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Abstract

Establishing a solid theoretical foundation for structured deep neural net-
works is greatly desired due to the successful applications of deep learning in
various practical domains. This paper aims at an approximation theory of deep
convolutional neural networks whose structures are induced by convolutions.
To overcome the difficulty in theoretical analysis of the networks with linear-
ly increasing widths arising from convolutions, we introduce a downsampling
operator to reduce the widths. We prove that the downsampled deep convolu-
tional neural networks can be used to approximate ridge functions nicely, which
hints some advantages of these structured networks in terms of approximation
or modelling. We also prove that the output of any multi-layer fully-connected
neural network can be realized by that of a downsampled deep convolutional
neural network with free parameters of the same order, which shows that in
general, the approximation ability of deep convolutional neural networks is
at least as good as that of fully-connected networks. Finally, a theorem for
approximating functions on Riemannian manifolds is presented, which demon-
strates that deep convolutional neural networks can be used to learn manifold
features of data.

Keywords: deep learning, convolutional neural networks, approximation theory, down-
sampling, filter masks

1 Introduction and Downsampling

Deep learning has provided powerful applications in many practical domains of sci-
ence and technology. It is based on structured deep neural networks with structures
or network architectures designed according to various purposes. As an important
family of structured deep neural networks with convolutional structures, deep con-
volutional neural networks (DCNNs) have been applied successfully to speeches,
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images, and many other types of data [14, 9, 13, 7]. Empirical observations have led
to a belief that convolutions enable DCNNs to efficiently learn locally shift-invariant
features, and thereby to demonstrate their powers in speech and image processing.

Compared with their rapid developments in practical applications and under-
standing of some computational issues like backpropagation, stochastic gradient de-
scent, and error-correction tuning [7], modelling, approximation, or generalization
abilities of structured deep neural networks (structured nets) are not well understood
rigorously. In this paper we present an approximation theory for downsampled
DCNNSs in which an operation of downsampling is applied to DCNNs and plays a
role of pooling in reducing widths of deep neural networks.

Before demonstrating differences between structured deep nets and the classical
fully-connected nets (multi-layer neural networks), we recall that a multi-layer neural
network for learning functions of input variable vector z = (z;)%, € R? with £ hidden
layers of neurons {H® : RY — R™ ¢ _ with widths {n;} is defined iteratively by

H®(z) = o (F(k)H(’“’l)(m) - BU“)) . k=121 (1.1)

where o : R — R is an activation function acting componentwise on vectors, F®*) is
a ny X np_; matrix, b*) € R™ is a bias vector, and H®(z) = 2 with width ny = d.
The most crucial part in the above fully-connected nets is the full matrix F®*)
which involves niny_, free parameters to be trained and leads to huge computational
complexity in implementing the induced deep learning algorithms. In particular, the
classical shallow net corresponding to the 1-layer case J = 1 having N = n; hidden
neurons needs to train a N x d full matrix F = [t; ¢, ... tx]7 with N row vectors
{t; € RN . These row vectors together with a bias vector b = (b)Y, € RY and
coefficients {c;} Y| form N(d+2) free parameters to be trained in the output function

fn() :ZCiU(ti'l’—?)i)- (1.2)

This number of free parameters is huge when the input data has a large dimension
d and/or the number N of hidden neurons is large to achieve good approximation
abilities. It leads to technical difficulty in implementing the fully-connected nets. A
large literature around the late 1980s [4, 10, 1, 15, 19] on function approximation by
fully-connected shallow or multi-layer neural networks compensates for the compu-
tational complexity. The most essential component in such an approximation theory
is the fully-connected nature of the full matrix F*) in (1.1) or the complete freedom
of the feature vectors {¢;} in (1.2).

DCNNs considered in this paper take a special form of multi-layer neural nets
(1.1), and their specialty lies in the special sparse network structures imposed
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by convolutions. Instead of full matrices F'*) in (1.1), matrices in our DCNNs
of depth J are induced by convolutional filter masks {w() : Z — R}/, with
the restriction made throughout the paper that each filter mask w@ is a sequence
supported in {0,1,...,59} for some s) € N called filter length, involving only
s\ + 1 free parameters. Such a filter mask w = (w;)$2.___ supported in {0,1,...,s}
for some s € N satisfies w, = 0 for k£ ¢ [0, s] and convoluting with it leads to a

Toeplitz type (D + s) x D convolutional matrix 7% := (wi—x);_1__pisp_1,.p fOT
D e N given explicitly by
[ wy 0 0 o ... ... 0
wy, wy 0 0 e o0
ws ws—l ... wo 0 DY 0
— () %Us %01 1.00 0 O c RD+8)xD_ (1'3)
0 0  ws wy Wo
0 0 0 ws wy
| 0 0 o o0 -0 ws |

In [28, 29], we take convolutional matrices T6) := 7% (with D = d;_; and s = s1)),
and study a DONN {n\) : RY — R%}7_, with linearly increasing widths {d; = d+js}
and uniform filter length s¥) = s as

h(2) = Api) ) © -+ 0 Apay yo (2), J=L2,...,J (1.4)

Here Apy : RG—1 — RE-1+5" is an activated affine mapping associated with a
(dj_1 + s9) x d;_; matrix F and a bias vector b € R%-1+5"" defined by

App(u) =0 (Fu—10), u € R¥-1,

and o is the rectified linear unit (ReLU) activation function given by o(u) = max{u, 0}.
Note that the last layer of the fully-connected net (1.1) can be expressed as
HO(z) = Ap@ yo 00 Apw 4o () in terms of the mappings Ap,, involving Fk)
with ”F” standing for ”full” matrices in the fully-connected nets, instead of 79 with
"T” standing for " Toeplitz” type matrices in DCNNs. We shall show in Theorem 2
below that H“(z) produced by a fully-connected net (1.1) with ¢ hidden layers can
be realized by the output h)(x) of a (downsampled) DCNN with J layers; while
the total number of free parameters in the DCNN is at most 8 times of that of (1.1),
the number J of layers of the DCNN is much larger than ¢, the number of layers of

(1.1).



In this paper we introduce a downsampling operation into DCNNs to control the
widths in (1.4). The ¢ downsamplings are introduced at layers J := {J;}{_, with
1< 7 < Jp <... < Jyo=J. Our idea of applying downsampling operators is
motivated by the literature of wavelets [5, 18]. Denote the integer part of u € R, as
[u].

Definition 1. The downsampling operator D,, : RP — RIP/™ with a scaling param-
eter m < D 1is defined by

Do(v) = (vi) 0™, v e RP. (1.5)

A downsampled DCNN with ¢ downsamplings at layers J and filter lengths
{sVY_| has widths {d;}]_, defined iteratively by dy = d and for k=1,...,¢,

d = { dj_1 +S(j)7' if Jpo1 < J < J,
[(djfl =+ Sm)/dJk,J , if § = Ji,

and is a sequence of function vectors {h(J (r) : R4 — R% } defined iteratively by
RO (z) =z and fork=1,...,¢,

i A 3) p() (h ) ’Lf Jk_l <j < Jk
(4) TW).b )
W) = { Da,, O-AT(J) () (h] (), if j =

(1.6)

(1.7)

—1

Moreover, we require that the bias vectors bl9) € R-1+s) satisfy the restriction

() () ()
by = bilye = =04, | (1.8)

for j & J. We call the downsampled DCNN uniform with uniform filter lengths
S = {sll e N} _, if sto1tD) = = sU0) = sl¥ for every k € {1,...,0}.

Remark 1. Acting the activated affine mapping Ar) yi) on RU=Y(z) produces the
vector in (1.7) as

(Aro) 40 (RV D (2))). =0 Zw hI=D(z)) — b |, 1<i<dy +sY,

where Z ) (RU- )(x))r is exactly the convolution wW+hU=1(x) of the filter
mask w9 with K= (x) viewed as a sequence supported in {1,...,d; 1}. Recall that
the convolution of sequence a supported in {0,...,s} and sequence b supported in
{0,...,D — 1} is a sequence axb supported in {0,...,D + s — 1} given by (axb), =
> o @i—vbe. This illustrates the role of convolution in the definition of DCNNs
and the convolutional matriz (1.3).

The restriction (1.8) is satisfied by the vector produced by acting the convolutional
matrices T™) on the constant 1 vector, so we impose this constraint on the bias vector

to reduce the number of free parameters.



In this paper we make the following contributions to the approximation theory
of DCNNs:

1. To introduce a downsampling operation into the DCNNs (1.4) so that the
widths can be reduced from the linearly increasing nature.

2. To present a theorem for approximating ridge functions of the form ¢(£-x) with
¢ € R? and g : R — R, which demonstrates that for some classes of functions
on R? with special strcutres, DCNNs may have better approximation ability
than fully-connected nets.

3. To prove that the last layer H® of a multi-layer fully-connected neural net-
work (1.1) can be realized by that of a uniform DCNN, which shows that in
general, the approximation ability of DCNNs is at least as good as that of
fully-connected nets.

4. To prove a theorem for approximating functions on Riemannian manifolds,
which demonstrates that DCNNs can be used to learn manifold features of
data.

All the DCNNs constructed in this paper are uniform.

2 Main Results

J

In terms of the sequences of filter masks w = {w(}/_, bias vectors b = {b(j)}Fl,

j=1
and filter lengths s = {s(j)}}]:l, we introduce a composed mapping Ai’fb for p < gq as

: mody d
wp = Ar@ p@ © .. 0 Arern yorn © Are) pm 1 R — R,

We omit index s for simplicity. Then the last layer in the downsampled DCNN with
¢ downsamplings at layers J defined in Definition 1 can be expressed explicitly as

(@) =Dy, 0 Agy™ o0y, 0 AT o Dyo AU (). (21)
The induced hypothesis space of functions on a bounded subset 2 of R? is given by

HYPTs = L. A (z): ce R%} . (2.2)

2.1 Approximating ridge functions

The first purpose of this paper is to show that DCNNs have a nice performance in
approximating ridge functions of the form



induced by the dot product ¢ - z in R? with an unknown feature vector & € R? and
an unknown univariate function g : R — R. We denote the norm of R? as |z| and
the unit ball as B := {x € R?: |z| < 1}. We assume for ridge approximation that
2 C B. Denote [u] to be the smallest integer greater than or equal to u > 0.

The downsampled DCNN in the following approximation theorem, to be proved in
Section 4, has ¢ = 2 downsamplings at layers 7 = {J; < [&1],J = J; + 1}, uniform
filter lengths S = {s,4N + 6} with s € [2,d], the last filter mask {wf‘]) = 1}
and widths

dtjs, =01, . . . J—1,
Ctere, =,
U=\ N4, ifj=Jdy, =2, (2.4)

AN +7, if j=Jd; =1
for some parameter N € N which determines the approximation accuracy. The last
bias vector b) is chosen as

dy, B +t;, fori=1,2,...,2N+3
(J) — Ji s ) &y ) )
(b); { BUY 41, for i > 2N + 4, (2:5)
where t; = t; v 1= Z’NT’Q fori =1,...,2N + 3, and BYY is a parameter depending

on w.
For the regularity of the univariate function g : R — R in (2.3), we assume that
for some 0 < o < 1, g is Lipschitz-o meaning that for some constant C, ,,

l9(u) = g(v)] < Cgalu—v[*  Vu,v€R. (2.6)
Theorem 1. Let £ € B, 2 < s < d, and N € N. If g is Lipschitz-a. for some
0 < a <1, then there exists a uniform downsampled DCNN {h(j)(x)}jzl at layers
J ={Ji <[9%3],J = Ji + 1}, uniform filter lengths S = {s,4N + 6} with {wz(‘]) =
1} and b = {b(j)}jzl satisfying (1.8) for j =1,...,J—1, b given by (2.5) in

terms of N and a parameter BYY) | and coefficients {c;}22"* such that

2N+3 20
S (W), — ()| < T (2.7
=1 00

To achieve the approximation accuracy € € (0,1), we take N = ((QC’g’a/e)l/ﬂ and
require at most W < %}1) +2 (2Cg7a/e)1/a + 8 widths (computation units) and

N <8d+2 (QCg,a/e)l/a free parameters.

Remark 2. From the proof of the theorem, we can see that we may take J; = f%}
to cancel the uncertain parameter J; by setting the filter masks w9 for j = Jy +
1,..., [?:H to be the delta sequence on 7 in the case J; < [‘si:ﬂ The conclusion of
Theorem 1 still holds.




The dimension-free rates of approzimation given by (2.7) demonstrate the nice
performance of DCNNs in approzimating ridge functions. There has been some ev-
idence in the approximation theory literature that rates of approximation by fully-
connected nets might depend on the dimension. As an example, it was shown in [17]
that for approximating functions from the unit ball F = {f € WL (B) : || fllwr, < 1}
of the Sobolev space W (B) with r € N by the fully-connected shallow net (1.2),
the worse-case error depends on the dimension d as supycrint, 3 [|f — Inlloo =
cdmN—”/(d_l) with a positive constant cq, independent of N € N. Of course, this

worse-case behavior does not imply that the rate in approximating an individual ridge
function by the fully-connected net (1.2) must be dimension dependent. It would be
interesting to give concrete mathematical statements on advantages of deep CNNs
over fully-connected nets. In particular, we conjecture that there are some function
classes which can be approximated by DCNNs faster than fully-connected nets.

2.2 Representing fully-connected nets

Our second purpose of the paper is to show that output functions produced by any
deep fully-connected neural net associated with ReLLU can be realized by downsam-
pled DCNNs. This extends our earlier work [29, 30] on shallow nets which has
recently been established for periodized deep CNNs in [21]. This more general result
confirms again that the approximation ability of DCNNs is at least as good as that
of fully-connected nets.

Theorem 2. Let {H®) : R? — R™}_| be an (-layer fully connected neural network
satisfying (1.1) with connection matrices F*), bias vector b®) such that ngne_, > 1
for each k € {1,....0}. Let s™ € [2,nyny_1] for each k. Then there is a uniform
downsampled DCNN {hV)(z) : R? — Rdﬂ'}jzl with ¢ downsamplings at layers {Jy, =

25:1 A} with A; < (njjj]’jl_w for each j, and uniform filter lengths S = {s*1}_,,

together with bias vectors bY) € Rj—1-+s" satisfying (1.8) for j & J such that

hR(z) = HW(z),  Vke{l,...,0},z €. (2.8)

The total number of free parameters in the above net is at most 8 2221 (ngng—1) and
15 at most 8 times of that of the fully-connected net.

Remark 3. The number 8 seems too large to support the use of DCNNs. It would
be interesting to reduce this number to a much smaller level.

2.3 Approximating functions on Riemannian manifolds

Our last purpose is to apply Theorem 2 and show that rates of approximating func-
tions on Riemannian manifolds depend on the manifold dimension instead of that of
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the ambient Euclidean space.

Theorem 3. Let ) be a compact connected m-dimensional C* Riemannian manifold
without boundary embedded in R? with d > 2 and s € [2,d]. If f is a twice continuous
differentiable function on Q) and has bounded Hessian, then for any N € N, there is
a uniform downsampled DCNN {h(j)(x) R4 — Rdﬂ'}jzl with 3 downsamplings and
uniform filter lengths {sV) = s}_y of depth

C2(d + 2N)(8mN + 5d)

J <
- s—1

+3

with a constant Co € N depending on the manifold, together with bias vectors bY)
satisfying (1.8) for j & J such that

. J —2/m
nf 1/ (@) = hD(@)|| o) < AramaN 2, (2.9)
where Afqma 15 a positive constant independent of N. The total number of free
parameters is at most 9C3(d + 2N)(8mN + 5d).

To achieve the approximation accuracy ¢ € (0,1), we require a depth of order

O ((d+me ™/%)?/s) and free parameters of order O ((d + me=™/%)?).

2.4 Comparison and Discussion

In this subsection we compare our results with those in the literature and give some
theoretical justifications for the success of DCNNs in terms of approximation rates.
Comparisons are made by means of the total number of free parameters N and the
total number of computation units W (widths, or hidden units) required for the same
approximation accuracy € > 0.

A classical literature for approximation of functions by shallow or multi-layer ful-
ly connected nets was well developed around 1990. A series of results [4, 10, 15] are
about universality of this approximation for any non-polynomial locally bounded and
piecewise continuous activation function, which was recently developed for DCNNs
with ReLU in [29]. Quantitative results about rates of approximation were obtained
in [10, 1, 19, 3] and references therein for understanding efficiency of neural networks.
When a C* activation function satisfies lim, , o, o(u) = 0,lim, ,, o(u) = 1 (sig-
moidal function) and f = F|_; yja for some F € L*(R%) with the Fourier transform
I satisfying |w|F(w) € L'(R%), it was shown in [1] that for the shallow net (1.2)
and an arbitrary probability measure p, there holds || fy — fl|rz(-1,1ja) = O(1/v/'N).
This result was extended to the case with ReLU recently in [11]. Most results in
the classical literature about rates of approximation by fully connected nets were



obtained for continuous activation functions o with two special assumptions: one is
that for some b € R,
o@D () #0,  Vie NU{0}, (2.10)

and the other is that for some integer ¢ # 1, there holds

lim o(u)/|ul*=0 and lim o(u)/u?=1. (2.11)

U——00 U— 00

Such a result was presented in [19] for shallow nets (1.2) as
||fN - f‘|c([_171]d) < Cf7d7rN_T/d, VN € N (2.12)

with a constant cygq,, under the condition that the approximated function f lies in
the space C"([—1,1]¢) of r-th continuously differentiable functions on [—1,1]¢. For
the approximation accuracy || fxy — f HC([fl 19y < €, one needs

W= N> (Cf’d”")d/r, N> (d+2) (Cf’d”")d/r. (2.13)

€ €

The ReLU activation function ¢ used in the recent deep learning literature and
considered in this paper does not satisfy the two special assumptions (2.10), (2.11).
Explicit rates of approximation by fully connected ReLLU nets were obtained recently
in [11] for shallow nets, in [22] for nets with 3 hidden layers, and in [24, 25, 2, 20] for
nets with more layers. As an example, Theorem 1 of [25] asserts that for any r € N,
f € W ([0,1]) can be approximated within an accuracy € € (0,1) by a ReLU deep
net with at most c(log(1/€) +1) layers and at most ce~%"(log(1/€) + 1) computation
units with a constant ¢ = ¢(d,r). But as we pointed out in [29], this constant may
increase very fast as d becomes large. To be more specific, the approach in [25] is to
first approximate f by a localized Taylor polynomial

pw= Y Y PO e my,

me{0,1,..., N} |l <r

where the localization at scale 1/N with N € N is made by means of trapezoid
functions ¢,,(x) = 1%, 0(3Nz; — m;) supported on m/N + [—-2/N,2/N]* defined
with a univariate trapezoid function p(u) = o(u+2)—o(u+1)—o(u—1)+o(u—2).
Then for each basis function ¢, (z)(x—m/N)* in (2.14), a ReLU net of depth at least
c1(d + ||a|l1) log(1/6) was constructed in [25] to achieve an approximation accuracy
(d+r)o for 6 € (0,1) where ¢; = ¢i(d,r) is a constant. Thus, to have an accuracy

e € (0,1) for approximating f by a ReLU deep net, one takes N = (( — | and
0 = grrrgrary @S in [25] and the depth of the net is at least Cod(log(1/€)+d+rlogd)

with an absolute constant Cy > 0 while the total number of free parameters for the
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approximation and the number of computation units are more than the number of

coefficients %T/N)

d
d+T—1 2d+1dr d/r dr—l B 2#61 dr—l
N +1)¢ d/r . (21
(N+1) ( d >>( er! (7“—1)!>e r (r—1)! (2.15)

This shows that for a fixed r, the constant ¢(d, ) in Theorem 1 of [25] increase very

fast as d becomes large.

While the rates of approximation by fully-connected deep nets presented in [25]
are valid for any smoothness index 7 € N and for general f € W ([0, 1]¢), our The-
orem 1 shows that for the special case of » = 1 and approximating ridge functions,
DCNNs may achieve the same accuracy with a much smaller number of free parame-
ters. To see this, take 7 = 1 in Theorem 1 when the Lipschitz parameter v is 1. Then
we can see that for achieving the same approximation accuracy e € (0,1), the num-
ber of free parameters in the DCNN constructed in Theorem 1 is N' < 8d + 4C,, /€
which is much smaller than the lower bound ¢~¢ (2d+1d)d stated in (2.15) when d is
large.

Using the rates of approximation derived in this paper, we may get generaliza-
tion error bounds for DCNN-based learning algorithms, as done for kernel-based
algorithms in [23, 6, 8, 26, 12] and distributed learning algorithms in [27, 16, 30].
The main expected difficulty arises from the hypothesis space (2.2) which depends
on the filter masks w and bias vectors b, and is different from a reproducing kernel
Hilbert space used in kernel methods.

3 Analysis of Convolutions in DCNNs

Before proving our main results, we analyze the role of convolutions in our down-
sampled DCNNSs.

3.1 Convolutions in factorizations of matrices and filter masks

To understand the structure of the composed mapping Aiﬁ ];]’“’ﬁl in (2.1), we first

consider the product Tk ... TUk1+2)T(Jk1+1) of Toeplitz type matrices in the acti-
vated affine mappings. Here TV) is a (d;_, +s\)) x d;_; matrix of the form (1.3) with
D =d; ; and s = 59, Observe that the sequence W® := wwx . swk-171 oh-

Jk

tained by convoluting the filter masks {w?)} 41 is supported on {0,1,..., Az}

=k

where Ay, = Z;‘]iJk_1+1 sU). We denote the Toeplitz type matrix (1.3) with D = d, |
and s = A, induced by this sequence as
Tk 1+1) . (k)

T( k> Jr—1+1) e (szk)

i=1,dg, AR k=1,...ds,



It turns out that this matrix induced by th convoluted sequence W) is exactly
equal to the product T ... TUk-141) which demonstrates the role of convolutions
in matrix factorizations and is proved in the appendix by methods from [30].

Lemma 1. For k=1,...,¢, we have

T(Jk:kal‘i‘l) — T(Jk) e T(Jk71+2)T(Jk71+1)' (31)

The role of convolutions in filter mask decompositions can be seen from the

following lemma [29] for factorizing an arbitrary pre-assigned sequence W supported

p

in Z, into convolutions w®x ... sw®swm of a sequence {w?}_,.

Lemma 2. Let s > 2 and W = (Wy)32__ be a sequence supported in {0, ..., M}
with M > 0. Then there exists a finite sequence of filter masks {w(j)}?:1 each
supported in {0,...,sY) = s} with p < (S/\_/‘—l] such that the following convolutional
factorization holds true

W = wPswP Vs swPsw®. (3.2)

3.2 Choosing bias vectors

To derive explicit expressions for AU (x), we need to choose the bias vectors according
to the special form of the convolutional matrices 7.
For a function vector h :  — R”, we denote

Il = max sup|(h(a))].
i=1D zeQ
Denote ||w|ly = Y .oz [wk| to be the f'-norm of a finitely supported sequence w

on Z. Then we see immediately from the definition of the convolutional matrices
T = 7% that for any h: Q — R%-1,

[TDn|| < [lwD]y |2l - (3.3)

We use some ideas from our previous study [29] on DCNNs without downsampling
and choose the biases to be small enough such that the vectors TWhU=1 (z) — p0)
have nonnegative entries. A special feature in our downsampled DCNNs is the matrix
representing the downsampling operator D,,x) at layer J, with k € {1,..., ¢} given

by

me

0

...0 1 0---0 O O0---0 O---0 0 O---
. o---0 0 0---0 1 0---0 0---0 0 O---
M®) = : (3.4)

0---0 0 0---0 0 0---0 0---0 1 0O---
11



where the entries 1 appear in columns dj, _1,2dj, 1, .., [(ds,_1 + s /d; _1]dj, 1.
We denote the constant 1 vector in R% as 14, and Jy = 0. The proof of the following
lemma will be given in the appendix.

Lemma 3. Let k € {1,...,0}. Assume that for some positive number B and another
real number B € [—B, BJ, there holds

Hh(Jk_l) B BldJkﬂ

< B. (3.5)

o0

If we take b—1+1) = BT(J’“’1+1)1dJk,1 — Bllw V14, ., and

b0 = B (02w ) T, = B (W, @) 1, e (36)

p=Ji—

forj=Jr1+2,...,Jx — 1, then for Jy_1 < j < Ji, (1.8) is satisfied and
WO(@) = TO . T (O @) = By, V4B (T, ) 1 (37)
If we choose b'Y%) by (3.6), then (1.8) is also satisfied for j = J) and

RO (z) = MBI TUrrat) (h(kal)(x) _ BldJ,H) B (HZQJk,1+1’|w(p)||1) 14, .
(3.8)

4 Constructing DCNNs and Proving Theorems

In this section we prove our main results.

4.1 Approximating ridge functions by DCNNs

To prove Theorem 1 for approximating ridge functions, we apply the convolutional
factorization stated in Lemma 2 to the sequence supported in {0,1,...,d — 1} given
by reversing the components of & as [Wy_1 Wy o... W] = [& & ... &) = €T,

Proof of Theorem 1. We construct the first J; layers and find A/ (z). Take W to

be the sequence supported in {0,1,...,d—1} given by W; = &,_; fori =0,...,d—1.

Applying Lemma 2 with M = d — 1, we know that there exists a sequence of filter
d—1

masks w = {wW}7L; supported in {0,...,s%) = s} with J; <[] satisfying the

convolutional factorization W = w/Dxw 1=V | sw@ s,
Take A; = Jis and dy = d. Then by s < d,

d—1
d+ Jis < d—f—(:—i—l)s

_9 %d(s — 1) — (d — s)(s — 2
_ d+%:d+ dls )S(_ls)(s ) - 34.
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Thus the (d + A1) x d matrix TtV in (1.3) has its d-th row [Wy_y Wy_o... W] =
(€1 & ... &g) = €T and its 2d-th row [Wag_y Wy o ... W] being the zero row if J;s > d.
So by Lemma 1, after the first downsampling of scale d, the width is d;, € {1, 2},
the function vector MW T 10z has one row or two and equals 7'z = €z if dj, = 1,
T — .

and [5 x65 x} eR%if dy, = 2.

The input layer 2 (z) = z satisfies (3.5) with B = 0 and B = 1 by our assump-
tion Q C B. Take the bias vectors {b\7) }}];1 as in (3.6), by Lemma 3, we have

h(Jl)(l‘) = MOTULY . B(‘]l)ldJ
17

where BU) = TIL, [|w® ||;.

Then we construct the last layer with J = J, = J; + 1 and filter length s(/) =
AN + 6. It follows from d;, € {1,2} and the definition (1.6) of the downsampled
width that
AN +7, ifdy, =1,

dJ:[(dJ—1+4N+6)/dJ1]:{ ON +4, ifd; =2

Take the filter mask w) to be supported in {0,...,4N + 6} with wg‘]) = 1 for
i=0,...,4N +6.

When dj, = 1, the (4N +7) x 1 matrix T/) given by (1.3) has all the 4N + 7 rows
identical, having only one entry 1, which tells us that all the entries of T(/)h(/V)(z)
equals ¢ - 2 + BYY. We choose the bias vector b/) by (2.5), that is,

)

b BYY) ¢, fori=1,2,...,2N + 3,
| BYY 41, fori=2N+44,...,4N +7T.

Then (h(J)(x))i = (Ao y0) (h(‘]*l)(m)))i =o0(-x—t;)fori=1,2,...,2N+3 and
(h(‘])(:c))i =0 for i > 2N + 4.

When dj, = 2, the (4N +8) x 2 matrix T/) given by (1.3) has the first row [1, 0],
last row [0, 1] and all the middle rows [1, 1]. Hence

x4+ BY, ifi=1

5 Y b

(TR (2)), = &-a+2BU) ifi=2... AN +7,
BW1) ifi =4N + 8.

Choose the even entries of the bias vector b/) by (2.5), that is,

y() _ [ 2Bty fori=1,2,... 2N +3,
% BUY + 1, fori=2N +4.

Then by (1.7) and the above identities on T h(/1)(x) and b)), we have

(h(J) (I))l = (AT(J)J)(J) (h(‘]_l)(.ilf)»% =0 (f - r— ti) , 1=1,2,...,2N + 3
13



and (h(J)(x))2N+4 = 0.

What is left for approximation is to find the coefficients (c,)?Y;"® for a function
from the hypothesis space (2.2). For this purpose we need a well-known scheme in
approximation theory which can be found with a general form in [28]. In our setting,
we take t = {t;}2Y™ to be the 2N 4 3 nodes and the approximation scheme L; on

[tg, t2N+2] = [—]_, 1] is defined by

2N+2

Lt(g)(u) = Z 9(%‘)@(“)» u e [_17 1]79 S O[_lv 1]7 (41)

1=2

where the function ¢; € C(R) with i € {2,...,2N + 2} is given by
51(111) = NO'(U — tifl) — 2NO'<'LL — tz) —+ NO'('U, — ti+1).

It can be found from Lemma 6 of [28] that from the Lipschitz-a continuity of g, we
have

1E(9) = gllopan = sup [Lu(o)(u) — g(u)] < 2o (4.2)

ue[—1,1] Ne -~

Since [£] < 1 and |z| < 1 for every = € (), the above approximation estimate yields

2N+2 20
. — t; (2 . < 92
sup 9(§ - ) ; 9(t:)oi(€ - 2)| = 7.
Moreover,
22 2N+3
> g(t)5i(¢ - @) € span{o (& -z — 1)} = span { (W (@) }
1=2

This proves the bound (2.7) for the approximation error.
The total number of required computation units or widths W is

Ji—1
W= (d+js)+dj +2N+4<

J=1

3d(d — 1)
1

S —

+ 2N +6.

The total number of free parameters A is the sum of Ji(s + 1) contributed by w,
Ji(2s+ 1) + 1 by b, and 2N + 3 by the coefficients {¢;} and can be bounded as

d—1
N < Ji(3s+2)+ 2N +4 < [:}(33+2)+2N+4.

Since [©1] < &4 + 1, we know that (s — 1)[4=2] < d — 1 + (s — 1) which implies
—11<d+s—3and

(s — 1)

1

<d+s—3

5(d — 2
(35+2)+2N+4:3d+2N+3s+(—1).
S — S —

14

N



Observe that the function 3s+ 5gd:12)

So its maximum value is achieved at one of the two endpoints and we have

of the variable s on the interval [2, d] is convex.

5(d — 2)

d—2
3s+—1gmax{6+5(d—2),3d+M

d—1

S —

b<sa-o

Hence
N <81+ 2N — 2.

To achieve the approximation accuracy € € (0,1), we take N = ((QCg,a/e)l/oﬂ

and require the total width of W < %}1) +2 (QC’g,a/e)l/a + 8 and the parameter

number N < 8d + 2 (QCgva/e)l/a. This completes the proof of Theorem 1. O

Remark 4. From our proof, we can see that we may take J, = f%} by taking the
additional filter masks w9 for j = J, +1,..., (%} to be the delta sequence on 7.
With this choice,

d—1

d+ Jis=d+ |

1
11$2d~|—< )522d,
sody =2.

The gap between [g] and Jy can be large when & has some sparse properties. It
would be interesting to study better performance of approximating ridge functions by
DCNNs when this sparsity is used.

4.2 Realizing fully-connected networks by deep CNNs

In this subsection we turn to representing output functions from fully-connected
nets by deep CNNs. In the proof of Theorem 1, we take a sequence W supported
on {0,...,d — 1} by reversing the components of the feature vector £ in the ridge
function (2.3) and make a convolutional factorization. If we view the inner product
€ -z as the matrix-vector product £7'z, then we can stack the reversed row vectors of
the ny x ny_; full connection matrix F*) in (1.1) and form a sequence W supported
on {0,...,ngng_1 — 1} for a convolutional factorization. This is the key idea in the
next proof.

Proof of Theorem 2. We present our construction by induction, starting from the
input layer H®(z) = z with ¥ = 1 of width ny = d. Suppose that for some
k€ {1,...,0}, the filter masks {w" ;-]i‘ll and the bias vectors {b\%) };]i‘ll with (3.7)
valid have been constructed such that the .J,_;-th layer h(/s-1)(z) is equal to the
(k —1)-th layer H*=Y(x) of width dj,_, = ny_; of the fully connected net. We now

show how to construct the DCNN layers {h\)(z) : R — Rdj}jit]kilﬂ

the k-th layer H®) () of the fully connected net. To this end, we define a sequence
15
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W supported on {0,...,ngni_1 — 1} by stacking the reversed row vectors of the
ng X g1 matrix F* in (1.1) as

Wit tyny_, = (F<k>)r7nk_1_i, r=1,2,... . n,i=0,1,...,n5_1 — 1. (4.3

An essential point for the above definition of W is the identity

T
[Wnk_l—l-‘r(r—l)nk_l Wnk—1—2+(r—1)nk_1 s W(r—l)nk_J = |:(F(k))n] (44)

which is the r-th row of the full matrix F*®) and is exactly the rnj_;-th row of the
convolutional matrix (1.3) with D = n;_; and s = ngng_, — 1.

Applying Lemma 2 to the sequence W with M = ngny_, —1 and s € [2, ngng_1],
we know that there exists a sequence of filter masks {wU }J’“ 7._,» of equal filter length

s with J, < Je_1 + f%} such that the sequence W has the convolutional
factorization ws) w1 =Vx | xk—1+D),

Then we construct the bias vectors {b(j)}jif];_l 41 as in Lemma 3 with B =
||h(Jk*1)Hoo = HH(’“*”HOO and B = 0. Obviously, (3.5) is satisfied and, when

Jg > Jr—1 + 1, by Lemma 3, for j = Ji_1 +1,...,Jp — 1, (1.8) is satisfied and

AU (@) = TU D PO D gD () o || () ) 1,

(4.5)
At the end, we choose b’%) as

b(Jk) = { H]’—[(k_l)Hoo <HJk J— 1+1||w H ) (Jk)ldJk—l + e(k)’ when Ji > Ji_1 + L,

Q(k), when Jk = Jk—l + 1,
where §®) € R%x-1+s" j5 an arbitrary vector satisfying Dg, 9(’“ b®) . then we
have

h(Jk)(x) =Dy, 0 (T(Jk) .. .T(Jk—1+1)H(k_l)($) _ g(k)) _ (4.6)
By Lemma 1,

T o pUk—1tl) (e t+1) — pW (W,_s)

q=1,...dy,_ +ngng_1—1i=1,..dy | °

Recall that d;_, = ni_; and thereby DdJk_l =D,, ,.
rng_1-th row of the matrix TWx) ... TUk—1+1) equals

So for r € {1,...,n.}, the

(Weng 121 Wene 12+« Wy 1= |

T
which is exactly the r-th row [(F ™) ] of the full matrix F'®) according to (4.4).
Combining this with (4.6) yields

W (2) = & ( FO e () g(k)> 7
16



which verifies ht/¥)(x) = H®(x). Since the vector TK1,, _, satisfies (1.8), we know
that the total number of free parameters in realizing H® (z) from H*~V(x) is at

most
NENp—1 — 1

skl —1
where we have used the argument in the proof of Theorem 1 for bounding the num-
ber (3sl 4 2) [ 1. This completes the induction procedure and the proof of

Theorem 2. [

(3s* 4+ 2)T 1 < 8ngng—1 — 6 < 8ngnyg1,

4.3 Approximation on Riemannian manifolds by DCNNs
We are in a position to use Theorem 2 and a result from [22] to prove Theorem 3.

Proof of Theorem 3. According to Theorem 5.1 of [22], with an atlas of size Cq € N
for the manifold €2, to approximate the function f, one can construct a 3-layer neural
network {H® : RY — R™}3_ of widths ny = dCo, ny = 8m Y22 N; +4Cq(d — m),
ng = 222.0291 N;, where Nj; is the number of wavelet terms used on the i-th chart.
Moreover, it was proved on page 549 there that if one chooses all wavelet terms up
to scale K € N, the integer part of lﬁ)gg];[ — 1, then 25+ < N, ZZC:QI N; < CqoN and
the widths satisfy 4d < ny < 8mCqN + 4Cq(d — m) and 2 < n3 < 2CoN, and the
approximation error can be bounded as

gﬁ{g?, £ () C.H(S)(‘T)HC(Q)

< AjqmalN 2™, (4.7)

where Afq .4 is a positive constant independent of N.

Now for the given integer s € [2,d] and the layer number ¢ = 3 of the above
network {H® : R? — R™}?_ we take the uniform filter lengths & = {s*}3_,
to be identical to s, and apply Theorem 2. Then we know that there is a uniform
downsampled DCNN {h :R? — R% } with 3 downsamplings and uniform
filter lengths {s*) = s}3_,, together with blas vectors b\ satisfying (1.8) for j & J
such that h/)(x) = HO®)(z) for x € Q. Combining this with (4.7), we know that
there is some ¢ € R/ such that

||f(.l’) —C- h(J)(x)||C(Q) < Af,Q,m,dN_Q/m-

Moreover, the downsampling layers J = {J;.};_, are given by J, = Z?Zl A; with
A;j < [MM=171 satisfying

ning — 1 d2OQ -1

A < (m}ﬁ[ 1,

s—1
dC2(8mN + 4d — 4m) — 1
A2 S ( Q( p— ) —|>
202N (8mN + 4d — 4m) — 1
Ag S ( Q ( p— ) ~I7
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which implies J = Z?Zl A; < Cé(dﬂj\?_(fm]v%d) + 3. The total number of free param-

eters can be bounded as

3
N <8 (memii) +ng < 9CE(d + 2N)(8mN + 5d).
k=1

To achieve the approximation accuracy € € (0,1), we require the total network
width of order O ((d + me~™/?)?/s) and the total number of free parameters of order
O ((d + me=™/?)?). This proves Theorem 3. O

Appendix

In this appendix, we prove two lemmas stated in Section 3.

Proof of Lemma 1. For 1 < p < Jp — Ji_1, we denote

W(kap) = w(kalJl’p)* . *w(kalJ”Q)*w(kalJrl)

It is a sequence supported on {0,1,..., Ay} where Ay, = Zji}i‘fﬂ s, Tts asso-
ciated Toeplitz type matrix (1.3)
Tr-14p Tk +1) . (W,(k’p)>
i—k i=1,edgy_ Dk pk=1,0dg,
satisfies (Tk—1tP Tty — WP — 0 when i — t > Ay,

We prove by induction that Tk 1#P k141 = TUk14p) . PUk1#2) k141 for
1 <p<Jy— Jg_1. The case p =1 is trivial by definition.

Suppose that the identity holds for p = ¢ < Ji — Je_1. That is, Tsk-1+0k141) —
TWr-1+0) ... Te-1+1) ¢ RE7p_ HA)Xds .y Consider T(Jk—1+Q+1)T(kal‘i‘qﬁ]k—l‘i‘l)’ the
product with the (dj, | +Agg+1) X (dg,_, + Agq) matrix 717471 The entry with
1<i<dy,_,+Apgr1 and 1 < j <dy,_, is given by

dj_1+A%k,q
(T(Jk—l+Q+1)T(Jk—l+q7=]k—l+1)) — § (T(Jk—1+Q+1)> (T(Jk—1+q7=]k—1+1)>
i,7 i,r r.J
r=1
dj, 1 +Akyq
_ (Je—1+q+1) 117 (k,q)
= E w,”,. W20
r=1

This equals ), wg’fﬁqﬂ)Wff}f”, because for r € (—o0,0] U [dy,_, + Ak q+ 1,00),

we have r — j € (—oo, —1] U [Ag, + 1, 00) which implies Wr(f’jq) = 0 from the support

of W#:9)  Thus,

(T(Jk—1+q+1)T(Jk71+q7Jk71+1))' — Zw(kalJrqH)W(k,q) _ (w(kaﬁqul)* *w(t]k71+1)>
. H . .

r—j i—j
rez
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which is exactly (T(J’C—ﬁq*l"]’c—l“))”. This together with our induction hypothesis
verifies the desired identity for p = ¢ + 1, and completes the induction procedure.
The last identity with p = J; — Ji_1 is the equality (3.1). O

Proof of Lemma 3. We first verify (1.8) from (3.6) for j = Jx—1 + 1,...,Jx . For
i=s9 41, ... ,d;_1, we have

dj_1 dj—1 '
(T(j)ldj—l)i - Z (T(j)>ip - Z wz@p'
p=1 p=1

Observe that w() is supported in {0,...,sW}. So for p € (—00,0] U [d;_1 + 1, 00),
we have i — p € [s¥) 4+ 1, 00) U (00, —1] Wthh implies w(j) = 0. Thus,

( ij Zw] Vi:S(j)‘Fl,...,dj_l.

p=—00 p=—00

This verifies (1.8).
Then we prove (3.7) by induction. For j = Jy_1 + 1, we have

PO+ ) () k1D = PUk-1+D) (h(Jk_n(x) — B1,, >+B||w(°’k—1+1)||11dJ o
k-1 k—1

By (3.3) and (3.5), each component of the above function vector takes nonnegative
values. But the ReLU o is the same as the identity function on [0, c0), hence

hUk=14D) () = Uk +1) (h(Jk—l)(x) ~ B1,, ) + BllwU-1+) 1
k—1

Ay _1+17

which verifies (3.7) for j = 1.
Suppose that (3.7) holds for j > Jj,_; + 1 with j < J; — 1. Then d;_; + s\ = d;.

By the induction hypothesis and the choice (3.6) of the bias vector, we have
PO(@) = o (TOTOD 7O (RO (@) — By, )+ B (Tl ) 14,)

By (3.3) and (3.5) again, each component of the above function vector takes nonneg-
ative values, so (3.7) holds true for j. This completes the induction procedure and
verifies (3.7).

What is left is to prove (3.8) when b\/¥) is given by by (3.6). Here

TUD R () — pe) = 7O .. Uk t) (hukfl)(x)_gld‘l )
k—1

J|
+B <H ka 1+1||'LU || > k*l—O-s(Jk’)‘

Once again, we apply (3.3) and (3.5), and find that each component of the above
function vector takes nonnegative values. So o (THa+=Y(z) — b(/)) equals the
above expression, which implies (3.8) by the linearity of the downsampling operator.
The proof of the lemma is complete. O]
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