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Abstract

This paper provides analysis for convergence of the singular value thresholding algo-
rithm for solving matrix completion and affine rank minimization problems arising
from compressive sensing, signal processing, machine learning, and related topics. A
necessary and sufficient condition for the convergence of the algorithm with respect
to the Bregman distance is given in terms of the step size sequence {8x}xen as
Yt 8k = oo. Concrete convergence rates in terms of Bregman distances and Frobe-
nius norms of matrices are presented. Our novel analysis is carried out by giving an
identity for the Bregman distance as the excess gradient descent objective function
values and an error decomposition after viewing the algorithm as a mirror descent
algorithm with a non-differentiable mirror map.
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1 Introduction

Matrix completion and affine rank minimization are important research problems aris-
ing from numerous applications in various fields including compressive sensing, signal
processing, machine learning, computer vision and control [6,7,18]. A simple and effi-
cient first-order method for solving these problems is the singular value thresholding
(SVT) algorithm introduced in [5].

Let A be a linear transformation mapping n; x n, matrices to R™ and b € R"™.
SVT aims to find a low-rank solution to the linear system .A(X) = b by iteratively
producing a sequence of matrix pairs {(Xk, Y k)}keN as

Xk+1 — Dt(yk-l-l)’ (1)

{Y"“ = Yk 4 5 A% (b — A(XY),
where A* denotes the adjoint of A, X! = Y is the zero matrix in R"1 *"2 and {8 }xen
is a sequence of positive step sizes. Here Dy (Y**1) is a soft-thresholding operator
at level 7 > 0 to be defined in (4) below, acting on the matrix Y**! to produce a
low-rank approximation X**! = D_(Y*+1). Due to the ability of producing low-
rank solutions with the soft-thresholding operator, SVT was shown to be extremely
efficient at addressing problems with low-rank optimal solutions such as recommender
systems [5]. It was shown in [5] that SVT is equivalent to the gradient descent algorithm
applied to the dual problem of

1
min [\IJ(X) = | Xl + -||X||%] subject to A(X) = b, )
Xe]R}lanz 2

where || X |+ = |lo(X)]l1 and | X||r = ||o (X)]||> are the nuclear norm and Frobenius
norm of X, respectively. Here o (X) denotes the vector of all singular values of X

in nonincreasing order and [|x|, = [Zf-l:l [x; P ]% denotes the £,-norm of x =
()c,~)l‘.1:1 € RY. Based on this interpretation, it was further shown that the sequence
{X*} converges to the unique solution X* of the optimization problem (2) with the
error satisfying Z,fil | Xk — x* ||% < 00, provided that the linear system A(X) = b
is consistent and that the step size sequence is bounded above and below from 0
satisfying 0 < infy 6 < sup; 8k < W, where || A| is the operator norm of A
defined by [l A]l = sup A2
XeRM*m:|X || p<1

In this paper, we refine the existing convergence analysis of SVT in terms of both
convergence conditions and convergence rates. We shall show that {X*} converges to
the unique solution X™* of the optimization problem

min  W(X) subjectto A(X) = by, 3)

X R xn2

with respect to the Bregman distance if and only if the step size sequence {8k }ren
satisfies ) p- | 8¢ = oo, under the mild assumption that the orthogonal projection
bg of b onto the range of A is nonzero. This gives a precise characterization on the
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convergence of SVT, while only sufficient conditions for the convergence of SVT
were considered in the literature. Then we shall establish a convergence rate || X7 +1 —

X*||% = O(ﬁ), which gives the order 0(%) in the general case 0 < infy & <

supy Sk < W This improves the previous convergence result Yy || X k_ x* ||2F <
oo under the same condition with no explicit convergence rates [5]. Our convergence
rate discussion is based on a key identity on the Bregman distance between X7 and X*
and the excess objective function values of the dual problem of (3) in gradient descent
at step 7. Our discussion in getting the necessary condition Y =, 8 = oo is based on
a novel error decomposition for the excess Bregman distance after interpreting SVT
as a specific mirror descent algorithm with a non-differentiable mirror map. Our basic
idea with this error decomposition is to control the Bregman distance between Xy
and X™* from below by making full use of the smoothness of the objective function.
The new interpretation of SVT also opens the door of studying SVT in the mirror
descent framework [2,12]. Notice the above definition of b also allows us to remove
the assumption on the consistency of the linear system .A(X) = b considered in the
literature.

2 Main Results

Before stating our main results, we define the operator D;. Let Y = UXV* be a
singular value decomposition of a matrix ¥ € R"'*"2 of rank r, where U and V
are n1 x r and np X r matrices with orthonormal columns, respectively, and ¥ =
diag({o1, ..., 0,}) is the r x r diagonal matrix with the main diagonal entries o >
0y > --- > o, > 0 being the positive singular values of Y. The singular value
shrinkage operator D; at level 7 is defined [5] by

Dy(Y) = UD:(2)V*, €
where
D (%) = diag({(o1 = D)+, ..., (0r — 7)+})

and (¢)+ = max(0, 7).

Observe from the definition (3) of X* that X* = 0 is equivalent to by = 0. Since
by is the projection of b onto the range of .4, we know that b — by is orthogonal to the
range of A and thereby A*(b — by) = 0. So from the definition (1) of SVT, we see
that in this special case, for any choice of the step size sequence, X¥ = 0 and Y¥ =0
for all k € N, and the convergence holds obviously.

Our first main result provides a necessary and sufficient condition for the con-
vergence of {X*} to X* with respect to the Bregman distance when the trivial case
by = 0s excluded. We denote (X, ¥) = 371, >°"2 | X;;Y;; the standard inner prod-
uct between the matrices X = (X;;) € R"">* and ¥ = (¥;;) € R"*"2, and the
subdifferential of a function f : R"*"2 — R at X € R"1*"2 ag
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af(X) = {Y e RMXn2 . f(}?) > f(X) +<§ - X, Y), Vi c Rnlxnz}'

If f is convex, the Bregman distance between X and X under f and Yeo f ()? ) is
defined as

DYX. %)= f(X) - fX) — (X - X, 7).

If f is differentiable, then 9 f(X) consists of V f(X), the gradient of f at X.
Now we can state our first main result as follows.

Theorem 1 Let {(X*, Y*)} ey be produced by (1) and by # 0. Then the following
statements hold.

1
(a) Ifsupk5k<m, then
- o0
lim DYy (X*, X") = 0ifand only if ) 8 = oo.
Jim w ( ) if an onylfk_1 r = 00

2
(b) Ifsup; & < A then

et

’ C E 1) : T N
< v e
= [k 1 k] P P

where C is a constant independent of T.

The necessity part of (a) of Theorem 1 will be proved by Proposition 5 in Sect. 3
while the sufficiency part of (a) and (b) follows from Proposition 9 in Sect. 4.
2

We see from Theorem 1 that when 0 < infy 8y < sup, & < A there holds

|| XTI+l x=* HZF = O(1/T). Theorem 1 also applies to the linearized Bregman itera-
tion for compressive sensing [4,22].

Our second main result, to be proved in Sect. 3, is a monotonic property of the
sequence {X*} in terms of the least squares error F(X) used often in learning theory
and defined for X € R"1*"2 by F(X) = %HA(X) — b||%.

Theorem 2 Let {(Xk, Yk)}keN be produced by (1) with the step-size sequence {5 }reN
satisfying 0 < § < W for every k € N. Then the following statements hold.

(a) F(X*1) < F(X%) fork e N.
(b) X* is a minimizer of F over R"1*"2,
(c) The following inequality holds for all T € N

1 1!
FOXTH) = FX) = AT = x93 v [ Ya] . )

k=1

Birkhauser



Journal of Fourier Analysis and Applications

Some of our ideas in the above results can be used to analyze some other thresh-
olding algorithms such as those derived from spectral algorithms [1,8,9]. It would be
interesting to establish learning theory analysis [14,15,20,21] for SVT algorithms in
a noisy setting.

3 Necessity of Convergence

Our proof of the necessity part of (a) of Theorem 1 is based on interpreting SVT as a
specific instantiation of mirror descent algorithms, a class of algorithms performing
gradient descent in the dual space mapped from the primal space by the subgradient
of the mirror map [2,16]. This interpretation enables us to use arguments for mirror
descent algorithms to analyze the convergence of SVT. However, standard analysis
for mirror descent algorithms requires the mirror map to be differentiable, which is
not the case for SVT having the non-differentiable mirror map W. We use Bregman
distances to overcome the difficulty. Our analysis can be extended to study SVT in the
online setting [11,13].

Our analysis needs some basic facts about convex functions. A function f :
R™>172 5 Ris said to be o -strongly convex with o > 0if D]’C(X, X) > ZIx-X|%
for any X, X e Rmxm andj7 € 8f()~(). It is said to be L-strongly smooth if
it is differentiable and DZ"C(X)(X, i) < %HX — )?H% for any X, X. We denote

f*(Y)= sup [ (X,Y)— f(X)] the Fenchel (convex) conjugate of f.
XGR”I an

Lemma 3 For a convex function f : R">*"2 — R, the following statements hold.
(@ f** = fand
Af*(Y)={X:Y €df(X)}, VY eR"*"2,
(b) For B > 0, the function f is B-strongly convex if and only if f* is %-strongly
smooth.
(¢) Ifthere exists a constant L > 0 such that

IVf(X) = VFX)r < LIX — X||F (6)

forall X, X e R™ *"2 " then we have
~ ~ ~ L =~
FOO = fOO+(X =X, VX)) + Z1X = Xl

Part (a) of Lemma 3 on the duality between f and its Fenchel conjugate f* can be
found in [3]. Part (b) on the duality between strong convexity and strong smoothness
can be found in [10]. Part (c) is a standard result in relating the Lipschitz continuity
of VF to the strong smoothness of F' (see, e.g., [17,23]).
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The idea of applying Bregman distances to SVT has been introduced in the literature.
For example, it can be found in [5] that

% > 1 2
Dq:(X,X)ZEIIX—Xllp (7

forall X, X € R">*m Y € g (X).
We observe the relation X* = VW*(Y*) for SVT, which is a novelty of our analysis.

Lemma 4 The sequence {(X*, Y¥)}x produced by (1) satisfies Y* € aW(X*) and
Xk = vu* Yk, and W* is differentiable. Hence from VF(X) = A*(A(X) — b), we
have

YR = vk — 5 VF (XY = Yh = 5 A (AV Y (YR)) - b). (®)

Proof The gradient of F reads directly as VF (X) = A*(A(X) — b). It was shown in
[5] that for each © > 0 and Y € R"*"2 the singular value shrinkage operator obeys
D, (Y) = argminy %llX — YII%7 ~+ || X ||«. It follows that the second equation in (1)
for Y* is equivalent to

k_ ol k2
X" =arg min X —Y* e + Tl X«
XeR"1Xn2 2

Combining this with the optimality condition implies 0 € X¥ — Y¥ + 73| X*|,. That
is, Y% € 9w (X%). By Part (a) of Lemma 3, this implies X* € 9W¥*(Y*). But (7) shows
that W is 1-strongly convex, which implies that W* is differentiable according to Part
(b) of Lemma 3. Therefore, X* = VW*(Y*). This proves the desired statement. O

Now we can carry out the novel analysis stated in the following proposition which
proves the necessity part of Theorem 1.

Proposition 5 Let {(X*, Y*)}reny be produced by (1). If by # 0 and for some k > 0,
. . 1
the step-size sequence {8y }keN satisfies 0 < 6 < ETOTAR for every k € N, then

DY (x*,XT) > 0for T € Nand

W(X*)
]Og D\};T+l (X*,XT+1)

T
Sx > .
,; Q2+ )| A2 log 2=

©))

In particular, limr_, oo D\)I',T (X*, XT) = 0 implies Y 32| 8 = oc.

Proof Let us first analyze how the Bregman distance is reduced in one step iteration
of SVT.
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Letk € N.By Lemma4 and the definition of the Bregman distance, for X € R"1*"2,
we have

yk+l

Ac(X) = DY (X, x5 — (X, xk+1y

= [\IJ(X)—\IJ(X")—(X — xk Yk>]— [\IJ(X)—\IJ(X"“)—(X — xk Yk“>]
= WXy — wxk) + <X _ xk+, Y"“) — (X —xk Yk>. (10)
Notice that

Yk“(Xk XA = wxk) — wxkHly — <Xk — xk+ Yk+1>‘
Hence, by Lemma 4
Ap(X) = <X _ xk ykt! Yk> _ D\)I/jk“(xk’ xk+
— 5 (X — x~, VF(X")) — pY(xk, xkH,
Setting X = X*, we have

yk+1

Ap(X*®) = =8 <X* — x*, VF(X")) (x*, xk+1), (11)

To estimate the inner product in (11), we apply Part (c) of Lemma 3 to the function F
whose gradient satisfies the Lipschitz condition as

IVF(X) = VF(X)|lr = IA*(AX) = b) — A*(AX) = b) ||
= | A" AKX = X)lIr < IAIPIX = Xllp. (12)

Setting X = X*, X = X* yields

IIAII2

FOC) = FOX = (X0 = XK VPO )+ 251X = X a3)
while the choice of X = Xk, X = x* gives
F(X5) — F(X*) < <Xk — X, VF(X*)>
NETTMEpS
Recall that A*(b — by) = 0. It follows that
VF(X*) = A*(AX*) — b) = A*(by — b) = 0, (14)

Birkhauser
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and

IA|?
2

F(X*) — F(x*) < X — X*||%.

Combining this with (11) and (13) tells us that

Yk+1

A(X*) < Sl AIPIXY — X*)I3 — (x5, XM < sl AP IXE — X%

But || X* — X*||2F < 2D§/k (X*, X¥) according to (7). Then we have

Yk+1

(X*, X5 > (1= 250 | AID) DY (X*, X5). (15)

Now we need the restriction 0 < §; < m with « > 0 on the step size sequence.

2+/<

Denote a = log £ and apply the elementary inequality

1 —x >exp(—ax), V0 <x < .
+ K

Then we see from (15) that

yk+1

(X*, X1y > exp { 2a8: || Al } DY (x*, X%).
Applying this inequality iteratively fork =1, ..., T yields

yT+l

(x* xT+1y > Hexp| —2a8; || Al }D\I, x*. xh.
k=1

Since Y! = X! = 0, we have D\{,I(X*, X' = w(X*) > 0 by our assumption of
bo #0.So DY (x*, XT+1) > 0 and

T
2all A1 Y 8 = log w(X*) — log DY (x*, X7+,
k=1
This verifies the desired lower bound on 21{21 dx. The proof is complete. O

We are in a position to prove our second main result.

Proof of Theorem 2 We follow (10), but decompose A (X) in a different way by means
of D\)I/]k(Xk+1’ Xk) — \IJ(Xk-H) _ ‘-I—’(Xk) _ (Xk—i-l _ Xk, Yk> to get

Ap(X) = <X _ xR pht Yk> i ng(xkﬂ’ x5,

Birkhauser
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By (8), yktl — vk = 5, VF(X¥). To be consistent with the gradient at Xk, we
separate X — X 1 into X — X* 4+ X*¥ — x**1 and decompose Ay (X) as

Ar(X) = —8; (x — Xk VF(Xk)>
i [5k <X’<+1 —xk, VF(Xk)> + DY (xk, Xk)} . (16)

The inner product in the above last term can be estimated by applying Part (c) of
Lemma 3 to the function F satisfying (12) as

A2

(X=X VEX) 2 FOOH = PoxX) = X8 = xS g

But
k 1
DY (x*1 x*) > §||Xk+1 — x*2

according to (7). Putting these lower bounds into the last term of (16) and applying
the bound (X — X*, VF(X*)) < F(X) — F(X*) derived from the convexity of F, we
find

AX) Z =8 [FX) = F(XD)]

S 2
o [rocn - poxy] - M e
1
+ §”Xk+1 . Xk”%_}
1— 8JlA|?
— 5 [F(Xk“) _ F(X)] + #nx”‘ — xk|2.

By the assumption on the step size, 8;||.A||> < 1. Therefore, the following inequality
holds for all X e R"1*"2

yk+l1

SLF (X" — F(X)1 < DY (X, x*) — DY (x, x*+1), (17)

Then the property F (X k+1y < F(X*) stated in Part (a) follows by setting X = X Kin
(17) because DY, (X*, X*) = 0and DY (X*, X*+1) > 0.

The statement in Part (b) follows immediately from (14). In fact, from the orthogo-

nality of b — bp and the range of A and A(X*) = bo, we see the following well known
relation in learning theory

1 1 1
F(X) = SIAX = X*) + AKX - b3 = SIAX - X3 + SIAX - bl3

1
= IAX - X3+ F(X*). (18)

Birkhauser
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To prove the statement in Part (c), we apply the monotonicity F (X ktly < F(X%)
derived in Part (a) and find

S S F (X — F(X))

FXT™H = F(X) < 7
L8
k=1 "k

Taking the summation of (17) from k = 1to T gives

T T
S sIFX — FOo1 < Y [DY (X, x4 — DY (x, x4 )]
k=1 k=1

=Dl x, xY - DY (x, xTH,.
But —DY"" (X, X"*1) < 0and DY (X, X') = W(X) since X' = ¥! = 0. Hence

v (X)
T b
k=1 Sk

FX™™h_-FX) < VX e RM*"2,

In particular, taking X = X™* and applying (18), we get (5). This completes the proof
of Theorem 2. O

4 Sufficiency of Convergence

This section presents the proof for the sufficiency part of (a) and (b) of Theorem 1. Our
analysis is based on the observation that SVT can be viewed as a gradient descent algo-
rithm applied to the dual problem of (3), hence results on gradient descent algorithms
can be applied. Here we apply the following standard estimates for the convergence
of the gradient descent method applied to smooth optimization problems. The proof
is given in the appendix for completeness.

Lemma6 Suppose f : R™ — R is convex and L-strongly smooth with \* being a
minimizer. Let {}\*}ien be the following sequence produced by the gradient descent
algorithm

Al=0, Ml =sk_gvrah, keN (19)

with a step size sequence {5y > O}ren. Then the following statements hold.

(a) If supy 8k < 2/L, then there exists a constant c
e -1
farth —ron <€ Y] (20)
k=1

(b) If supy 8 < 1/L, then (20) holds with C = ||*]3/2.

Birkhauser
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The following lemma shows how SVT can be viewed as a gradient descent algorithm
applied to the dual of (3). Part (a) establishes the dual problem of the optimization
problem (3), and Part (b) shows that the sequence {Yk} coincides with {A*(Ak)}keN
with {Ax} produced by applying the gradient descent algorithm (19) to the function G
given in Part (a). This lemma was presented in [5] when A4 is an orthogonal projector
and the system A(X) = b is consistent. It is extended here to the general linear
transformation A allowing for inconsistent systems with b replaced by its orthogonal
projection onto the range of A.

Lemma 7 (a) The Lagrangian dual problem of (3) is

Am}%{n G (L), where G(A) := V*(A*(L) — (A, by) . (21)
e m

() If {(X*, Y*)}ken is produced by (1), and {M\*}ren is produced by applying the
gradient descent algorithm (19) to the function G, then we have Y* = A*(0%) for
keN.

Proof The Lagrangian dual problem of (3) is

max min  [W(X) — (1, AX)) + (A, bo) |
)\ER”’ XER"I xXny

=max[— max [(X,A*(A))—\P(X)]+(x\,bo)]

LeRM X eRn1%n
= max | = WH(ATG)) + (. bo) | = — min [5(4°G)) = (1. bo) ]
= —min G(A),
AERM

where in the second identity we have used the definition of Fenchel conjugate. This
proves (21).

When the gradient descent algorithm (19) is applied to the function G defined in
(21), we see by the chain rule that the gradient equals

VG () = V(A" L) — (A, bo) ) = A((VE*) (A" (L)) — bo. (22)
So the sequence {Ak}keN produced by (19) translates to
WA =08 — SLAV ) (A*(0F))) — bl (23)

Applying the transformation A* to both sides and noticing A*by = A*D yield the
following identity for all k € N

A = A* (W) — 8 A% (A(VE) (A*(15)) — bo)
= A* () = 8 A (A(VEH) (A" (15))) = b).

This iteration relation for the sequence {A* (Ak)}keN is exactly the same as (8) in
Lemma 4 for the sequence {Y*};cn. This together with the initial conditions ¥ =

Birkhauser
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0, A*(A') = 0 tells us that Y* = A*(AX) for k € N. The proof of the lemma is
complete. O

Combining Lemmas 6 and 7 enables us to bound the excess dual objective value
G+ — G(*) interms of Y_f_, 8. What is left for estimating Dg”‘ (x*, xT+h
to prove the sufficiency part of Theorem 1 is to find a relation between the excess dual
objective value G(AT+1) — G(1*) and the Bregman distance Dg”l (X*, XT+1). This
is given in the following key identity which provides an elegant scheme to transfer
decay rates of excess dual objective values to those for the Bregman distance of primal
variables.

Lemma 8 If{(Xk, Yk)}keN is produced by (1), and {Ak}keN is produced by applying

the gradient descent algorithm (19) to the function G, then there exists some A* € R™
such that A*(A*) € oW (X™*) and

DY (x*, X% = Gk — G,
Proof Since X* is an optimal point of the problem (3) with only linear constraints, the
existence of Lagrange multipliers (e.g., Corollary 28.2.2 in [19]) and the first-order
optimality condition imply the existence of A* € R™ satisfying
Y* = A*(W) € W (X™). (24)
Together with Part (a) of Lemmas 3 and 4, this implies that
X* = VU (A" (L") = VUH(Y™). (25)

Since W is convex, we know (see, e.g., Proposition 3.3.4 in [3]) that for any X €
R™ xnz’

Y € 00 (X) = U*(Y) = (X,Y) — U(X).

Applying this implication to the pairs (X*, Y*) in (24) and (X*, Y*) in Lemma 4
satisfying Y* € W (X*), we know that

DY (x*, X*) = w(x*) — w(xb) - <X* — x*, Yk>
= W) = (X, 1)+ (X0 ) = wixh) - (X0 - xE v
— _UF(Y) + <X*, y* — Yk> +wrrh
— W) — Wy — <Yk —y* W*(Y*)>,
where we have used (25) in the last equality. But Y k= A%k according to Part (b)

of Lemma 7. Then we see from the definition of the function G that D}f,k(X ')
equals

Birkhauser
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WHEA*(WK)) — W (AR () — <A*()J‘ —, V\IJ*(Y*))
— W (AR K)) — WHAR ) — <x’< — b0> n ()J‘ — bo>
- <A*(Ak ), vw*(y*)>
—GOM - GO + <Ak — A, b — A(V\IJ*(Y*))).
This together with the identities (25) and A(X*) = by implies
DY (x*, X*) = GOX) — G + <A’< — by — A(X*)>
=G0OM - GoM.
The proof of the lemma is complete. O

Now we can prove the sufficiency part of (a) and (b) of Theorem 1 by presenting
the following more general estimate.

Proposition 9 Let {(X*, Y*)}ren be produced by (1) with a positive step-size sequence
{8k} satisfying supy 6 < W Then we have

T
~ —1
py o X < €[ Y a] (26)
k=1

where C is a constant independent of T. Furthermore, if sup; 8y < W, then (26)

holds with C = ||k*||%/2, where \* is an element in R™ satisfying A*(A*) € oW (X™).

Proof Recall the expression (22) for the gradient of G. Take the vector A* given in
Lemma 8. The identity (25) implies

VGO = A(VE*(A* (W) — by = AX*) — by =0
and therefore A* minimizes G.

By (7), W is 1-strongly convex. So its Fenchel conjugate W* is 1-strongly smooth
according to Part (b) of Lemma 3. It follows that for A, A € R™,

GG = Gy = WHA"() = (&, bo) — W (A* () + (%, bo)
- - 1 - -
< <V\D*(A*(A)), AR — ,\)> + 3147, - D3 — <x _7 b0>

~ ~ 1 -
= (1 = 2 ACVW A" C0) = bo) + 3 147G = DI

Al2

< (x Y ve@) e P 1
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where in the last step we have used (22) and the definition of operator norm. It tells us
that the function G (1) is ||.A||>-strongly smooth. So we apply Lemmas 6(a) and 8 and

know that when {&; }« satisfies sup; 6 < ﬁ, the following inequality holds with a

constant C independent of T

T
- -1
k=1

According to Lemmas 6(b) and 8, the constant C can be chosen to be ||A*||%/2 if
8 < W The proof is complete. O

Appendix: Proof of Lemma 6

We first prove part (a). Since sup, 8§ < 2/L, there exists a y € (0, 2) such that
8 < (2 —1y)/L for all k € N. According to the iteration (19), we know

MY =513 = 1% = 213 + 2V L8NS = 26005 —ar, VR @27)

Since f is convex and L-strongly smooth, the co-coercivity of V f implies (see, e.g.,
Theorem 2.1.5 in [17]

IVLOR) = VONIE < LS =2, VRS = Vo).
Plugging this inequality back into (27) and using V f(1*) = 0, we derive

IARFE 2513 < A% = %13 + (L8 — D8 Ak — 2%, V(b))
< 1% = A% 13 + (Lo — 28k (5 — £ )
< IAF =213 — y8e (F O — £),

where we have used the Jensen inequality and §; < 2/L in the second inequality and
8 < (2 — y)/L in the last inequality. It then follows that

Y i S(FF) = F)

IA

: k *
rfr;ng(k ) — SO

1 4 Z/Z:l Sk
Soroy [k =251 — 1kt — i3] I2* 13
< 2 < —2—. (28)
)4 Zk:l Sk Y Zk:l Sk
Furthermore, it follows from Lemma 3(c) and the iteration (19) that

L )»k+1 _ )»k 2

FORY < £O5 + 08k vk + %
= FO5) =8 (1= 27"L8) IV F 0513 (29)
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The assumption é; < 2/L then implies f (Ak+1) < f(AX) for all k € N. This mono-
tonicity together with (28) then shows (20) with C = ||)L*||2 /Y.

We now prove part (b) under the assumption sup; 8¢ < 1/L. An application of the
Jensen inequality in (29) then implies

FOFDY < FO) + 05 =22, VEOR) = 8 (1 =27 L&) IV L5113
< FON + (F =% v EGR) — 2715V FO9 I3
IAF = Ax[13 — AR — 213
28k

=fO")+

El

where we have used §; < 1/L in the second inequality and (27) in the last identity. It
then follows that

£ SR WA B ACo0) N U
22[:1 Sk a 22[:1 5k’

. k+1 *
ér}clélrf(’\ )— f(A) <

Wthh together with the monotonicity of f(AX) implies the stated inequality (20) with
= ||)»”||2 /2. The proof of Lemma 6 is complete. O
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