embodying tree structures for data
management. In addition, a deep net with the tree structure was constructed in [4]
to realize manifold data.

As a result of the sparse connections of deep nets with the tree structure, it
follows from Definition [[l and Fig. [0l that there are a total of

L L—-k L

Ap=2> [ Ne—e+ [[ M 2)
0

k=0 £=0 =

\
/
. L >
; 44\\"‘2" : ) : \
N A . ’
/\. “‘:‘v {} \»O : / / |
': \‘ : : .
N\ \ :
\
/

Fig. 1. Tree structure of deep nets with six layers.
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Deep neural networks for rotation-invariance approximation and learning 5

free parameters for Hy, € H'°°. For o, R > 1, we introduce the notation

Hiw R = {HL € HE :ajz kls 1057k, [wi7.0] < R(AL)Y,

L
i=k+1

For functions in this class, the parameters of deep nets are bounded. This is
indeed a necessary condition, since results in [19, 20] showed that there exists an
h € Hgff;g,oo with finitely many free parameters but infinite capacity (measured by
the pseudo-dimension). The objective of this paper is to construct deep nets of the
form (@) for some o and R, for the purpose of approximating and learning radial

functions.

2.2. Lower bounds for approximation by deep nets

In this subsection, we show the power of depth in approximating radial functions,
by showing some lower bound results for approximation by deep nets under certain
smoothness assumption on the radial functions.

Definition 2. For A C R, ¢p > 0 and r = s + v, with s € Ny := {0} UN and
0<wv <1, let LipX’CO) denote the collection of univariate s-times differentiable
functions g : A — R, whose sth derivatives satisfy the Lipschitz condition

19 (t) — g (to)| < colt — to]”, V¢, to € A. (4)

In particular, for A = T := [0,1], let Lip(®™%) denote the set of radial functions
f(x) = g(x|2) with g € Lip{"*”.

We point out that the above Lipschitz continuous assumption is standard for
radial basis functions (RBFs) in Approximation Theory, and was adopted in [13]
to quantify the approximation abilities of polynomials and ridge functions. For
U,V C Lp(]B%d) and 1 < p < oo, we denote by

dist(U, V, L,(B?)) := sup dist(f, V, L,(B?)) := sup inf ||f — gll1, @)
feu feu 9ev P

the deviations of U from V in L,(B?). The following main result shows that shallow
nets are incapable of embodying the rotation-invariance property.

Theorem 1. Letd > 2, n,L € N, ¢; >0, R,a > 1 and H'ffo‘j,n be defined by (B)

with n = Ap, free parameters, and Ay, be given by ([@). Suppose that ¢; € Lipg’cl)

satisfies || pjll @) < 1 for every j € {0,1,...,L}. Then for co >0, r = s+ v with
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6 C. K. Chui, S.-B. Lin & D.-X. Zhou

seNgand 0 <v <1,
dist (Lip(©") | Sy, Loo(BY)) > CF(d + 2)n~ "/ 471, (5)
and
dist(Lip©™) 1Y o, Loo(B)) > C5 (L*alogy 7)™, L >2, (6)

where (d + 2)n is the number of parameters for the shallow net Sg,  and the con-
stants C} and C5 are independent of n, n or L.

The proof of Theorem[T]is postponed to Sec. @] Observe that Theorem [[Jexhibits
an interesting phenomenon in approximation of radial functions by deep nets, in
that the depth plays a crucial role, by comparing (B) with (G)). For instance, the
lower bound (nlogn)~" for deep nets is a big improvement of the lower bound
7 ~"/(4=1) for shallow nets, for dimensions d > 2.

2.3. Near-optimal approximation rates for deep nets

In this subsection, we show that the lower bound (@) is achievable up to a logarith-
mic factor by some deep net with L = 3 layers for certain commonly used activation
functions that satisfy the following smoothness condition.

Assumption 1. The activation function ¢ is assumed to be infinitely differentiable,
with both [|¢/||1__ () and [|¢||;__(r) bounded by 1, such that ¢(/)(6y) # 0 for some
fp € R and all j € Ny, and that

[6(=t)| = O0(t™), [1-o(t)]=0(), t— cc. (7)

It is easy to see that all of the logistic function: ¢(t) = 1_:77 the hyperbolic tangent
function: ¢(t) = % (tanh(t) + 1), the arctan function: ¢(t) = < arctan(t) + 3,
the Gompertz function: ¢(t) = e~ t7 satisfy Assumption [I] in which we essentially
impose three conditions on the activation function ¢, namely: infinite differentiabil-
ity, non-vanishing of all derivatives at the same point, and the sigmoidal property
(@). On the other hand, we should point out that such strong assumptions are
stated only for the sake of brevity, but can be relaxed to Assumption [2 In par-
ticular, the infinite differentiability condition on ¢ can be replaced by some much
weaker smoothness property as that of the target function f. The following is our
second main result, which shows that deep nets can be constructed to realize the
rotation-invariance property of f by exhibiting a dimension-independent approxi-
mation error bound, which is much smaller than that for shallow nets.

and

e~

Theorem 2. Letn > 2, ¢y >0, andr = s+ v with s € Ng and 0 < v < 1. Then
under Assumption D for R,a > 1,

97"C5(nlogn) ™" < dist(Lip >, HY p, Loo (BY)) < Cin ™", 8)

where MY 5 is defined by @) with L =3, Ng = d, Ny = 6, N = s+3, N3 = 3n+3,
a=48B+r(r+1)+r(s+ D!7(r+1)), and the constant C5 is independent of n.
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Deep neural networks for rotation-invariance approximation and learning 7

Note that the deep net in Theorem [l has the number of free parameters
satisfying

6d(s +3)(3n+3) <n=.A3 <54d(s + 3)(3n + 3).

It follows from () that, up to a logarithmic factor, there exists a deep net with
L = 3 and some commonly used activation functions that achieve the lower bound
() established in Theorem [

We would like to mention an earlier work [2I] on approximating radial functions
by deep ReLU networks, where it was shown that for each f € Lip(o’l’c"), there exist
a fully connected deep net HX°LV with ReLU activation function, ¢(t) = max{t, 0},
and at least 1 parameters and at least O(logn) layers, such that

1f = HEV|| o oy < Ci~ %

for some absolute constant 3 > 1 and constant C} independent of n. The novelties
of our results in this paper, as compared with those in [21I], can be summarized
as follows. First, noting that AT (logn)~! for 3 > 1, we may conclude that
only an upper bound (without approximation order estimation) was provided in
[21], while both near-optimal approximation error estimates and achievable lower
bounds are derived in this paper on the approximation of functions in Lip(o’r’co).
In addition, while fully connected deep nets were considered in [21], we construct a
deep net with sparse connectivity in our paper. Finally, to achieve upper bounds for
any r > 0 (as opposed to merely r = 1), non-trivial techniques, such as “product-
gate” and approximation of smoothness functions by products of deep nets and
Taylor polynomials are introduced in Sec. Bl It would be of interest to obtain similar
results as Theorem [ for deep ReLU nets, but this is not considered in this paper.

2.4. Learning rate analysis for empirical risk minimization
on deep nets

Based on near-optimal approximation error estimates in Theorem B, we shall deduce
a near-optimal learning rate for the algorithm of ERM over H?ZER Our anal-
ysis will be carried out in the standard regression framework [7], with samples
D, = {(xi,y:)}, drawn independently according to an unknown Borel probabil-
ity measure p on Z = X x Y, with X = B? and Y C [~ M, M| for some M > 0.

The primary objective is to learn the regression function f,(z) = fy ydp(y | x)
that minimizes the generalization error £(f) := [;(f(z) — y)*dp, where p(y|z)
denotes the conditional distribution at = induced by p. To do so, we consider the
learning rate for the ERM algorithm

m

fome=arg min — 3 (F(z) - p)* (9

FEHRES T P

~—~

Here, n € N is the parameter appearing in the definition of ngng Since |y;| <

M, it is natural to project the final output fp ¢ to the interval [—M, M| by
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8 C. K. Chui, S.-B. Lin & D.-X. Zhou

the truncation operator mas fp n,¢(x) = sign(fp.n.¢(x)) min{|fp n.e(z)|, M}. The
following theorem is our third main result on a near-optimal dimension-independent
learning rate for mas fp n 4.

Theorem 3. Let fp 4 be defined by (@), and consider f, € Lip(®7¢0) with co >0
andr =s+v with s € Ny, 0 <v <1, andn = [Cgmﬁ]. Then under Assump-
tion [, for any 0 < 4 < 1,

_2r 3
Emmfpme) —E(f,) < Cim™ 2+ log(m + 1) log 5 (10)

holds with confidence at least 1 — §. Furthermore,

C}‘mf% < sup E{&(mmfpmge) —E(fo)} < Cgmf% log(m + 1),
£, ELip(:mc0)

(11)

where, as usual, [a] denotes the integer part of a > 0 and the constants C%,Cg,
Cz,C¢ are independent of 6, m and n.

We emphasize that the learning rate in (I0) is independent of the dimension
d, and is much better than the optimal learning rate m~ =z for learning (r, co)-
smooth (but not necessarily radial) functions on B¢ [10} [16] [18]. For shallow nets,
it follows from (@) that to achieve a learning rate similar to (1), we need at least
[m%] neurons to guarantee the O(m_%) bias. For d > 3, since m > mﬁ,
the capacity of neural networks is large. Consequently, it is difficult to derive a
satisfactory variance, so that derivation of a similar almost optimal learning rates
as () for ERM on shallow nets is also difficult. Thus, Theorem B] demonstrates
that ERM on deep nets can embody the rotation-invariance property by deducing
the learning rate of order mTE

3. Approximation by Deep Nets Without Saturation

Construction of neural networks to approximate smooth functions is a classical and
long-standing topic in approximation theory. Generally speaking, there are two
approaches, one by constructing neural networks to approximate algebraic polyno-
mials, and the other by constructing neural networks with localized approximation
properties. The former usually requires extremely large norms of weights [32]
and the latter frequently suffers from the well-known saturation phenomenon [2], 3],
in the sense that the approximation rate cannot be improved any further, when the
regularity of the target function goes beyond a specific level. The novelty of our
method is to adopt the ideas from both of the above two approaches to construct
a deep net with two hidden layers with controllable norms of weights and with-
out saturation, by considering the “exchange-invariance” between polynomials and
shallow nets, the localized approximation of neural networks, a recently developed
“product-gate” technique [33], and a novel Taylor formula. For this purpose, we
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Deep neural networks for rotation-invariance approximation and learning 9

need to impose differentiability and the sigmoid property on activation functions,
as follows.

Assumption 2. Let ¢g > 0, 79 = so + vg with sp > 2 and 0 < vy < 1. Assume
that ¢ € Lipﬁ{o’co) is a sigmoidal function with ||¢'(|1__(w), ¢l @) < 1, such that
¢(j)(00) #0forall j=0,1,...,sq, for some 6, € R.

It is obvious that Assumption [2] is much weaker than the smoothness property
of ¢ in Assumption [Il Furthermore, it removes the restriction (@) on the use of
sigmoid functions as activation function, by considering only the general sigmoidal
property:

o(—t) — 0, and ¢(t) — 1, whent — oc.
In view of this property, we introduce the notation
dp(A) = sup max(|1 — ¢(t)], [¢(—1)]), (12)

where A > 1, and observe that limg_,o 04(A) = 0.

3.1. Exchange-invariance of univariate polynomzials and shallow
nets

In this subsection, a shallow net with one neuron is constructed to replace a uni-
variate homogeneous polynomial together with a polynomial of lower degree. It is
shown in the following proposition that such a replacement does not degrade the
polynomial approximation property.

Proposition 1. Under Assumption [ with co > 0, rg = sg + vg and 0y € R, let
keA{0,...,s0} and pi(t) = Zf:o wit® with uy, # 0. Then for an arbitrary ¢ € (0,1),

! )
D)~ bt 00) ~ (0] <6 VeelLAL (9
where
. elp™® (60)[(k + 1) } -
min< 1, if 0<k<sg—1,
{ |uk| maxg,—1<t<oo+1 |9 (1) / ’
[k 2= e = (14)

. £160) (80)|T(s0 +v0 + )] |
1 E—
mln{ ’ [ $0!T(vo + 1)co|us, | if 50,

p*1(t) =0 and
k—1 k—1 ;
. w urk!o® (6) )
pi ()= wuit = wy — ) (15)
! E;; ;( ok) (Bg) 1!

The proof of Proposition [[ requires the following Taylor representation which
is an easy consequence of the classical Taylor formula

=106 ¢
o= E:: : z'!(tO) (t=t)+ 7y /t PO (u)(t —u)Ddu
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4
with remainder in integral form, and using the formula |, tto (t —u)tdu = @.

To obtain the Taylor polynomial of degree k, this formula does not require ¥ to be
(k + 1)-times differentiable. This observation is important throughout our analysis.

Lemma 1. Let ¢ > 1 and v be (-times differentiable on R. Then for t,ty € R,

! )
w0 = vito) + L8 gy Oy,
where
)= gy | 1000 = O ) (1)

We are now ready to prove Proposition [Il

Proof of Proposition [II Since p; € (0,1] from its definition, we may apply
Lemma [0 with ¢ty = 6y and ¢ = k to obtain

k@ ,
S(urt +60) =y L(eo)(ukt)l + Tk (1),

— il
where o, = ¢(prt + 60o) — $(0y) and

1 G0 (k) k-1
rem® = e [ 0@ = 890t + =) (19
: 0
for £ > 1. It follows that
k! k!
= —— Gt + 0 IR () P L———
W (g 1+ 00 ) = gy o0
where
—k =o)L
q’f—l(t)_uwk)(oo); )’
so that

! ) !
pr(t) = Ukm‘ﬁ(ukt +60) + pr_1(t) — u mﬁwk (t),

with p;_; defined by ([@H). What is left is to estimate the remainder
“kmrk,uk (t). To this end, we observe, for the case kK = 0, from the defi-
nition of pg, that for any ¢ € [—1, 1],

1 |u0| ’ 1 o
MTO,MO (t)‘ = |¢(90)| 9071213%(00+1 |¢ (T)|/1'0|t| < m€|¢(60)| =é&.

For 1 <k < sp— 1, we may apply the estimate
165 (e + o) — 6™ (65))|

< (k+1) ~1.1
= 90_121?%(00_‘_1 % (T)|pelul,  Vue [O7t]7 te [ ) ]

Uo
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to compute, for any ¢ € [—1,1],

!
ukmrkm (t)'
ku ¢ . »
= (;S(T(I;O)/O 6™ (s + 60) — ¢ (80)] (¢ — w)*1du
< e [t =+ DeTiEra =
0

Finally, for k = so, we may apply the Lipschitz property of $(*) to obtain
¢C) (u + 0o) — ¢ (00) < colprul™, Vu e [0,¢], te[-1,1],

so that for any ¢ € [—1, 1], we have
!

S0-
g o
80Uso t (s0) (s0) so—1
= | Gonyy J, [0 (ot +80) = 60 B0)] (¢ —w)e~ du
/"LS COSO‘uSO| 0 —1 /’LSOCOSO|’U‘SO‘ F(UO =+ 1)F(80)
7S ~ 71 =01 u (1 — so—L < 0 -
‘¢(So)(90)| o ( u) U < ‘¢(50)(90)| T(so+1+w) = €

This completes the proof of Proposition [ O

3.2. Approzxzimation of univariate polynomials by neural networks
and the product gate

Our second tool, to be presented in the following proposition, shows that the
approximation capability of shallow nets is not worse than that of polynomials
of the same order (degree +1) as the cardinality of weights of the shallow nets.

Proposition 2. Under Assumption Bl with ro = so + vg and 6y € R, let k €
{0,...,50} and pr(t) = Ef:o u;t'. Then for an arbitrary € € (0,1), there exists a
shallow net

k41

hk+1 Za]gb wy - t—|—90)

j=1
with 0 <w; <1 and

A (k1)1
(1 + Z u1> é‘_(k—H)! sz <k<sy—1,
laj| < Gy 4

so (14s0/v0)
(”Zui) e (Whoofrolsolif s = s,
=0

for 1 <j <k+1, such that
Ipr(t) — hiey1(t)| < e, Vte[-1,1], (20)

(19)
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where Cy > 1 is a constant depending only on ¢, 0y, vo and sg, to be specified
explicitly in the proof of the derivation.

We remark, however, that to arrive at a fair comparison with polynomial
approximation, the polynomial degree k should be sufficiently large, so that the
norm of weights of the shallow nets could also be extremely large. In the following
discussion, we require k to be independent of € in order to reduce the norm of the
weights. Based on Proposition Bl we are able to derive the following proposition,
which yields a “product-gate” property of deep nets.

Proposition 3. Under Assumption[2 with ro = so +vo and 6y € R, for e € (0,1),
there exists a shallow net

3
hg(t) = Z CLj(ZS(IUj -4 90)
7j=1

with
_ (e76  if 59 >3,
0< W < 1, ‘Clj| < (Cy 6 (21)
g o Zf Sso =2
for j =1,2,3, such that for any U, U’ € [-1,1],
|[UU" — (2hs((U +U")/2) — h3(U)/2 — h3(U")/2)| < &, (22)
where Cy is a constant depending only on sg, vo, ¢ and 6y.

Proof. For ¢ > 0, we apply Proposition[@ to the polynomial 2 to derive a shallow
net

3
hg(t) = Zajqﬁ(wj -1+ 90)
7j=1

with 0 < w; <1 and

266 if 59 > 3,
laj| < Cq 6 _6 (23)
2ve v  if 59 =2
for 7 = 1,2, 3, such that
[t? —hs(t) <e, te[-1,1]. (24)
Since
I\ 2
4<U“;U) — U Uy
r_
vuU’ = 5

and U,U’ € [-1,1] implies (U + U")/2 € [—1, 1], we have
hs((U+U")/2) = (U+U")/2)’| <&, |hs(U) = U?| <, [ha(U') = (U')’| <.

This completes the proof of Proposition[3 by scaling € to /3. |
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To end this subsection, we present the proof of Proposition 2l

Proof of Proposition Observe that L max{1,2} for a > 0 and

min{1,a} =
max{1, @} < max{L(@)l/”O}. For the case k = s¢, the constant ux = k..
defined by (T4) satisfies

1 1/’00
— < Cg,somaxy 1, (M) ,
Hi €

where Cy 4, is a constant depending on ¢ and sy and given by

e 6% | c1y—1,00-+1] ( so!T(vo + 1)co )1/”"
1<k<so—1 oM (Bp)[(k+1) "\ |p(0)(89)|T(s0 + vo + 1) '

Cs,sp = max{

For 0 < ¢ <k — 1, the ith coefficient of the polynomial p; ; is bounded by
. k—i
1 D (80)] ks |ug| ) o
|ui| + 6 (Gg)]! Cy oy maxq 1, -

k—1

Z|¢(i)(90)| ke
=0k | (14 C )" Jully maxq 1 (Ilunl)vo
|6 (60)] '\ e

Kk
< C’k||u||1max{1, (E) ’ }
13

where |lu|; = Zf:o lu;| and the constant Cj, is given by

1+

k—1 A
S 169 (80)] + 1

5 =0 | k
Cr = 1+—|¢(k)(90)| EVL(1+Cos0)”.

Also, the coefficient of ¢(uxt + 6p) in (I3) satisfies

k! - ||u||1)%
S—— 1. [ —— .
“’“uwweo)‘— "”“”1“1“{ ( :

Denote Cf = maxXo<p<s, Cy (k4 1)%/v0_ Then it follows from Proposition [} with e
scaled to k,%_l, that

9
_ _p* <
_max [pi(t) — ar@(wit +60) = pp1 (B)] < =7,

_ e S
where p;_,(t) = Zf:ol city satisfies |¢;] < Cf |lull® e % for i = 0,....,k—1,

k1 .
wy € (0,1] and |a1| < Cf [Jull{® ¢ % If the leading term of p}_, () is ¢;,t" with
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_&

0 < ig < k—1, then we may apply Proposition [[] with Y

obtain

and vg = 1 again to

max [ (8) — aa(wat +60) ~ P, 1 (0] <

where wy € (0,1], and ay as well as the coefficient ¢ of pj (t) = 220;01 citt are
bounded above by

o N st S B(E41) w2
51 %) " e < g, et (5 e e,

Ct, (KCL,

Then our conclusion follows by mathematical induction with the constant C; given
~ k

by C1 = kFT1(CL ). The case k < so — 1 can be easily verified with the same

procedure. This completes the proof of Proposition[2. O

3.3. Approximating smooth functions by products of polynomzials
and neural networks

In this subsection, we discuss the approximation of continuous functions on J :=
[0,1/2] by sums of the products of Taylor polynomials and shallow nets. Let n € N
and t; = 23—” with j = 0,1,...,n be the equally spaced points on J. For an arbitrary
t € J, there is some jo, such that ¢;, <t < tj 41 (tno1 <t < t, when t = 1/2).
Recalling A > 1, since

—4An(t —t;) + A< —-A forj=0,1,...,50—1,
and
—4An(t—t;)+A>A forj=jo+1, jo+2,...,n,
we may derive from ([I2) the following localized approximation property:

|p(—4An(t — t;) + A)| < 64(A) if j < jo—1,
(25)
|p(—4An(t —t;) + A) — 1] < 64(A) ifjo+1<j<n.

For a purpose of approximation theory, we need the following error estimate of the
Taylor expansion which is an easy consequence of Lemma [Tl

Lemma 2. Let ¢ € Lipﬁ%mé) withr =s+v, s € Ng, 0 <v <1 and ¢ > 0. Define

G
Todlt) =3 -ty
Then

o . -
(1) = Ty s < flt =2, V¢, Tl (26)
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With the localized approximation property ([25) and Lemma [, for each g €

Lipjr’cé), we now define
P54 Z T 5,95t; bAJ t), (27)
where
bao(t) == ¢p(—4Ant + A),
and

bA,j(t) = ¢(—4An(t - tj) + A) - ¢(—4An(t - tjfl) + A)7 1< <n.

Note that each term in the approximant (27) is the product of a Taylor polynomial
and a shallow neural network function, with the special case of s = 0 already con-
sidered in [2]. We provide an error estimate for ®,, 5 4 4 in the following proposition.

Proposition 4. If g € Lipﬁ%m‘/}) withr =s+v, s €Ny, 0<v <1, ¢ >0 and ¢ is
a bounded sigmoidal function, then
19(t) = Prs,g.a ()] < Ca(ndg(A) +n77), Viel,
where Cs := 2(7CO+CO‘IZHL°°(R) +1l9llLe@)-
Proof. For t € J, let jo be the integer that satisfies ¢;, <t < tj,41 for 0 < jo <

n—2,and tj, <t <tj41 for jo=n—1, while t,_1 <t <t,ift = 1/2. Then by
separating Y7 into Y37 + > ., it follows from 1) that

Jo

®n78,g>A(t) = Z(T&gij (t) - TS,g,tj+1 (t))¢(_4An(t - tj) + A)
Jj=0
+ Z st (1) = To,got500 (1) (G(—4An(t — t;) + A) — 1)
Jj=Jjo+1

+ Tsg.t, (1) (B(—4AN(E — tn) + A) — 1) + T g,t,04. (1),

where the last term appears because the term T g+, (t)ba,j,+1(t) is separated in
@7) into the above summations. It follows by considering the term with j = jg
from the first summation that

19(t) = P s,9,4(1)]

Jjo—1
< Z s g.t, Tsg,t;.0 (D)|[¢(—4An(t — t;) + A)]|
+ Z Ts,g,t;(t) = Ts 9,80, (V)| |0(—4AN( — t;) + A) — 1]

Jj=jo+1
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| Ts gt (Dl (—4ANR(E = tn) + A) = 1+ [T5 9,154, () — 9(2)]
159,50 () = 9() + 9(8) = To g1, 42 (Dl G(—4AR(E = t5) + A)[-
Noting (25) and Lemma [, we have

/

¢ —r
lg(t) = Pp s g,a(t)] < (2n—1) max. |Ts,9.t; ()]0 (A) + S—?(l +2[|¢ll Lo my))n ™"

0<y

On the other hand, since (26) implies

ma.

/
Co
oop lBaX [ Tosgts O < 51 + 9]ty

we have

o o .
900 = B ) < (20 1) (B + Lol )56 + B0+ 200l

s!

This completes the proof of Proposition [4l.

3.4. Approximation of univariate functions by neural networks
with two hidden layers

Based on Propositions BHil we prove the following theorem on the construction
of deep nets with two hidden layers for the approximation of univariate smooth

functions.

Theorem 4. Let g € LipJ(]T’cé’) with ¢f, >0, r =s+v, s € Ng, 0 < v < 1. Then

under Assumption[2 with ¢o > 0, ro = so+wvo, 0 < vy < 1, and so > max{s, 2}
an arbitrary 0 < e < 1, there exists a deep net of the form

3n s+3
Hy(nys)s3,4(0) = Y _aio (Z alo(wit+05,)+ o;) , tel
j=1 i=1

that satisfies |05, |07 ;| <1+ 3An + [0o|, |w},;| < 4An and

g~ T(s+1)! if sp >3, sp> s,

— T (s41)! .
g v (5D if so >3, s0 =8,

laj], laj;l < Cy

_vo+6 1)1 X
e w0 CFDY g =92 50> s,

—wtS g1y
e v if sop =2, sp=s

such that
lg(t) — H3pys,s43,4(t)] < C~’4(n6¢(A) +n" " +4ne), Vtel,

for some constant Cy independent of €, n or A.

, for

(28)

(29)
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The main novelty of the above theorem is that (B0) holds for an arbitrary
0 < r < ro and the parameters of the deep net (28) are controllable, provided
that the activation function satisfies Assumption Bl This deviates Theorem [ from
the classical results in [2] [3] 24, 32] [35], in which either 0 < r < 1 is required or
extremely large parameters are needed. We remark that since the goal of this paper
is to approximate radial functions, we only need error estimates for approximation
of univariate functions, though the approach in this paper can be extended to the
realization of more general multivariate functions by using the similar methods as
this paper.

Proof of Theorem [4. The proof of this theorem is divided into three steps: first
to decouple the product, then to approximate the Taylor polynomials, and finally to
deduce the approximation errors, by applying Propositions Bl P, and [, respectively.

Step 1: Decoupling products. From Assumption [, the definition of b4 ;, and
Lemmal[2, we observe that

DA <2, [Togt,O) <llgllLa@ +co, V¢ & €T
By denoting
Bi = 4(||gllLo@) + o +2)

we have, for an arbitrary ¢ € J, ba j(t)/B1, Ts g4, (t)/B1 € [=1/4,1/4]. It then
follows from Proposition Bl with U = ba ;(t)/B1 and U’ = T 4,,(t)/B1 that a
shallow net

3
hg(t) = Z ajgb(wj -t + 00)
Jj=1

can be constructed to satisfy the conditions 0 < w; <1 and the bound ([I) for a;
that depends only on €, such that
Togt;(t) +bajr )

i, (000 ~ B2 (2 (2220

h3 <bA7j (t)) h3 (15797tj (t)>
B By 9
— — < .
5 5 < B2 (31)

Furthermore, it follows from 2I) and ||¢'|| &) < 1 that for any 7,7 € J,

76 .

3 € if s9 > 3,

Ihs(r) — ha(r)| < Y laglir —7'| < 3Calr =14 (32)
Jj=1 e v if 59 =2.

Step 2: Approzimating Taylor polynomials. Since t, t; € J, we have t —t; € [-1, 1].
Let €1 € (0,1/4] to be determined later. Then, for any fixed j € {1,2,...,n}, it
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P (%))

1 follows from Proposition @ with ps(t —t;) = T g.¢,(t)/B1 = > i g (t — t;)
2 that there exists a shallow net
s+1
hs+17j (t) = Z amqﬁ(wi’j -t — rLU@jL‘j + 90) (33)
i=1
3 with 0 < w; ; <1 and
) g (D! if 59 > s,
|ai ;| < Cs (34)
5I(S°/U°+1)S°! if 59 = s,
. - (1)
4 where Cy := Cy(1 + ZfZO(HQiJI%))(SO/“OH)S"!, such that
‘Ts,g,tj (t)/Bl — hs+1,j(t)| < €1, 1< ] < n, Vtel. (35)
5 Step 3: Construction of deep nets with error bounds. Define
H3pnys,543,4(t) == Z Ha;(t) (36)
§=0
6 with
N LZEI0
hoy1,i(t) | ba;())  ha(hst1,;(t)) B,
Hyu ;(t) == B?|2 L 2] _ J\V))
A4(0) = By h3< > " 2m, 2 2
(37)
7 Then it follows from (27) and &I) that
|H3n+3,s+3,A(t) - (I)n,s,g,A(t”
<Y [Ha(t) = Tog, (Dba ()]
§=0
WLZEO
" Tsgt. (1) +ba(t) B
< Ha,(t)—B?|2 9 =l =
S NURYH P e :
7=0
hs (TS’gJ‘ (t)>
— + + (n+1)B%. (38)
8 Also, since 0 < ey < 1/4 and T 44, (t)/B1 < 1/4, it follows from (35) and [32)) that

g6 if sg > 3,
|ha(hsy1,5(t) = ha(Ts g, (t)/B1)] < 3C2e1
e v if 59 =2,
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1 and
ho1,3(t) | ba,(t) Ts9.t; (t) +ba (1)
h 5] 5J —h 9ty >
3( > "B, ? 2B,
~ 6 ifsg >
3025 € if sg > 3,
< ——¢
2 _ 6
€ % if 59 = 2.
2 Therefore, plugging the above two estimates into (38), we obtain for any ¢ € J
|H3n+3,s+3,A(t) - (I)n,s,g,A(t”
~ =6 ifsp>3
90,82 | ° 1o =9
< (n+1)Be+ ——ea] (39)
e v if So = 2.
%57 if 59 > 3,
3 From the above argument, we may set e; = . so that (B9)
1 14+= . o
7€ v ifsg =2
4 implies that for any t € J
2, 95 o
|H3n,s+3,A(t) - (I)n,s,g,A(t” < (n + 1) (Bl + §C2B1)5'
5 Applying this together with Proposition ], we may conclude, for any ¢ € J, that
|g(t) - H3n,s+3,A(t)| < |g(t) - (I)n,s,g,A(t” + |(I)n,s,g,A(t) - H3n,s+3,A(t)|
< (Cs + B? +9C2B?/8)((n + 1)d4(A) +n~" + (n+ 1)e).
6 What is left is to find bounds of the parameters in Hs,, 513 4. This can be done by

7 applying (38)), (&0), E3), the definition of by ;, @I) and @) to yield

3n+3 s5+3
Hynise3.4(H) = > a}o (Z alp(wlt+07,) + e;) :
j=1 i=1

8 by considering |03, |07 ;| < 1+ 3An+ 60|, [w},;| < 4An, with a, a}, to satisfy (29)
9 for the constant Cy := C3 + B} + 9CyB} /8 + 1, which is independent of ¢, n or A.
10 This completes the proof of Theorem H] |
11 4. Proofs of Main Results

12 This section is devoted to proving our main results, to be presented in three subsec-
13 tions, namely: Proof of Theorem [[I Proofs of Theorem Bl and Proof of Theorem [B]

14 respectively.
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4.1. Proof of Theorem[l

Our proof of Theorem [[will require two mathematical tools on relationships among
covering numbers [36] B7], lower bounds of approximation, and an upper bound
estimate for the covering number of HtLreo‘jR It is well-known that the approximation
capability of a class of functions depends on its “capacity” (see, for example, [20]). In
the following lemma, we will establish some relationship between covering numbers

and lower bound of approximation, when the target function is radial.

Lemma 3. Let N € N and V C Lo(BY). If

crNBN\ Y
N(E»V)<C{< 2 ) , Vo<e<1 (40)
with B,CY,C% > 0, then
dist(Lip(®7) V, Loo (BY)) > C4[N logy(N 4+ C3)] 7", (41)

where N'(e,V) denotes the e-covering number of V in Lo (B?), which is the least
number of elements in an e-net of V, C3 = (B +2r +4)™" and Cy = 2C] +
4Chc M (B+2r +4)".

The proof of Lemmal3 is motivated by [20], where a relation between the pseudo-
dimension and lower bounds of approximating smooth functions was established.
We postpone its proof to Sec. Bl The second relationship is a tight bound for covering
numbers [5].

Lemma 4. Let L € N, ¢; > 0, and assume that ¢; € Lipg’cl) to satisfy

10ill L@y <1, for j=0,..., L. Then for any 0 <e <1,

L45/2,L+3/2 qL+1 \ 2AL
) < (2 /01 AR,a,L>

, (42)

N(Ev HtLr,e(S,R c

where Ag o1 = R(AL)® and Ag is defined by (2]).

We are now ready to prove Theorem [ by applying the above two lemmas.

Proof of Theorem [ In view of Lemma E, condition (H0) is satisfied by V =
M o with C1 =1, N = 241, = a(L + 1), and Cy = 28+5/2¢/T¥/?RL+1 Then
it follows from (HI)) that

dist (Lip>"™*), M 2, Loo(BY))
> (oL +a+2r+4)7" x [2A41 log,(2A4L + 2

8
2L LB RRIN (L o 20 4)7)]
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Noting that
logy(2AL + 2 + 282 e PRI (L + o+ 2r + 4)7)
< logy(4AL + 8¢5 (20 + 21 4 4)" (2, R)EH3/2LT)
<1+ logy (4 + 8¢5 1 (2a + 21 + 4)")]logy (AL + (2 R)EFT3/2LT),
we may conclude that

dist(Lip () JHYS =y Lo (B ) > O} [LAL logy (A + (2c1R)EH3/2 L) =7

(43)
where
C) = o8~ "(a _g r+2)7 [1 4 logy(4 + 8¢yt (2ac+ 2r +4)")] 7"
Next, for a > 0 and n > 2, it follows from direct computation that
logy (7 + a) <logy[n(l 4+ a)] < [1 4 logy(1 + a)]logyn,
which together with a = (2¢;R)*+3/2L" and 71 = Ay, yields
logy [ + (2c1R)ET3/2LT) < [1 + logy (21 R)XH3/2 L7 + 1)]logynt
<logy 7t + (L + 3/2)logy(2¢1 R + 1)logyn + rlogy Llogy 1
< [1+1ogy(2c1R + 1) + r](L + 3)logyn
<41+ 7 +logy(2¢1R + 1)|L log, 7.
So, we have from (3)) that
dist(Lip{®") HF% 1 Lo (BY)) > C5 (L logy 1) ™", (44)

where C§ := C[4[1 + 7 + logy(2¢1R 4 1)]]~". This completes the proof of (B).
The proof () is easier. Let S?~! denote the unit sphere in R?, and consider the
manifold

M, = {Z aidi(& - x): & €S ¢y € LP([~1,1]),a; € R}
=1

of ridge functions. It is easy to see that Sy, , C M,. Then it follows from [I3]
Theorem 4] there exist an integer 02 and some positive real number 03, such that
for any f € Lip(®™e0),

dlSt(fa S¢1,n7 LQ(Bd)) > dlSt(fa Mnd—laLQ(Bd)) > éédISt(fa ,Péén(Bd): LQ(Bd))a

where P, (B?) denotes the set of algebraic polynomials defined on B? of degrees not
exceeding s. But it was also proved in [14], Theorem 1] (with a scaling of constants
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in p. 105]), that

dist(Lip{*"), Péynia—v mays Ly(BY)) > Cin /(41
where C/ is a constant depending only on C}, ¢o, d and r. Therefore, we have
dist(Lip'*"), Sp, 1, Loo(B)) 2 dist(Lip!®"), Sy, ., Lo(BY)) > C =i~/
with Cf := C4C%/(d + 2) by noting 2 = (d + 2)n. This establishes (B) and completes

the proof of Theorem [l O

4.2. Proof of Theorem[2l

We shall show that based on Assumption Bl Theorem [l is a consequence of the
following more general result, which we will first establish.

Theorem 5. Let A > 1. Under Assumption [Q with ro = sg + vo, so > 2 and
0 < vy < 1. Then for any f € Lip(o’r’co) with r < ro and any n € N, there is a deep
net

3n+3 s+3 6 d
* * * *
Hinissia6d4 = ), a50( Y a0 ahjad| D aiegi®
j=1 i=1 1 (=1

k=

x (wp g2 + 05,5 + e,:d,i) + 9;71.) + e;) .

with ‘wz,z,jﬂ <1, |9,’;£7j,i|, |9}§,jﬂ-|, 071, 1051 < 1+3An+0o| and |aj], |a} |, |a,’;j,i|,
|ax ¢ ;4| bounded by
(AnQ)48n48r(r+1)(1+7(s+1)!) Zf S0 >3, so> s,
(An2)48n48(r+1)(1+%)(s+1)! if so =5 >3,
o 6
vo+42  (6vg+42)(r+1) vo+6
(An?) won (145~ (4D if sop =2, so> s,
6ugtaz  (6v0+a2)(rt1) (g4 vo+6 1 1y
(An?) o o g ey if so=5=2,
such that
If = H3n,54+5,6,d,4l e (8) < C2(ndp(A) +n7"), (45)

where 64(A) is defined by (I2) and Cy,Cy are constants independent of n or A.

Proof. We divide the proof into four steps: first to approximate |x|2, next to unify
the activation function, then to construct the deep net, and finally to derive bounds
of the parameters.
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Step 1: Approzimation of |x|2. Since f € Lip(®™) there exists some g* € Lipﬁr’co)
such that f(x) = g*(|x|?). Set g(-) := ¢*(2:). Then f(x) = g(|x|?>/2) with g €
LipJ(I2 ") By Theorem [7} for any 0 < € < 1, there is a deep net of form [8) such
that

|f(x) = Hanyzor3.4(x%/2)] < Ca(ndg(A) +n~" +ne), VxecBL  (46)

We will first treat components () of x = (z(M),... (?) separately. Let 0 < g1 <
75 to be determined below, depending on e. By Proposition B applied to the
quadratic polynomial 2, there exists a shallow net

3
hs(t) := Z arpP(wy -t + o)

k=1

C (2078 if s >3,
with 0 < w <1 and |ag| < Cy 6 _6 such that
2we, 0 if sg = 2

[t? — h3(t)] <e1, Vtel (47)
Hence, by setting
d 3 I
hsa(x) := Z hg(x))/2 = Z (Z ?gb(wk 2 4 90)>, (48)
=1 k=1 \¢=1
it follows from (A7) that
1%|2/2 — haq(x)| < de1/2, Vx e B (49)

Hence, by the assumption ||¢| ) < 1, we have, for x € B,

< 1 o [25<7C if 59 > 3,
Z ?gb(wk 2 4 6y)| < 3 Z lax] < CidS . _ 6 (50)
=1 =1 2v0e, " if 59 = 2.

In the following, we denote the above bound by B and note that 5 > 1.

Step 2: Unifying the activation function. From [@F), we note that hsg is a deep
net with one hidden layers. In this step, we will apply Proposition [2 to unify the
activation functions. For any €5 € (0, 1) to be determined, it follows from Proposi-
tion 2] applied to the linear function ¢, with &k = 1 and sg > 2, that there exists a
shallow net

2
h3(t) := Z ar $(wy -t + 0p)

k'=1
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1 with
0<wp <1, and \ak/| < 401656, (51)
2 such that
[t —hi(t)] <eq, Vte[-1,1]. (52)
d ek g () ,
3 Inserting ¢ = =¢=t 3 ¢(B e 7 H00) ip0 (E2), we have, for x € B,
d
4 Z arp(wi - 2 + o)
3 (w2 + 60) - Bhy | L <Bey.  (53)
=t 2 2B
4 Write
d
5 > arp(wy - 29 + 6p)
he,a(x) = Z Z Bay ¢ | wy E2 B + 6o
k=1k'=1
6 d
=: Z ayo <Z alp(wh, - 9 + 6y) + 90> . (54)
k=1 =1
5 It then follows from (BI]) and (B0) that 0 < wj, <1,
. P if s > 3,
0l < dc2e;98 and Jaf]| < %]
2ve; "0 if 59 =2,
2% if s >3,
<O 6 4 -5
2% le 0 if s = 2.
6 Furthermore, (53)) together with (BQ) yields the following bound valid uniformly for
7 x € Bd

|h3a(x) — he,a(x)]

d
3 | 4 Zakaﬁ(wk 29+ 6y)

ay N
= Z 27¢(wk 2O +0y) — Bhy | =L o

1]4=1

25¢7¢ if so >3,
< 3852 = 301(152

6 1 -5
2v0 g 0 if 59 = 2.
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s é‘z if S0 > 3,
Setting eg = 27 0 — 6+vg the above estimate yields
3dC, o _
€1 if so =2,
|hsa(x) — hea(x)] <e1, Vxe€ B, (55)

and the parameters of hg 4(x) satisfy

e 8 if 59 > 3,

0<wy <1, |agl, [af] <Cy (56)

_ 6ug+42
vo 3 —
€, if sp = 2,

where Cj is a constant depending only on vy, C; and d. Based on (E) and (53),
we obtain

d+2

Ix[3/2 = hea(x)| < ——e1, Vx B (57)

Since g1 < we have

1
a+2z°

176, 2By < 1. (58)
Step 3: Constructing the deep net. Based on (54) and (28), we define
Hspt3,5+3,6,d,4 = Hspnis 13 .4 0 he a(x)

3n+3 s+3 6 d
= Z a}kﬂs Z a;ﬂ) a;’;j,iaﬁ Z aly:j,iﬂs
j=1 i=1 1 =1

k=
x (wi ;2 +00) + 00> + 9;1) + e;) : (59)

In view of (BG), we get
| f(x) — H3n+3,5+3,6,4,4(X)]
< Cy(ndgs(A) +n~" + ne)
+|Hsnt3,543,4(1%]%/2) — Hani3,5+3,4(he.a(x))], YxeBL  (60)
Recalling (B3] with e; = 1 and [ba,, (t)/B1| < 1/4, we have

hs1,5(t) | ba,
2 2by

lhst1,;(H) <1, and ‘

<2, tel.

This together with (37) implies
s+3

Z alp(wi it +07,)| < 2.
=1
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1 Thus, from Theorem [ we have, for 0 < ¢t < 1/2,

s+3

> arp(whit+05,) + 05| <3+ 3An+[0o], |wt+ 05, <5An+ |6g] + 1.

(61)

2 Thus7for0<5<1,0<€1<dL+zande]B%d,(l58])7QEﬂ),(IZQI),(IEZI)and
3 [¢'[| Loe(m) < 1 yield

|Hsn3,543,4(1%[%/2) — Hsnys,s13,4(he.a(X))]

3n+3 s+3
> @ (Z @bl ax 2+ 05.) + 6 )
j=1 i=1

3n+3 s+3
—Z ‘15(2% wjihe,a( )+9§,i)+9?>

3n+3

> laj]
=1

3n+3 s+3

= Z \%IZ\@H w;i|l1x1*/2 = he.a(x)]

g 7(s+1)! if 59 >3, s9> s,

s+3 s+3

Za;,i¢(w;,i‘x|2/2+0 Z% d(w] e a(x) + 67 ;)
i—1

IN

¢~ v (sT1)! if s =5 > 3,

7”°+6(s+1)'

€ if sp =2, sp > s,

_1/0+6(s+1)|
if sp =s=2,

4 where Cs > 1 is a constant independent of €, €1, n or A. Now we determine £; by

gt 7(s+1)! if 59 >3, 50> s,

Rt p g = s> 3,

B Cs(d + 2) An? SIS (s 1)

if sp =2, sp>s,

1+u0+6(s+1) .
€ ifsp=5=2

5 we have

|Hsnt3,543,4(%|%) — Hanyz,s13,4(hea(x))] <e, VxeB™ (63)
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Inserting (63) into (B0) and setting e = n~ "1, we get
(%) = Hsn43,543,6.4,4(%)] < C2(ndg(A) +n7"), VxeB,
where Cs is a constant independent of n or A.

Step 4: Bounding parameters. Theorem Bl with e = n="~! shows that 071, 167 ;] <
14 3An + |6y, and

pTr+D(s+1! if s9 >3, 509> s,
T (g1 qy _
n v T if s9 =5 > 3,
* * ~
a; a; C.
| j|’ | ],’L| = 4 WO+ (g4 1)y,
n vo if s =2, so> s,

(’UO+5)2(T+1) (S+1)!
n 0 if sp =85=2.

Furthermore, (B9), B6), B4), @) and ¢ = n~"~" shows that [wj ;;| < 1 and
lax ;s lag; ;| can be bounded by

(An2)48n48r(r+1)(1+7(s+1)!) if so > 3, so> s,
4 1)(1+-= 1)! .
(An?)%n 8(r+1)(1+57)(s+1) if 59 =5 >3,
Cy
6vg+42  (6vg+42)(rt1) (, vo+6 11 .
(An%) w0 n w0 A+ GHY i g =2, 50 > s,
(6vg+42)(r+1) vo+6
bug+dz  (OvotaDHD) (4 vodS oy gy
(An%) "0 n 0 V8 if sop=5=2,
where C] is a constant independent of A or n. This completes the proof of Theorem
* * _ R * * Rk
for 67 5.6 Oke.5i = 00, Whe g = wij; and ag ;5 = ai7;;- =

To prove Theorem [2 we may apply Theorem B, as follows.

Proof of Theorem [2l The lower bound is obvious in view of Theorem[I] To prove
the upper bound, we observe that under Assumption [ a constant Cs depending
only on ¢ exists such that

6p(A) < CeA™', VA1,

Set A = n" 1. Then Assumption Mimplies Assumption B with so > max{3,s+ 1}.
Hence, it follows from Theorem [ that there exists a deep net Hsp43 s43,6,d,4 With
|wz,€,j,i| < 17 |9Z,€,j,i|’ |97; |7 |0;':i|’ |9;| < 1+ 3nr+2 + |00|’ and

| < GG+ +r(s+ D17 (r+1))

5J5t
il
)

|aj |a;',i|7 Iaz,j,il, Iai;e,j,i

such that
If = Hant3,5+3,6,d,4ll L. 8e) < Co(n™" +n7").

This completes the proof of Theorem Blwith Cj = 203, R = max{|fy| +4,C;} and
a=483+r(r+1)+r(s+ 17 (r+1)). O
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4.3. Proof of Theorem[3l

To prove Theorem Bl we need the following well-known oracle inequality that was
proved in [5].

Lemma 5. Let px be the marginal distribution of p on X and (LiX - 1lp) denote
the Hilbert space of square-integrable functions on X with respect to px. Set
Ep(f) = 23" (f(xi) — vi)?, let H be a collection of continuous functions on

m

X and define
fpn = argmin Ep(f). (64)
Suppose there exist constants n',U > 0, such that
U
log N'(e,’H) < n'log = Ve > 0. (65)

Then for any h* € H and £ > 0,

16U M 3me
2 * 2
Prob{||ma fp,x = foll, > e+ 2[R = foll;} < eXp{nl log P 512M2}

e —3me?
. .
16(3M + [[7*[| .. 2))? (6]17* = fo12 +€)

Now we apply Lemmas Bl Bl and Theorem [2 to prove Theorem [

Proof of Theorem Bl Let H = ngzeR be the class of deep nets given in The-

orem P Then, there are totally Az = Crn free parameters in H = ngzeR Since

ly] < M almost surely, we have [|f,|._ @) < M. Then, for f, € Lip(®™e0) it
follows from Theorem [2] that there exists a h € H3'5 r such that

Ifo—hllp @y < Csn™",
where C7, Cyg are constants independent of n and e. It follows that
1)l ey < M+ Cs.

By considering n/ = 2(log, €)Cyn, U = 22 R5(Crn)>, we see from (@) with L = 3,
A, = C7n and ¢; = 1 in Lemma A that

U
log NV (e, H'¢S ) < n'log -

_ _ _ _ = 1
Next take Co := max{6CZ, 221/2MR>(C7)**} and Ci ::(2048M207?502+2r) Tog -
2
Note

2k~ folly < 20k = foll7 gy < 2G50 < Con™*" logn.
Then by setting n = [C’lgmﬁ], it follows from Lemma [ with A* = h that for
e > Con *logn > 2|h — f,|I2, (66)
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1 we have

Prob{||mas fo,n,e — foll2 > 2¢}
< Prob{||marfping — foll2 > €+ 2/|h — f,|2}

_ M25R(Crn)>  3me
< exp{2(10g2 e)C7nlog B ~ 512M2

+ex ~3me?
P 16(4M + Cs)? (6C2n 2 + <)

< exp{2(10g2 e)Cr7(5a + 2r)nlogn — EHZLMZ} M exp{ —me}

e Bme Vo Bme Y, f 0 3me
= 9P\ T 1024002 Pl 3204 1 G52 [ = 2P 6a(and 1 52

2r
3mTHIe
<3 _ _ _ . 67
= exp{ 2[64(4M + Cs)2 + 3Cs(Cro) 2" Jlog(n + 1) } (67)
2 Then setting
3 3m> e 5
exp{ — _ i -,
PY T2[64(4M + Cs)? + 3Co(Cro)—2rJlog(n + 1)
3 we obtain
2 A\ 2 A (A =27, — 52 3
€= 5[64(4M + Cs)* 4+ 3Cy(Ch0) ™" Jm ™21 log(n + 1) log 5
4 which satisfies (G6)). Thus, it follows from (€7) that with confidence at least 1 — 4,

5 we have

- 3 r 3
w01 fDn6 = Folly < C3m™ =5 log(n + Dlog’s < Cm™ =T log(m + log,

0
6 where Cg 1= 3[64(4M + Cs)? 4 3Co(C10)~*"]. This proves ([[0) by noting the well-
7 known relation
EF) = Efo) = If = follz- (68)
8 To prove the upper bound of (1), we may apply the formula

Ele] = /0 " Problé > f)dt (69)
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with &€ = E(mar fDn,e) — E(fp). From (6], (67) and (6J), we have
E{&(mmfpme) —E(fo)}

= /oo Prob[E€(man fon,e) — E(fp) > €lde
0

Con~ 2" logn 0
_ (/0 +/ )Prob[&'(WMfD,n,qﬁ) —&(fp) > €lde

Cen—2"logn

< Cyn~?"logn

43 / - Bm e d
Con—2r10gn T\ 2[64(4M + Cs)2 + 3Co(Cro) 2 log(n + 1) [
< an_zr logn + 6[64(4M + 08)2 + 36’9(010)_27‘]’/774_% log(n + 1)

X / e tdt < C}“mf’é‘fﬁ log(m + 1),
0

where

C7 = 6[64(4M + Cg)* 4 3Co(Cho) "] + Co[(Cio) > +1].
Finally, to prove the lower bound of (1)), we note that since xy,...,X;, are inde-
pendent random variables, so are |x1]2, ..., [X,;,|?. Thus, the dataset {(|x;|?, vi)}"™,

is independently drawn according to some distribution p defined on I x [—M, M].

From [I0] Theorem 3.2], there exists some p{, with the regression function g, €

Lipﬁr’q’), such that the learning rates of all estimates based on m sample points are

not smaller than Cgrrf%. Setting f,(x) = g,(|x|?), we may conclude that the
lower bound of (I]) holds. This completes the proof of Theorem B} O

5. Proof of Lemmal[3

The proof of Lemma B depends on the following two lemmas. They involve the
e-packing number of V' defined by

M(e, V) :=max{s: 3 f1,....fs € V,|Ifi = fillL @) > &, Vi#j}.

The first lemma which can be found in [10, Lemma 9.2]) establishes a trivial relation
between N(g,V) and M(e, V).

Lemma 6. Fore >0 and V C Lo (B%), we have
M(2e,V) < N(e,V) < M(e, V).

To state the second lemma, for N* € N, consider the set EN" of all vectors
€:=(e1,...,en-) forer,... en- = %1, so that the cardinality |EN | of the set BN

Opening
bracket
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is given by

|ENT| =27, (70)

Let g be a real-valued compactly supported function that vanishes outside
(—=1/2,1/2) and satisfies both max,c(_1/2,1/9 |9(t)| = co/2 and § € Lipﬁ{’cozv_l).
Also, partition the unit interval I as the union of N* pairwise disjoint sub-intervals
Aj of equal length 1/N* and centers at {{;} for j = 1,...,N*. Consider the
dilated/scaled functions g;(t) := (N*)""g(N*(t — ¢;)) defined on I. Then based

on the set

*

N
Gp=1g"(t) =) €gjt):e=(e,....en+) € BV (71)
=1

of univariate functions, we introduce the collection
Fe = {f(x) = g(x[*) : g € G} (72)
of radial functions defined on the B<.

Lemma 7. Let N* € N. Then

Fg C Lip®7eo), (73)
In addition, for any f # f1 € Fg,
1f = fill Lo @ey = co(N)7". (74)

Proof. To prove (73), observe that since
IN*(t—&) = N"(t =& ) = N*|§ =&l =1, Vji#7,
it is not possible for both N*(t —¢;) and N*(t — &;/) to be in (—1/2,1/2). Hence,
it follows from the support assumption supp(g) C (—1/2,1/2) of g that for an
arbitrary ¢ € I, there is at most one jo € {1,2,...,N*} such that (g;,)® (¢) # 0.
Then the justification of ([[3]) can be argued in two separate cases.
First, for an arbitrary g* € Gg, if t,t’ € A;, for some j; € {1,2,..., N*}, then

in view of supp(g9) C (—=1/2,1/2), r = s+, le;| = 1, and § € Lip]g’corw)7 we
have

@Dt =€) = (@ (N*(t' =&)) =0, Vi#j
and

(g 1) = (gD
N

> 13 W) — ()0 )]

Jj=1

.
(N D Gl@P W (=€) — @)W (Nt = )]

j=1

IN



Page Proof

August 6, 2019 21:12 WSPC/S0219-5305 176-AA 1940007

32 C. K. Chui, S.-B. Lin & D.-X. Zhou

— (V") [(§) D (N (¢ = &,)) — @) DN (¢ = &)
< (N*) 7002 N~ ) = N — &)Y < colt — '],

1 Next, if t € A;, and t' € Aj, with js # j3, then

@) (N (t =€) = (@ (Nt =€)) =0, Vj#ha, §'# s
2 We may choose the endpoints 7;, € A, and n;, € Aj, so that n;, and n;, are on the
3 segment between ¢ and t'. This together with supp(g) C [—1,2,1/2] implies that

[t —nj, ] + [t = nys| <[t —1]

4 and
(g)(S)( (77]2 f]z)) ( )(S)( (77]3 §J3))
5 Thus, it follows from r = s+ v, |e;| =1, § € Lip(r’c"r ) and Jensen’s inequality
6 that
(g (1) = (g7) (1)
N*
=D_6l@)"™ 0 - @) ¢)]
j=1
N*
= (NN U@V =€) — (@) (N (¢ = &))]
j=1
< (N7 1@) P (N (= &)l + (NF)T7H5](3) ) (N (¢ = &5,)]
= (N*) (@) (N (¢ = €)= (@) (N (0, = €5))]
HN) @ (N = €5,)) = (@) (N* (s — &)
v— v v v t= Mgl 1 = mgl°
R B
S 60211 |LL 7732| + |LL 7733| S (302” |LL | — Co|t _ t/|v.
2 2
7 From the above arguments, we know that (73) holds in view of (72).
8 Finally, to prove (), let f, f1 € Fg be two different functions. Then there exist
9 e,¢ € EN” with € # € such that
N* N*
F0) = fux) =D gi(1x1%) ZG (1)
=1 =1
N*

= (N7 (e — DN (Ix* = &)

Jj=1
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1 Therefore, we have
N*
1f = fillbw@ey = (N)™" max Zl(EJ — €GN (|x[> = &)

i=

N*

= (V) mar D6 — N (¢ - 65)

j:

N

=(N*)"" j/ﬂrgax - nax Z(ej —€5)g(N*(t = &)
I et

o *\—1T P /‘/ pe (— £,
= (N7) Jopmax gggﬁl(eg € )G(N"(t — 1))l

=(N*)"" max{ max  max [2G(N*(t — &)l

J'ieg —e;_,:2 teA

max  max |—2g(N*(t — §j/))|}.

J'iejr —e;,,:—2 teAy,

2 Noting that {t = N*(r — &;) : 7 € A;} = [-1/2,1/2] for each j € {1,...,N*} and
3 maxye_1/2,1/2] [9(t)| = co/2, we obtain
- —2(N*)7 §(t)| = co(N*)~".
I = flleemn =20V°)7_max 58] = eo(N)
4 Thus, ([A) holds. This completes the proof of Lemma [ m|
5 We now return to the proof of Lemma Bl.
6 Proof of Lemma[3l Let v > 0 to be determined later, and denote
§:= 0, = dist(Fg, V, Loo (BY)) + 1. (75)
7 For every f € Fg, choose a function Pf € V| so that
1 = Pfllpqoe) < 6. (76)
8 Observe that Pf is not necessarily unique. Define Sg := {Pf : f € Fg} C V. Then
9 for f* = Pf and f{ = Pf1 with f # f1 € Fg, we have

1f* = fillew@y = I1Pf = Philloo@sy =I1Pf—f+f—fi+fi—Phllo.sey
> If = fil Low®ay = 1P = fllowmey — 1Pf1 = fill Lo @y

10 which together with (7)) implies
1" = il L) = co(N7)™" = 26. (77)
11 We claim that § > S2(N*)™", where N* is given by

N* = [(8+4 2r + 4)Nlogy (2C + 4CH(B + 2r +4)"/co + N)). (78)
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To prove the claim, suppose to the contrary that
5< TN (79)

Then () implies

1 = Al o) = SN
That is, Pf # P f; is consequence of f # fi, so that in view of ([70),

Sp| = |Fu| = |EN | =2V
Consider 9 = ¢ (N*)~". Then we obtain

M(eo, V) =2V,

On the other hand, since Sg C V, it follows from ([@0) and Lemma [0 that

204 NP
€0

N
M(0,V) < Nz0/2,V) < € ( ) — CLACLNO (N o).

Combining the above two inequalities, we have
2V < O (ACHNP(N*Y feo)™. (s0)
The choice of N* in (8) tells us that (80) holds, but it implies that
(B + 2r +4)N log, (2C, + 4Cy (6 + 2r +4)"/co + N)
< Nlogy(4C5(8 + 2r + 4)"/co)
+ logy(2C7) + N(B +r)logy N
+ 7N logy 1oy ((2C] + 4C5(8 + 2r +4)"/co + N))
< (B+2r+3)Nlog,(2C] +4C%(B 4 2r +4)"/co + N),
which is a contradiction. This verifies our claim, so
c(N*)™"
4

Now, we determine v by v = dist(Fg, V, Loo(B?)). Then v = % by (73), and we
obtain

5> = %[(ﬂ + 2r 4+ 4)N log, (207 +4C5(B + 2r +4)"/co + N)] .

dist(Fg, V, Lo (BY)) = g > %[(ﬂ + 27 + 4)N log,

X (201 +4CH(B+2r +4)"/co + N)| 7.
In view of ([[3)), we have
dist(Lip(®") V, Loo (BY)) > dist(Fg, V, Loo(BY)) > C4[N logy(N + C)] ™"

with C3 = @(8+2r +4)7" and C} = 207 + 4Chcg M (B + 2r 4+ 4)". This completes
the proof of Lemma Bl |
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