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1. Introduction

Analyzing and processing big data in various applications has raised the need of scalable learning al-
gorithms using geometric structures of data. One approach for scalability in learning theory is stochastic
gradient descent and online learning. In this paper we are interested in online mirror descent, a class of
scalable learning algorithms exploiting possible data geometric structures such as sparsity.

Mirror descent is a powerful extension of the classical gradient descent [3] by relaxing the Hilbert space
structure and using a mirror map ¥ : WW — R to capture geometric properties of data from a Banach space
W. In this paper we consider W = R? endowed with a norm || - || which might be a non-Euclidean norm,
allowing us to capture non-Euclidean geometric structures of data from R¢. To introduce the mirror descent
and online mirror descent, we assume that the mirror map W is Fréchet differentiable and strongly convex.
The Fréchet differentiability means the existence of a bounded linear operator V¥ (w) : W — R at every
w € W satisfying U(w + z) — ¥(w) — VU (w)x = o||z]|). The strong convexity of ¥ means the existence of
some oy > 0 such that
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Dy (@, w) = U(®) — U(w) — (i — w, VI(w)) > C%I/Hu? —w|f?, Vo,we W,

where (0 —w, VU (w)) is the linear operator V¥ (w) acting on w —w € W. With this number oy, we say ¥
is og-strongly convex (with respect to the norm ||-|), which we assume throughout the paper. The quantity
Dy (w0, w) is called the Bregman distance between @ and w.

Given a differentiable and convex objective function F' : YW — R, a mirror descent algorithm approximates
a minimizer of F' by a sequence {w; }1eny C W defined with an initial vector w; € W and the gradient descent
method in terms of the gradient VF of F as

V\I/(le) = V\Il(wt) — T]tVF(’LUt), te N, (11)

where {n:}; is a sequence of positive numbers called the step size sequence. Here the gradient descent is

performed in the dual (W* = R%,|| - ||.) of the primal space (W, || -||) since the map V¥ : W — W* is

well-defined, and invertible due to the strong convexity of ¥. Useful instantiations [11] of the mirror map
1

¥ include the choice of p-norm divergence ¥ = W, with 1 < p < 2 defined by ¥, (w) = §|jwl|2 where || - |,

is the p-norm defined by ||wl||, = (Zle |w(%)|P v for w = (w(1),...,w(d)) € R% The mirror descent
algorithm with ¥ = Wy recovers the gradient descent.

In machine learning, the objective function F' is often the regularized risk F'(w) = Ez[f(w, Z)] of the linear
function x — (w,x) induced by the action of x € W* on w € W, where f(w,Z) = ¢({(w, X),Y) + r(w)
is the regularized loss function induced by a loss function ¢ : R x R — R, and a convex regularizer
r: W — Ry, and Ez denotes the expectation with respect to the random sample Z = (X,Y") drawn from
a Borel probability measure p on Z := X x ) with an input space X C W* and an output space Y C R. In
the remainder of this paper, we focus on F of the form F(w) = Ez[f(w, Z)] with f given in terms of ¢ and
T.

In many machine learning applications, training examples {z; = (x¢,y:) € Z}; become available in a
sequential manner. In such situations, instead of computing F'(w), we use the sample z; at the ¢-th iteration
of the mirror descent to compute the gradient V,,[f(we, z¢)] of f(w, z:) with respect to the variable w at
wg. This leads to the online mirror descent (OMD) which extends the classical online gradient descent
algorithm by replacing ¥y with a mirror map ¥ to capture data geometric structures beyond Hilbert
spaces. It generates a sequence {w;}; C W with an initial vector wy € W by performing the stochastic
mirror descent in the dual space as

VU (wig1) = VU(wy) — 0V [f(wy, 2)],  teN. (1.2)

We always assume that the loss function ¢ is convex and differentiable with respect to the first variable
(with the partial derivative ¢'). When ¥ = Wy and r(w) = A||w||3 with A > 0, the OMD (1.2) becomes the
classical online learning algorithm with the iteration wi1 = wy — ne [ ((wy, 1), ye )Tt + 2 wy] generated by
the stochastic gradient descent method in the Hilbert space W* = W. The special choice ¢(a,y) = % (a—y)?
of the unregularized least squares loss function with r = 0 corresponds to the general randomized Kaczmarz
algorithm [9] given by

Wiy = wi — Ne[{We, T4) — yi] T, teN. (1.3)

It was shown in [22] that when inf,cpy Ez {(Y — {(w, X))ﬂ > 0, the randomized Kaczmarz algorithm (1.3)
converges in expectation if and only if lim;_,, 17; = 0 and Z;’i 1M = 0.

This paper presents necessary and sufficient conditions for the convergence of the OMD (1.2) with respect
to the Bregman distance Dy. It extends the results in [22,29] from ¥y to a general mirror map ¥ beyond
the Hilbert space framework. Our conditions are stated in terms of the step size sequence {n;}+, under some
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mild assumptions on the mirror map W, the regularized loss function f, and the probability measure p.
Throughout the paper, we assume that the training examples {z;}; are sampled independently from the
probability measure p on Z.

We illustrate our main results to be stated in the next section by presenting an example corresponding to
the special choice of the unregularized least squares loss and a strongly smooth mirror map or the p-norm
divergence ¥, (which, as shown in Proposition 7, is not strongly smooth). Here we say that ¥ is Ly-strongly
smooth (with respect to the norm |-||) with Ly > 0 if Dy (@, w) < L& ||@—w]|? for any w, ® € W. Examples
of strongly smooth mirror maps include ¥, and a mirror map ¥(¢Y) with parameters e > 0, A > 0 defined
in the literature of compressed sensing [7] as W(N) (w) = )\Z?:l ge(w(i)) + L||wl|3, where g.(§) = % for
|€] < eand |{|—§ for [£] > €. The mirror map V¥, plays an important role in the mirror descent method and
it can be applied to capturing geometric structures of data for learning problems in huge dimensions. For

example, the specific choice with p = 1+ gives convergence bounds with only a logarithmic dependence

1
logd
on the dimension d, see [11]. The mirror map W, is strongly convex with oy, = p — 1 when the norm of W

takes the p-norm || - || = || - ||, (see [2]), and by the norm equivalence, oy, > 0 for other norms.
With the special choice of the unregularized least squares loss f(w,z) = 3 ({w,z) — y)?, the OMD (1.2)

takes a special form
V\I/('U.)t+1) = V\I/(wt) - nt[<wt, SCt> - yt]mt, t e N. (14)
The following result for this example will be proved in Section 6. Denote by X T the transpose of X € W*.

Theorem 1. Assume sup,cy ||7]« < o0, Ez[Y?] < oo, and that the covariance matriz Cx = Ez[XX "] is
positive definite. Consider the OMD (1.4) and denote w, = C)}l]EZ[XY]. Let U be either some p-norm
divergence ¥ = W, with 1 < p < 2 or a strongly smooth mirror map.

(a) Assume infyew Ez [[Y — (w, X)| || X||+] > 0. Then limyoc E., ., . [|lw, — wt|?] = 0 if and only if

o
tli>ngo ne=0 and ;nt = 0. (1.5)

Furthermore, if U is strongly smooth and limy_, 1y = 0, then there exist some Ty € N and C > 0 such
that E,, . [llw, — wrl|?] > CT! for T > Ty. If we take m =
(given in the proof), then E., .. . [|lw, —wr|?] = O (T7).

(b) Assume w, # wi,Ez[|Y —(w,, X)||X|+] = 0 and for some x > 0, n, < (2;’#. Then
limy oo Euy 2y o [lwp — wel|?] = 0 if and only if Yoo, me = oo. Furthermore, if U is strongly smooth
and 1y = m < 535, then there exist ¢1, ¢ € (0,1) such that for any T € N,

ﬁ for some appropriate o > 0

\T \T
(@) llwp —wril® S By 2 [lwp — wrll?) < (G2) wp — wi ]| (1.6)

(c) If the step size sequence satisfies

int =00 and inf < 00, (1.7)
t=1

t=1

then {||w, — w¢||*}ten converges to 0 almost surely.

Part (b) of Theorem 1 is for the case of zero variance with y = (w,, z) almost surely, meaning that the
sampling process has no noise and the target function (conditional mean) is linear. It asserts that the OMD
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with a strongly smooth mirror map and a constant step size sequence may converge linearly in this case.
Part (a) asserts that for the case of positive variances (either the sampling process has noise or the target
function is nonlinear) the OMD with a strongly smooth mirror map can converge of at most order O(%)
and this order may be achieved. This solves a conjecture raised in [22, page 3346] that a convergence rate of
order O(T~?) with 1 < § < 2 is impossible for the randomized Kaczmarz algorithm (with ¥ = Wy) in the
noisy case. Theorem 1 also characterizes the convergence in expectation by means of the step size condition
Z;ﬁl 1 = oo for the case of zero variance and the condition lim;_,, 7; = 0 and Zfil 1 = oo for the case
of positive variances.

Our analysis is based on a key identity on measuring the one-step progress of OMD by excess Bregman
distances, from which lower and upper bounds on the one-step progress are established by using strong
smoothness and convexity of the associated regularized loss functions as well as properties of the mirror
map. These lower and upper bounds are then used to build necessary and sufficient conditions, as well as
tight convergence rates.

This paper is organized as follows. In Section 2 we introduce some mild assumptions on the mirror map
and the regularized risk. General results on convergence of the OMD for the cases with positive variances and
zero variance are stated in subsection 2.1, and then exemplified with specific mirror maps and loss functions
in subsections 2.2 and 2.3. We give some discussion and comparison with related work in subsection 2.4.
In Section 3, we present a key identity on the one-step progress of the OMD and sketch the basic idea of
our analysis. We prove the convergence results in the case of positive variances in Section 4, and results in
the case of zero variance together with the almost sure convergence in Section 5. In Section 6, we prove
the explicit results stated in Section 1, subsection 2.2 and subsection 2.3. Some simulations are given in
Section 7 to validate our theoretical results.

2. Main results

In this section we state our main results on necessary and sufficient conditions for the convergence of
OMD (1.2) to a minimizer w* = argmin,ew F(w) of the regularized risk F which is assumed to exist
throughout the paper.

Our discussion requires some mild assumptions on the mirror map ¥ and the regularized risk F. On
the mirror map, for necessary conditions, we shall assume that VW is continuous at w* and satisfies the
following incremental condition at infinity.

Definition 1. We say that V¥ satisfies an incremental condition (of order 1) at infinity if there exists a
constant C'y > 0 such that

V)|« < Co(1+[lw])),  VweW. (2.1)

We shall show later that the p-norm divergence ¥, with 1 < p < 2 and strongly smooth mirror maps
satisfy this mild condition.

For the pair (¥, F'), we shall also assume the following condition measuring how the convexity of W is
controlled by that of F' around w* with a convex function €. Recall that w* is a minimizer of F' on W.

Definition 2. We say that the convexity of ¥ is controlled by that of F' around w* with a convex function
Q:[0,00) — R4 satisfying 2(0) = 0 and Q(u) > 0 for v > 0 if the pair (¥, F') satisfies

(w* —w, VF(w") = VF(w)) > Q(Dg(w*,w)), Yw € W. (2.2)

Typical choices of the convex function € include Q(u) = Cu® with @ > 1 and C > 0. In particular, when
F is strongly convex and ¥ is strongly smooth, condition (2.2) is satisfied with a linear (convex) function
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Q(u) = Cu for some C > 0. To see this, we notice from the definition of the Bregman distance that for a
Fréchet differentiable and convex function g : R¢ — R, there holds

Dy(w,w) 4+ Dy(0,w) = (w — w, Vg(w) — Vg(w)), Yw,w € W. (2.3)

So when F is op-strongly convex with or > 0, we have (w* — w, VF(w*) — VF(w)) > op|w* — w|. Tt
follows that (2.2) with Q(u) = 222 is satisfied when W is Ly-strongly smooth.

4

2.1. Statements of general results

Our first main result, Theorem 2, states a necessary and sufficient condition for the convergence of the
OMD for the case of positive variances meaning that inf ey Ez [||Vw[f (w, Z)]||«] > 0. It also states in Parts
(a) and (b) respectively that in this case, the OMD cannot achieve convergence rates faster than O(71!)
after T iterates, while the best rate O(T~!) may be achieved when Q(u) = Cu in (2.2). This theorem is a
consequence of Propositions 11 and 13 to be presented in Section 4.

Theorem 2. Assume inf,ew Ez [||Vw [f (w, Z)]||l<] > 0 and that for some constant L > 0, f(-, z) is L-strongly
smooth for almost every z € Z. Suppose that VWV is continuous at w* and satisfies the incremental condition
(2.1) at infinity, and that the pair (¥, F') satisfies (2.2) around w* with a convex function Q : [0,00) — Ry
satisfying (0) = 0 and Q(u) > 0 for uw > 0. Then for OMD (1.2), limy_oo E;, ., ,[Dv(w*,w)] = 0 if
and only if the step size sequence satisfies (1.5).

(a) If U is strongly smooth and lim;_, n; = 0, then there exist some constants tg € N and C > 0 such that

Eer o [Dw (W' wr)] 2 _i’; 5 T (2.4)
(b) If there exists an op > 0 such that
(w* —w,VF(w*) = VF(w)) > op Dy (w*, w), Yw e W, (2.5)
and the step size sequence takes the form n; = m, then
Eerzro [De(w™, wr)] = O (%) : (2.6)

We shall see from the proof of Proposition 11 given in Section 4 that the continuity of V¥ at w* and
the incremental condition (2.1) are only required for proving lim;_, 7 = 0 of the necessity, they are not
required for the sufficiency or for proving Y ;°, 7 = oo of the necessity. These conditions are satisfied
when ¥ is strongly smooth, as shown in Proposition 5 below.

Our second main result, Theorem 3 to be proved in Section 5, states a necessary and sufficient condition
for the convergence of the OMD for the case of zero variance in the sense that Ey [| V., [f(w*, Z2)]||«] = 0.

Theorem 3. Assume Ez [||Vu[f(w*, Z)]||s] = 0 and that for some constant L > 0, f(-,z) is L-strongly
smooth for almost every z € Z. Suppose that the pair (U, F) satisfies (2.2) around w* with a convex
function  : [0,00) — Ry satisfying 2(0) = 0 and Q(u) > 0 for u > 0. Assume also wi # w* and that
for some k > 0, n; < (2_7_% for every t € N. Then limy,oo E;, ., ,[De(w*,w¢)] = 0 if and only if

>ty e = 0o. Furthermore, if (2.5) holds and 1y = < G, then for any T € N,
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2L \ " orm\T
Dy (w*,w;) (1 - ) < ey [Du(w' wp)] < Dy () (1- . ) (2.7)

Remark 1. Our results in Theorems 2 and 3 can be extended to the minibatch setting where a batch of
examples {21, ..., zt,m} are independently drawn from the probability measure p at the ¢-th iteration. The
associated OMD then takes the form

m

VU (wii1) = VI (wy) — % 3 Vulfwe z)], VEeN.
=1

In this setting, the variance of the stochastic gradients will decrease by a factor of m. The necessary and
sufficient conditions in Theorem 2 and Theorem 3 also apply. For the case with positive variances, the
right-hand side of both (2.4) and (2.6) are required to be divided by m due to the variance reduction effect.
For the case with zero-variances, the inequality (2.7) remains the same since the stochastic gradient at w*
does not change in the mini-batch setting.

Remark 2. The variance condition inf,cyy Ez [|| Vo [f(w, Z)]||«] > 0 is almost complementary to the variance
condition Ez [||V[f(w*, Z)]||l<] = 0. Indeed, if inf yew Ez [|[|Vw[f(w, Z2)]||«] = 0 and we assume the infimum
can be achieved at a point w € W, meaning that Ez [||V[f(w, Z2)]||«] = 0. Then we have V,,[f(w,z)] =0
almost surely and therefore w is a minimizer of F'. To see clearly these variance conditions, suppose the data
are drawn according to the equation y; = (w*, z;) + € with w* € W and ¢ following the normal distribution
N(0,0?). Consider the loss function f(w,z) = 1 ((w,z) — y)z. We assume Ex[|| X||«] > 0. It is clear that

2
Ez[XXTw* — XY] = 0 and therefore w* = arg min,ecyy F(w). If o = 0, then it is clear that

Ez[IVolf (W, Z)]|ls] = Ez[|(w”, X) = Y[ X|.] =0,

which corresponds to the case with zero variance. On the other hand, if ¢ > 0, then for any w € W and
r € X we have

By |x=a [[IVo[f (w, 2)][ls] = [z Ey|x—s[|(w, X) = Y]

— ol Ey e [l — w0, X) €]
el Pr{] w — w', X) — ¢| > o|X = 2}

v

ollz||« {1 —Pr{[{w—w*,X)—¢|<0|X = x}}
> ol|z].[1 - v/2/x],

where the first inequality is due to the Markov inequality and the last inequality is due to following inequality
(the density function of the normal distribution N (0, 0?) takes values in the interval [0, ﬁ])

Pr{le —a| <o} < V2/m, VaeR.
It then follows that
Ez[IVulf(w, 2] > o[l - V27 Ex[IX[l] >0, VweW.
That is, the case 0 > 0 corresponds to exactly the case with positive variances.

Our last main result, Theorem 4 to be proved in Section 5, provides a sufficient condition for the almost
sure convergence of the OMD by imposing a stronger condition with ;2 77 < co.

Please cite this article in press as: Y. Lei, D.-X. Zhou, Convergence of online mirror descent, Appl. Comput. Harmon. Anal.
(2018), https://doi.org/10.1016/j.acha.2018.05.005




YACHA:1267

Y. Lei, D.-X. Zhou / Appl. Comput. Harmon. Anal. sse (sses) ses—ses 7

Theorem 4. Assume that for some constant L > 0, f(-,z) is L-strongly smooth for almost every z € Z.
Suppose that the pair (¥, F) satisfies (2.2) around w* with a convex function  : [0,00) — Ry satisfying
Q(0) = 0 and Q(u) > 0 for u > 0. If the step size sequence satisfies the condition (1.7), then we have
limy_y 00 Dy (w*,we) = 0 almost surely.

2.2. Results with strongly smooth mirror maps and p-norm divergence

In this subsection, for two classes of mirror maps ¥ and strongly convex objective functions F', we state
some results to be proved in Section 6 on the continuity of V¥ at w* and the incremental condition (2.1)
at infinity for V¥, and the convexity condition (2.2) of (T, F).

The first class of mirror maps are strongly smooth ones.

Proposition 5. If U is strongly smooth, then VWV is continuous everywhere and satisfies the incremental
condition (2.1) at infinity. Furthermore, if F' is strongly convez, (2.2) is satisfied for a linear convex function
Q(u) = Cy,Lu with some Cy 1, > 0.

The second class of mirror maps are the p-norm divergence ¥ = ¥, with 1 < p < 2. For the case p = 2,
we have VUs(w) = w, Dy, (W, w) = |jw — @3 for w, € W and ¥, is strongly smooth. So Proposition 5
applies.

Proposition 6. Consider the p-norm divergence ¥ = V¥, with 1 < p < 2. Then V¥, is continuous everywhere
and satisfies the incremental condition (2.1) with Cy, = 1. Moreover, we have

Ve @)l = fwly, Ve €W (2.8)
and for any w,w € W, there holds
D, (@, w) < ((@all,)* " + @] + 1) (0 = wl2 + @ — w]=r2=7}). (2.9)

2

sy € (1,2]. For any w € W, we have

Denote 1, =
|| — wa, > B, (Dy, (0, w)), Yw € W, (2.10)

where Qy, : [0,00) — [0, 00) is the convex function depending on p defined by

N ut+ = —1, ifu>1,
u) = v 2.11
v (1) %UJTP, if0<u<l, ( )

and B, is the constant depending on ||®||, and p given by
— i =1 \2-P ~p—1 -t
Bp =min § (2 2[J@ll,)" " +2[@l, " +2)

1 \2— ~ip—1 Tr
(2o, + 2l +2) 7

If F is op-strongly convex with respect to the norm | - ||, then the pair (U, F') satisfies (2.2) around w*
with the convex function ) : Ry — Ry given by

Q(u) = op By, (u), u € [0, 00).
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Qpu) I

0 0.5 1 1.5
u

Fig. 1. Plots of the convex function €, with p = % (red line), p = £ (blue line) and p = 2 (black line). (For interpretation of the

colors in the figure(s), the reader is referred to the web version of this article.)

We remark that the convex function Qs defined by (2.11) with p = 2 is a Huber loss [17]. Fig. 1 gives the
plots of the function €, with p = %,p = % and p = 2.

Following Proposition 6, a natural question to ask is whether the p-norm divergence is strongly smooth
(that is, whether (2.10) holds with €, (u) = Cu for some C > 0). When d = 1, ¥, (w) = 1w? = Uy(w) is
strongly smooth. When d > 1, the answer is negative, as shown in the following proposition to be proved
in the appendix.

Proposition 7. For d > 1, the p-norm divergence ¥ = ¥, with 1 < p < 2 is not strongly smooth.
2.8. Explicit results with special loss functions for learning

In this subsection we state explicit results on the convergence of the OMD associated with the regularized
loss function f(w,2) = ¢((w,z),y) + AlJw||3 with A > 0 and the norm || - || = || - |2 when the loss function ¢
has a Lipschitz continuous derivative. Common examples of such loss functions [17,8,30] include the least
squares loss ¢(a,y) = % (a — y)?, the logistic loss ¢(a,y) = log(1 + exp(—ay)) or ¢(a,y) = 1/(1 + ™), the
2-norm hinge loss ¢(a,y) = (max{0,1 — ay}), and the Huber loss Q, defined by (2.11) with p = 2.

The following explicit result will be proved in Section 6.

Theorem 8. Assume sup,cy ||z][« < oo, || - || = | - |l2, and the derivative ¢' of the convex loss function
¢ : R xR — Ry satisfies the Lipschitz condition

£¢ .— sup ‘d)/(ua y) - ¢/(Ua y)' < 0. (212)

uAvER,YEY lu — vl

Then the regularized loss function f(w,z) = ¢({(w,z),y) + Mw||3 with some X\ > 0 is 2({,R? + X)-strongly
smooth for every z € Z. The objective function F is also 2({,R?* 4+ \)-strongly smooth, and is 2\-strongly
convex. The conclusion of Theorem 1 with w, replaced by w* holds for the OMD (1.2) with ¥ being either
some p-norm divergence ¥ = W, with 1 < p < 2 or a strongly smooth mirror map.

2.4. Comparison and discussion

In the special Hilbert space setting with ¥ = W5, there is a large learning theory literature on the conver-
gence of stochastic gradient descent (SGD) or online gradient descent (OGD). We first review some related
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work on conditions for the convergence in expectation. Convergence of SGD/OGD in reproducing kernel
Hilbert spaces (RKHSs) was discussed in [28,32] for regression and [33,34] for classification. Under uniform
boundedness assumptions of {w;}s, it was shown in [33] that a sufficient condition for the convergence of
regularized SGD/OGD in expectation is the step size condition (1.5). Such a result was recently established
for online regularized pairwise learning in [14]. For unregularized SGD/OGD applied to non-strongly convex
and strongly smooth objective functions, it was shown in [34] that limyr oo B, . .p , [F(wr)] = F(w*) if
the step size satisfies the condition (1.7). All the above mentioned discussions on SGD/OGD considered
sufficient conditions for the convergence in expectation. As a comparison, we give necessary and sufficient
conditions for the convergence of a more general OMD in the strongly convex setting. We then review
some related work on convergence rates in expectation in the strongly convex setting. Under boundedness
assumptions Ez ||V, [f(w, Z)]||3] < B for a constant B > 0, it was shown in [19,26] that the T-th iterate of
SGD/OGD satisfies E., . ., ,[|lwr —w*||3] = O(1/T). This convergence rate was also derived in [6] under
a relaxed assumption on gradients as Ez[|| V. [f(w:, Z)]|13] < A+ B||VF(w;)||3. As a comparison, we show
that the same convergence rate can be achieved for the general OMD without any boundedness assumptions
on gradients. Furthermore, we show this convergence rate is tight by presenting a matching lower bound
up to a constant factor, which has not been established in the literature to our best knowledge. It should
be mentioned that lower bounds for minimax errors were discussed for stochastic convex optimization [1],
which consider the error rates of any stochastic convex optimization methods in the worst case. We now
review some related work on the almost sure convergence. For SGD/OGD, under the assumption that the
objective function F’ with a single minimizer w* satisfies

inf (w—w",VF(w)) >0, Ve>0

lw—w=||3>e

and
EZ[IVf(w, Z)|2] < A+ Bllw —w*|j3, YweW

for some constants A, B > 0, it was shown [5] that {w:}: converges to w* almost surely if the step sizes
satisfy (1.7). For regularized OGD in RKHSs associated with the specific least squares loss function, it was
shown in [31] that {w;}; converges to w* almost surely for polynomially decaying step sizes n; = 1t ~? with
6 € (0,1). We extend these results on the almost sure convergence to the OMD.

We remark that the SGD has also been well studied in the literature of optimization (see, e.g., [27,
24]) under some conditions on the noise sequence instead of conditions on the step size sequence. For the
randomized Kaczmarz algorithm (1.3), the convergence in expectation has been studied in the literature
of non-uniform sampling and compressed sensing, including the characterization of the convergence [22] by
(1.5) in the noisy case with inf,eyw Ez[((w, X) —Y)?] > 0, and the linear convergence [29] with a constant
step size sequence in the noiseless case with y = (w*,z) almost surely. Our work on the convergence of
the OMD (1.2) with a general mirror map ¥ is motivated by these results on the randomized Kaczmarz
algorithm (1.3) with the special mirror map Ws.

For the OMD (1.2) with a general mirror map W, the only existing work to our best knowledge is some
regret bounds in [11] and some convergence rates in [25]. In this paper we characterize the convergence in
expectation by the step size condition (1.5) in the noisy case and by Zfil 1y = oo in the noiseless case,
derive the linear convergence with a constant step size sequence in the noiseless case, and verify the almost
sure convergence by the step size condition (1.7). The main difficulty with the general mirror map ¥ is
the lack of analysis for the one-step progress ||w;y1 — w*||3 — ||wy — w*||3 which was carried out in [22] by
exploiting the Hilbert space structure and the special linearity caused by the least squares loss function.
To overcome this difficulty due to the Banach space structure and the nonlinearity, we use the Bregman
distance Dy induced by the mirror map ¥, which has been used in our recent work [20]. Our novelty here is a
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key identity (3.1) measuring the one-step progress of the OMD with the general mirror map ¥. Our analysis
is then conducted by extensively using properties of the Bregman distance, the smoothness and convexity
of regularized loss functions, and the convexity condition (2.2) involving a related convex function €.

Our contribution of this paper includes not only the novel convergence analysis for the OMD (1.2) with
a general mirror map ¥, but also some improvements of our earlier work [22] on the randomized Kaczmarz
algorithm (1.3) with the special mirror map ¥s. In particular, we confirm a conjecture raised in [22] on
high order convergence rates for the randomized Kaczmarz algorithm. Furthermore, the analysis in [22] was
carried out under the restriction 0 < 7; < 2 on the step size sequence which is removed here. It would be
interesting to get explicit convergence rates when the mirror map is ¥,,, and to extend our analysis to other
learning frameworks [12,16,23,13].

3. A key identity and idea of analysis

Our analysis for the convergence of the OMD (1.2) will be carried out based on the following key
identity which measures the one-step progress of the algorithm in terms of the excess Bregman distance
Dy (w*, wiy1) — Dy (w*, wy).

Lemma 9. The following identity holds for t € N
E.,[Dy(w*, wis1)] — Dy (w*, we) = ny(w* — wy, VF(wy)) + Bz, [Do (we, wig)]. (3.1)
Proof. By the definition of the Bregman distance, we see the following identity
Dy (w,v) + Dy (v,u) — Dg(w,u) = {(w—0v,V¥(u) — V¥(v)), Vu,v,w e W. (3.2)
Choosing v = w;41 and u = w; yields
Dy (w,wiq1) — Dy (w,wt) = —Dy(weg1,we) + (W — wy1, VI (wy) — VU (wiy1)).

We now separate w — wg41 into w — w; and wy — weyq, use the iteration relation (1.2) of the OMD and
apply (2.3) with g = ¥ to derive
Dy (w,wit1) — Dy (w, wy)
= —Dy (w1, wy) + (w — w, V8 (wy) — VI (wyy1)) + {(wp — wip1, VI (wy) — VU (wiyq))
= =Dy (wigr, we) + me(w — wy, Vo [f(we, 20)]) + (w0 = wipr, V¥ (wy) = VU (wip1))
= Dy (wi, weg1) + ne(w — we, Vo [f(we, 2¢)]).-

Taking expectations E,, on both sides, setting w = w* and noting that w, is independent of z;, we see the
stated identity (3.1). The proof is complete. O

The necessity of the convergence will be derived by using the strong smoothness of F' and the strong
convexity of ¥ to bound (w; —w*, VF(w;)) = (w, —w*, VF(w;) — VF(w*)) by O(1) Dy (w*, w;), from which
we can apply the identity (3.1) to get necessary conditions by the following inequality

E.y...z [Do (W, wig1)] = (1= O ))Esy 2oy [Dw(w, we)] + Eey sy [Dw(we, weg)] .

The sufficiency will be derived by using the strong smoothness of f and the duality Dg(wi, wiy1) =
Dy« (VU (wit1), VP (wy)) to bound E,, [D\I,(wt,wt+1)] in terms of (w* — wy, VF(w*) — VF(w;)) and
E.,[IVf(w*, z)|?], from which we can apply the identity (3.1) again to get
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Btz [Do (0 wpgn)] By oy [D (w0, wr)]

= BBy (w —w, VW) = VE(w)] + O()

and then use (2.2) for bounding —(w* — wy, VF(w*) — VF(w;)) by —Q (Dy(w*, w)]) to obtain

* * n *
Euz [Dy (w*, wiy1)] < EZL..-,th[D‘I’(w ,we)] — EtQ (Ezl,...,th[D\P(w 7wt)]> + 0(771%)-

Here for a continuous convex function g : R? — R, the Fenchel-conjugate ¢* is defined by

9" (v) = sup [(w,v) —g(w)], veR
weWw

and the duality (3.3) on the Bregman distances is stated (see, e.g., [4]) in the following lemma together with
the duality between strong convexity and strong smoothness [18].

Lemma 10. Let g : R? — R be continuous and convex. Let § > 0. Then g is 3-strongly convex with respect
to the norm || - || if and only if g* is %—stmngly smooth with respect to the dual norm || - ||«.
If g is Fréchet differentiable and strongly convex, then there holds

Dy(w, @) = Dy (Vg(i), Vg(w)),  Yw,d € W. (3.3)
4. Convergence in the case of positive variances

In this section we prove Theorem 2 by deriving the necessary and sufficient condition from two proposi-
tions given below.

4.1. Necessary condition for convergence

The first proposition gives the necessity for the convergence of the OMD (1.2).

Proposition 11. Assume inf,ew Ez [||Vw|[f (w, Z)]||l«] > 0 and that F is strongly smooth. Assume also that
VU satisfies the incremental condition (2.1) at infinity. If limy_,oo E., ., ,[Dy(w*,wy)] =0 for some w*
where VW is continuous, then the step size sequence satisfies (1.5).

Furthermore, if U is strongly smooth, then (2.4) holds with some constants to € N and C > 0.

Proof. We first show lim;_,, n: = 0.
By the og-strong convexity of W, we have |w* — w|? < %D (w*,w¢). So the condition

v
limi oo sy, [Dw(w*, we)] = 0 implies lim; o0 E,, ., ,[||[w* — w¢]|?] = 0. Then we claim that
lim Eey e [V (wr) = V8 (w?)]]] = 0. (4.1)
To prove our claim, we use the continuity of VU at w* and know that for any € > 0, there exists some
0 < § <1 such that |[VU¥(w) — V¥ (w*)||« < & whenever |[w —w*|| <.
When [|Jw — w*|| > §, we apply the incremental condition (2.1) and ||w|| < ||lw — w*|| + [|w*|| to find

V¥ (w) = VE(w)[l« < Co(l+[lwl)) + [VE ()]l < Cp e sllw —w],

where Cy 4~ 5 is the constant given by
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Cu + Cyllw*|[ + [V (w)]«

Cy s =Co+ 5

Combining the above two cases, we know that

Eerza [IVE(wr) = VI(wT) L] < &+ Cu i 6Bsy, oz [Jwr = 0]

But limy oo Ezy .2 [lw* — we]|?] = 0 ensures the existence of some t.5; € N such that for ¢ > t. g,
there holds E., ., ,[|lw: —w*|?] < 0252 which implies E., .. »,_, [[lwe — w*[]] < 7= by the Schwarz
U, w*, 8 W™,

inequality. So we have E,, . ., , IV (wy) — VE(w*)|,] < 2 for t > te.s, which verifies our claim (4.1).
Denote o = infyew Ez [||Vw[f(w, Z)]|«] > 0. From the iteration relation (1.2) of the OMD, we have
Nel| Vo [f(we, 2)]|l« = |V (wi) — V¥ (wit1)]]«. Taking expectations on both sides with respect to z; yields

no < e, [[[Volf (we, 20)][|] < IV®(wy) = V8 (w)[l + Ez, [V (wig1) = VE(w") ]
and
o SEep oz (V¥ (we) = VI ()[4 Ezy Lz [ V8 (wign) = V8 (w5 4]

Hence (4.1) confirms our first limit lim; o, n: = 0.
We now show >_,°, ; = oo. Assume that F is Lp-strongly smooth for some Ly > 0. From the identity
(2.3) and the optimality condition VF(w*) = 0, we have

Dp(w*,w) + Dp(wy, w*) = —(w* —wy, VF(wy)).

This is bounded by Lpg|w* — wy||? by the Lp-strong smoothness of F. But the og-strong convexity of W
implies Dy (w*, wy) > % ||w* — wy||*. Hence

2L
(w* — wy, VE(w)) > —Lp|w* —w|® > fa—qu,(w*,wt).

Plugging this inequality into (3.1) and taking expectations on both sides give

]Ezh---,zt [D‘I’(w*th-i-l)} > (1 - a'nt)EZ1,-~7Zt71 [D‘I’(w*’wt)] + Ezla<~~7zt [D‘I’(wtth-i-l)}v (42)

where a is the constant a = 2LF0'\171.

Since lim;_,o, 7; = 0, we can find some integer ¢y € N such that n; < (3a)~! for t > t,. Applying the
elementary inequality 1 —n > exp(—2n) valid for n € (0,1/3], we know by noting E,, ., [De(w;, wi+1)] >0
n (4.2) that

Ezl,--~7zt, [D‘I’ (U}*a wt+1)] 2 exp(72anf/)E217m72t71 [D‘I’(w*v wt)L vt Z tO' (43)

Applying this inequality iteratively for ¢t =T, ... ,tg + 1 then yields

T
Ee,oor[Du(wwrin)] =[] exp(=2am)E., .z, [Dw(w”, wi11)]
t=to+1
T
—exp (=20 3 m)Eay,ny, (Do (0, wigi)] (4.4)

t=to+1

We claim that E., ., [Dy (w*, wi,+1)] > 0. Otherwise, we would have
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Ezl’nwzto—l [D‘I’ (w”, wto)} = ]Ezhm,zto [D‘I’(w*’ wto-‘rl)] =0

by (4.3), leading to E., ., [
of W. This would imply w41 = w, = w* almost surely and thereby V,,[f(w*, zt,)] = 0 almost surely by
(1.2),leading to Ez [||Vw[f(w*, Z)]||«] = 0, a contradiction to the assumption inf,ew Ez [|[|Vw[f (w, Z2)]|«] >
0.

By E.\,...z,
> oo, me = oo. This proves the necessary condition for the convergence of the OMD.

|w* —wy, ||?] = Esp oz [l —wig 41 I?] = 0 according to the strong convexity

[Dy(w*, wiy+1)] > 0 and limp oo B, o [De(w*, wryr)] = 0, we see from (4.4) that

We now prove (2.4) under the Lg-strong smoothness of ¥ for some Ly > 0. Since ¥ is og-strongly
convex and Lg-strongly smooth with respect to || - ||, we know from Lemma 10 that ¥* is ogl—strongly
smooth and Ly -strongly convex with respect to || - || (note ¥** = W since ¥ is convex and differentiable).
We also know from Lemma 10 that the duality relation (3.3) between Bregman distances holds for g = ¥,
which yields

Dq,(wt,le) = D‘I;* (V\I’(’wt+1), V\I/(U}t)), Vvt € N.

Combining this with the Ly'-strong convexity of ¥* and (4.2), we know from the bound n; < (3a)~! that
for t > ty,

Ezly--wzt [D‘I’(w*7wt+1)] > (1 - ant)Eth,thl [D‘I’(w*7wt)]
+ (2Ly) "B, 2, IV (wr) — V8 (wiga) 2]

But VU (wy) — VU (wir1) = 7: Vi [f (we, 2¢)] by the definition (1.2) of the OMD. So for ¢t > ¢y, we have

Bz [D\I’(W*awt+1)] > (1 - ant)EZL---,th[D‘I’(w)ka wt)]
+ (2Lw) 7B [V [ (w0, 20)][17]-

By the Schwarz inequality,

Eevos [Vl s 20)]1] < {Bar e [Vl w0, 20112 2

Hence
Ee oo [Vl F (w0 20112] 2 {Eey,z [IVwlf w0t 20)]1] ) 2 02
and thereby
E.,,. - [Do(w*, wep1)] > (1 — ane)Es, ., [De(w*,w)] + (2Ly) 'nfo?, Yt > t,.
Applying this inequality iteratively from t = T >t to t = ty yields (denote Hf:TH(l —ang) =1)

Ezlwnsz [D‘I’(w*a wT-i—l)]

T T T
> By oz [Dw (w0 o)) [T (1= am) + (2Le)"'o® Y nf [T (1 —am)
t=to t=to  k=t+1

Z (2L\1;>_10'2 Z 77,52 H (1 — ank).

t=to k=t+1
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By the Schwarz inequality and the bound 0 < 1 — an, < 1 for k > ty, we have

T

T T T 1/2
o [] (1—a77k)§{277t2 1T (1—6”7k)} (T —to+1)"/2.

t=to k=t+1 t=to k=t+1

Hence
T T i T 2
Z i H (1 —ank) =2 aQ(T_—H_l) (Z any H (1- C”?k))
t=to  k=t+1 0 t=to  k=t+1
1 T T 2
= 1—(1—amn) (1 —ang)
AT —ty+ 1) (g( )kgﬂ
1 T T T 2
= (L —an) — | | (1 —ane)
1 r ’
= 1-— 1—a
a®(T —to+1) ( kgo( 77’”)
1 2 0
> 1-(1 = o
Z 2Tty LT mem)) =m0
Therefore,
2 -1,2
* n 2L‘1’ o
E21;~~-7ZT [D\I’(w 7wT+1)] > %(7) VT >ty

T—ty+1 "’

This verifies (2.4) with C' = n7 (2Ly) 'o? and completes the proof. O
4.2. Sufficient condition for convergence

We now turn to the second proposition giving the sufficiency for the convergence of the OMD (1.2).
We need the following lemma, to be proved in appendix by some ideas from [34], which establishes the
co-coercivity of gradients for convex functions enjoying some smoothness condition.

Lemma 12. Let o € (0,1] and g : W — R be a Fréchet differentiable and convex function. If there exists
some constant L > 0 such that

Dy(w,®) < 7w —@[I""*, Yw, @ €W,

then we have

1
2L >« lta

o [Vg(w) = Vg(@) [l < (w—w,Vg(w) = Vg(w)),  Yw,®eW. (4.5)

Proposition 13. Assume that for some constant L > 0, f(-,z) is L-strongly smooth for almost every
z € Z. Suppose that the pair (U, F) satisfies (2.2) around w* with a convex function Q : [0,00) — Ry
satisfying Q(0) = 0 and Qu) > 0 for u > 0. If the step size sequence satisfies (1.5), then we have
limy oo By 2y [Dw(w*,wy)] = 0.

Please cite this article in press as: Y. Lei, D.-X. Zhou, Convergence of online mirror descent, Appl. Comput. Harmon. Anal.
(2018), https://doi.org/10.1016/j.acha.2018.05.005




YACHA:1267

Y. Lei, D.-X. Zhou / Appl. Comput. Harmon. Anal. sse (sses) ses—ses 15

Furthermore, if (2.5) holds with some or > 0 and the step size takes the form n;
holds.

Proof. According to the key identity (3.1) for the one-step progress of the OMD and the duality relation (3.3)
of the Bregman distances, we have

E.,[Dg(w*, wii1)] — Dg(w™*, wy)
= n(w* — wy, VF(wy)) + Bz, [Do- (VU (wiy1), VI (wy))]. (4.6)

By Lemma 10, the og-strong convexity of ¥ implies the Ugl—strong smoothness of U*. It follows from the
definition (1.2) of the OMD that

E., [Dy- (V¥ (wis1), VI (wy))] < 72;‘1] E., [IV¥(wiy1) = VI (wy)|?]
_ n? 2
=50 E., [IVwlf (we, 2)]II7]- (4.7)
oy

We bound [V [ (w, 2)]I12] by 2Vl (wr, 20)] = Vaolf (@, 20)]I] +2[| V£ (", )] 2]. Then we apply
Lemma 12 with w = w*,w = wy,g = f(-,2) and a = 1. By the L-strong smoothness of f(-,z), we know
that

E., [IVulf(wr, 20)] = Vulf(w, 2)))2]

< LE:, [(wy —w", Vu[f(wy, 2)] = Vul /(" 2)])|
= L{(w* —wy, VF(w*) — VF(w)), (4.8)

where the interchange of the expectation and the gradient is valid due to the strong smoothness. Then we
have

E.,[Dy(w*, wet1)] — Dy (w*,we) < — (1 — i—:j) Ne(w* — wy, VF(w*) — VF(wy))

2
Un * 2
_Ez vw ) x|
+ o e [Vl f (w*, 20)]II%]
Since lim;_, o, 7 = 0, there exists some ¢; € N such that %nt < % for t > t; which implies
E., [Dy(w*, wis1)] — Dy (w*,w;) < —%W — wy, VF(w*) — VF(w))
77t2 2
+ =K, [Vl f(w*, 20)]|17]- (4.9)
o
Now we apply the relation (2.2) on the convexity to obtain
—(w* —w, VF(w*) — VF(wy)) < =Q(Dy(w*,wy)). (4.10)
It follows that
Ezt [D\I/(’LU*, wH‘l)] < D\I’(w*7 U)t) - %Q (D‘I’(w*a U}t)) + b’r}tQa (411)

where b is the constant b= _LEz [[|[V,,[f(w*, Z)]|[Z]. Since ©Q is convex, by Jensen’s inequality, we have
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Q (Emw.,szl [D\I,(w*,wt)]) <E. . 2 ,[QDg(w,w)).
Therefore, by taking expectations over zi, ..., z:—1 and denoting a sequence {A4;}; by
A= Ezl,...7zt,1 [D\I/(W*,wt)] ,
we have

At S A= TQ(A) + b, V>t

(4.12)

To prove lim;_,o, A = 0, we let 0 < 4 < 1 be an arbitrarily chosen number. The convexity of 2 : [0, 00) —

R tells us that for u > ~, there holds
Y Y Y Y Y
- —_ — ) — < —_ — — = —
o) =2 (1-1)-0+2u) < 1- D)0 + Low = 2ow
which yields

o0,
Qu) > S

, Yu > 7.

Since lim¢—, o ¢ = 0, we know that there exists some integer ¢, > ¢; such that

Q
ntgmin{%a 7}7 Vtzt'y

We claim that
sup{t e N: A; <~} =o0.
If (4.15) is not true, we can find some t/ > ¢, such that
Ay >y, Y=t

Combining this with (4.13), (4.14) and (4.12) tells us that for ¢ > ¢/,

Q Q Q Q Q
A1 <A —m 2<’Y) Ay +bnf <Ay — ﬂmz‘lt + ﬂ77151415 =A - ﬂ77tAt <A - 0) Nts
v 2y 4ry 4ry 4

which implies by iteration

Q ¢
At+1§At;—ﬁan—>—oo(ast—>oo).

4 !
k=t/,

This is a contradiction, which verifies our claim (4.15).

(4.13)

(4.14)

(4.15)

By (4.15) there exists some positive integer t/v/ >t such that Atg < . We now show by induction that

A < b ma 2 vt >t
t <Y+ t[y’gég)lfcfan’ = Uy

(4.16)

The case t = ti; is true (where we denote maxey, <g<¢r—1 77% = 0) since Atg < 7. Supposes the statement
(4.16) holds for t = k > t7. Note that 7 > ¢, and v < 1. To prove the statement for ¢t = k + 1, we discuss

in two cases. If Ay <, we see directly from (4.12) that
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Apiq < bn? < b 2.
k+1 Sy +om S v+ tgngl%}g{kw

If Ay >, we apply (4.13), (4.14) and (4.12) again and find

Q Q
R L .

A <AL —nmp——>
k+1 S A — Nk 2 v 1 <b<k—1

where we have used the induction hypothesis in the last inequality. This verifies the statement (4.16) for
t = k + 1 and completes the induction procedure.
Applying (4.14), (4.16) and noting 7 > t.,, we know that

1"
Ar < (1+b)y,  VE>tl.
Since v is an arbitrary number on (0, 1), this proves
tlir& At - tl—i)rlgo Ezl ..... Zt—1 [D\I/ (w*) wt)] = 0'

We now prove (2.6) under condition (2.5) and the choice 7, = m of the step size sequence. Eq. (2.5)
implies that (2.2) holds with Q(u) = opu. The estimate (4.12) then becomes

2 160
A < Ay — A , Vit > .
=T t+(t+1)20% =
Multiplying both sides by t(t 4+ 1) gives
160
HE+ 1) A < (E—DtA + —,  VE> 1.
OF
Applying this relation iteratively, we obtain
166(T —t
(T — )T Ap < (t1 — Dt Ay, + % VT > ty,
OF

from which we see

(t1 = Dty o [De(w™,wy,)] N 16b
T - 1T Tod’

Ezl,...,ZT71 [D‘I’(w*a 'UJT)} S VT Z t1~

This yields (2.6). The proof is complete. O

Remark 3. Equation (2.6) gives convergence rates for E,, .. ,[Dg(w*,wr)] under an assumption on the
strong convexity of F' measured by the Bregman distance. It should be noticed that Dy (w*,wr) provides
different geometric distance measures between w* and wr for different mirror maps. For example, if ¥ =
U, then Equation (2.6) together with the (p — 1)-strong convexity of ¥, w.r.t. || - ||, implies the rate
E.......zrs [lwr — w*||2] = O(1/T) for the || - ||, convergence. The case p = 2 corresponds to the Euclidean
distance while the case 1 < p < 2 corresponds to a distance in a Banach space. Furthermore, if w* is sparse
and admits small ||w*||1, then we can choose p to be close to 1 to make sure wr also attains a small ¢1-norm:
E.....zo i llwrllh] <E.ozp s llwr —w* 1] + ||w*]|1- In this case, wr also enjoys some sparsity.

Let us clarify the role of the mirror map in the case when (2.2) around w* is not imposed for the pair
(U, F). Take w; = 0 and n; < oy /(2L) for all ¢t € N (in this case ¢; for (4.9) can be taken as 1). Since the
derivation of (4.9) does not depend on (2.2), we use the convexity of F' and VF(w*) = 0 in (4.9) to derive
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ne[F(w*) — F(w)] N Ez[||Vulf (w*, Z)]|Z]n?

E.,[Dy(w", wis1)] — Dy(w*, we) < 2
(]

Taking a summation from ¢t =1 to T, we derive

E.. . 2r[Dw(w*, wry1)] — Dy (w*,wi) < Zm — F(w,)]

2IVulf(w, DN i n?

ov

According to the convexity of F, it further follows that

2Dy (" w1) | 2Bz Vulf(w", 22 S 7

F(wr) — F(w”)
Z?:l Ur ow Zle Ur

Zf 1 NtWe
lzt_l
and ny = mt~ 2 with 1 = oy /(2L), then from w; = 0 we get

where wpr = is a weighted average of the first T iterates. If we consider the mirror map ¥ = ¥,

] . I 2 2mEg [IVulf(w*, 2))|2] S5,
F —F <
S e ow Yt
2 B[Vl 2)])2] log T
= O((p VT T ):

where we have used the (p — 1)-strong convexity of ¥, w.r.t. || - ||,. If we choose p =1+ @, then it follows
from [[V[f (0", Z)][l« = [V [f(w", Z)]ll1110ga < €[V [f (W, Z)][|oc that

_ o Aol logd + Eg [[|V[f(w*, Z)]|3] log T
F(wr) — F(w*) = 0( i ) (4.17)
As a comparison, if we choose p = 2, the expression takes the form
. . [w* |13 +Ez[|Vu[f (w*, 2)]|3] log T
Flar) — F(w*) 0( Vs ) (4.18)

The bound in (4.17) would be significantly smaller than that in (4.18) in the case when w* is sparse
and ||V, [f(w*, 2)]|]2 is close to vVd||Vu[f(w*, 2)][leo (meaning V,[f(w*,2)] is dense). In this case, the
bound (4.17) enjoys a logarithmic dependency on the dimension [11], while the bound (4.18) enjoys a
square-root dependency. It should be noticed that the discussion in [11] requires a nontrivial assumption
IVwlf(w*, 2)]||« < G with a constant G > 0, which is removed in this remark.

Remark 4. Some of our results can be extended to projected OMD applied to non-differentiable objective
functions. For any convex function g : R? — R, we use ¢/(w) to denote a subgradient of g at w satisfying
g(w) > g(w) + (0 — w, ¢’ (w)) for all w. We assume that there exist A and B > 0 such that

£ (w,2)||2 < Af(w,2) + B, YweW,z¢€ 2. (4.19)

This assumption was considered in the literature [35], and is satisfied by many (nondifferentiable) regularized
loss functions wisely used in the machine learning community, including hinge loss and all strongly smooth
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loss functions. Let W C W and n: < og/A. We consider the following projected OMD where a mirror
descent step is followed by a Bregman projection at each iteration:

VU (wpy 1) = VU(we) —nef'(we, 2t),

Wt = argmin, g D (w, wy 1)

We denote w* = argmin,, g F'(w). We can replace wy41 with w;, 1 in (3.1) to get (by definition one can
show F'(w;) =: Ez[f'(wy, Z)] is a subgradient of F' at wy)

E.,[Du(w*,wy; 1)) — Da(w* we) = n(w” — wy, F'(w,)) + Ex, [Di(wp,w,, )

= {w* — wy, F'(wy)) + E,, [Dy- (V\Il(wt+%), VU (w))]

2
* n
< me(w” — wy, F'(we)) + ﬁ = [l (w20 12], (4.20)

where the second identity is due to (3.3) and the last inequality is due to the oy, !L_strong smoothness of U*.
By the first-order condition in the definition w;41 above, we derive

(W* = weg1, V(wip1) = V¥(wy 1)) 20,
from which and (3.2) we derive

Dy(w*, wit1) = Dy (w",wyy 1) = =Dy (wigr, wp 1) — (0" — wipr, VO(wig1) = V¥(wy, 1)) <0

Plugging the above inequality back into (4.20) and using (4.19), we derive

2

E.. [Dg(w*, wis1)] — Do (w*,wy) < nelw” — wy, F'(wy)) + 27(77_; [AE., [f(w;, )] + B]. (4.21)

According to the definition of subgradient, we know
B [f(we, )] = F(wy) = F(w") + F(w*) < (wy — w”, F'(wy)) + F(w").
This together with (4.21) gives

E.,[Dy(w*, wi11)] = Dy (w*, wy)

) | AR + 5]

< e —w, F'(w) (1- 5

20'\11
B M) L MIAF(w") + B]

< e (w” —wy, F'(wy) — F’(w*)>(1 20y

20\1/

where in the last step we have used (w* —w;, —F’"(w*)) > 0 due to the first-order condition in the definition
of w*. If we impose an assumption similar to (2.2) as (w* — w, F'(w*) — F'(w)) > Q(Dyg(w*,w)) for all
w € W and use n; < oy /A, then we derive

E.,[Dy (", wi1)] < Do (w*,we) = 22 (Do (w”,wy)) + b,
where b/ = %. The above inequality takes the same form as (4.11), from which we can derive exactly

the same sufficient condition for the convergence and upper bounds on convergence rates. Our analysis may
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not be used to get necessary conditions or lower bounds for either projected OMD or non-differentiable
objective functions. Indeed, the derivation of (4.2) is based on an identity on the one-step progress which
may not hold for the projected algorithm, and the L pg-strong smoothness of F' which does not hold for
non-differentiable loss functions.

5. Convergence in the case of zero variance and almost sure convergence

In this section we prove Theorem 3 for the convergence in the case of zero variance and Theorem 4 for
the almost sure convergence.

Proof of Theorem 3. Necessity. For any w,w € W, we know

Dp(w,w) = F(w) — F(0) — (w — w, VF(0))

_LElw—alP] _ Liw - @
— 2 2 )

where the inequality follows from the L-strong smoothness of f(-,z) for almost every z € Z. Hence F is
L-strongly smooth w.r.t. || - ||. Notice that we do not require the increment condition (2.1) nor the variance
condition in the derivation of (4.2). Indeed, we only use the Lp-strong smoothness of F' and og-strong
convexity of ¥ there. Therefore, (4.2) holds, from which we derive

Ezz [Dy(w*, wiy1)] > (1 - 2L0'x£177t)EZ1’...,Zt71[D‘P(W*>wt>]~ (5.1)

We now need the assumption 0 < n; < ﬁ with k > 0 on the step size sequence. Denote the constant

L
24K

a = %% log 2t and apply the elementary inequality (see e.g., [20])

2
1—z>exp(—dz), VO0<z< .
x > exp(—ax) x_2+n

We know from (5.1) that

E. .. 2 [Dv(w", wer1)] > exp ( - 2&L0\;177t)E217__ [Dy (w*, wy)].

HZt—1
Applying this inequality iteratively for ¢ = 1,...,T then gives

T

E.....op Dy (W wryr)] > H exp ( — 2&L0'\17177t)D\p(w*,U)1>
t=1

T
= exp {—2&[/0‘;1 Z”t} D\p<w*,w1).

t=1

From the assumption w* # w1, we have Dy (w*, w1) > 0. The convergence lim; oo E,, . ., ,[Dw(w*,w;)] =
0 then implies >",°, n = c0.

Sufficiency. Here we use the estimate (4.12) derived in the proof of Proposition 13. But in our case of
zero variance, b = ﬁEZ[HVw[f(w*, Z)]|I2] = 0. So (4.12) takes the form (note that we can choose t; = 1
in deriving (4.9))

A <Ay — %Q (A4y), Vvt € N. (5.2)
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This implies that for any 0 < v < 1, there must exist some integer ¢, € N such that AgW < 7, since otherwise
A; > v for every t € N, which by (4.13) and (5.2) leads to a contradiction:

UAIG) 0z 20) § 1
At-&-lSAt_TAtSAt_?Q(V)SA{ _ ZT]k-)-OO (abt—>oo).

" 2
k=i,
But (5.2) also tells us that the sequence {A;}ien of nonnegative numbers is decreasing. Hence Az < v for
every t > £.. This proves the limit

tlizglo Ezl,...,zt,l [D\I/(w*th)} = tli)Iglo At = 0.

We now turn to prove (2.7) under the special choice of the constant step size sequence 1, = 7. It follows
from (5.1) that Ary > (1 — 2Log n)T Ay, Furthermore, assumption (2.5) means that (2.2) holds with
Q(u) = opu. So (5.2) translates to

A1 <(1- 2_17710F)At7

from which we find A7,1 < (1 —27'n0r)T A} by iteration. This verifies (2.7) and completes the proof of
Theorem 3. 0O

The proof of Theorem 4 for the almost sure convergence is based on the following Doob’s forward
convergence theorem (see, e.g., [10] on page 195).

Lemma 14. Let {Xt}teN be sequences of nonnegative random variables and let {Fi}ieny be a sequence of
random variable sets with Fy C Fyy1 for every t € N. Suppose that ]E[Xt+1|}'t] < X, almost surely for every
t € N. Then the sequence {Xt} converges to a nonnegative random variable X almost surely.

Proof of Theorem 4. We follow the proof of Proposition 13 and apply (4.9). Since (w* — w;, VF(w*) —
VFE(wg)) >0, (4.9) implies

2
E., [Dy(w*, ws1)] < Dy (w*, wy) + Z—;EZ[va[f(W*a 2)12], Vt > ;. (5.3)

The condition Y52, n? < 0o enables us to define a stochastic process {X;} by
1 oo

Xi = Dy (w, w;) + EEZ[HVw[f(w*Z)]HE] > i
=t

By (5.3), we know that E,, [XtJr]] < X, for t > t;. Also, X; > 0. So the stochastic process {Xt}tZtl is a
supermartingale. Then by the supermartingale convergence theorem, Lemma 14, we know that the sequence
{Xt}tZtl converges to a non-negative random variable X almost surely. According to Fatou’s Lemma and
the limit lim; o, E[Dg(w*, w;)] = 0 proved by Proposition 13, we get

E[X] =E[ lim Dy(w*,w;)] < lim inf E[Dy (w", w;)] = 0.

t—o0

But X is a non-negative random variable, so we have X = 0 almost surely. It follows that { Dy (w*,w;) }ren
converges to 0 almost surely. The proof of Theorem 4 is complete. O
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6. Proving explicit results

In this section we prove the propositions stated in subsection 2.2 on some properties of special mirror
maps, and Theorems 1 and 8 on necessary and sufficient conditions for the convergence, as well as tight
convergence rates.

Proof of Proposition 5. If ¥ is Lg-strongly smooth, then the condition in Lemma 12 is satisfied with g =
VU, L =Ly and a = 1. So by Lemma 12, there holds

IV (w) — VI(@)||? < Ly(w — @, VI (w) — VE(D)),  Yw,d e W.
By the Schwarz inequality (w — w, VU (w) — VU (0)) < [[w — @||||[ VT (w) — VT (D)]|«, this implies
[V (w) = V¥ (D)[l« < Lyllw -], Vw,@ecW. (6.1)

So the function V¥ is Lipschitz, and hence is continuous everywhere.
Setting @ = 0 in (6.1) also yields

V¥ ()]« < [VEO)l« + Lo [w]] < ([VEO)[l+ + L) (L + [[w]]),  VweW.

This establishes the incremental conditional (2.1) at infinity with Cy = ||[V¥(0)||« + L.
If F is op-strongly convex, by the identity (2.3), we have

(w — 1, VF(w) — VF(@) = Dp(w,®) + Dp(,w) > opllw— @)%  Vw,@cW.

But Dy (@, w) < £2||w — @||?. So we have

2
(w— b, VF(w) — VE(W) > op|lw — o2 > %D@(w,w), Vw,m € W.
o

Hence (2.2) is satisfied for a linear convex function Q(u) = QL“—\Ifu This proves Proposition 5. O

For proving Proposition 6, we need the following inequalities which follow easily from the elementary
inequalities

@ =07 <Ja—0, (a+b)’ <a”+b7 <2'"F(a+b)’,  Va,b>0,5€(0,1].
Lemma 15. Let 0 < § < 1. Then we have

|sgn(a)lal” — sgn(b)b°| < 2'Pla =", Va,beR, (6.2)
. ~ B - -
H@ly = llwlip] < 1ol = llwl,|” < 1o —wlly,  Yw,@eW, (6.3)

where we denote the sign of a € R by sgn(a) =1 ifa >0, —1 if a <0, and 0 if a = 0.

Proof of Proposition 6. Let p* = % > 2 be the dual number of p satisfying % + p% = 1. Then the dual
norm || - ||« is exactly the p*-norm || - ||,-, and the gradient of ¥, at w € W equals

VO, (w) = ]2 i, (6.4)

where w € W* is the vector depending on w given by
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d

@ = (sgn(w(i))[w(G)P) -

It follows that V¥, is continuous everywhere, and by calculating the norm Huﬁ

- directly that

2-pt+&

IVEp ()]s = wl;™ = [lwll» = [lwll,-

w

p*

This proves the identity (2.8) and the incremental condition (2.1) with Cy, = 1.
To bound the Bregman distance Dy, (@, w), we apply the identity (2.3) and find that for any w, @ € W,

Dy, (0, w) < Dy, (0, w) + Dy, (w,®) < || — w|,||VE¥,(0) — VI, (w) e (6.5)
We use the expression (6.4) and write V¥, (0) — V¥,(w) as
VU,(@0) = V¥, (w) = [[@|];Pw — [lwl37Pd = [[of 57 (0 — @) + (|37 — [w];77) @
Applying (6.2) to the j-th components of @ — 1w and 8 =p — 1 € (0, 1), we have
[sen(@ ()@ ()P~ = sen(w(Gi)w(G)P7 < 227P [0 () —w(HIF T j=1d
So for the first term, we have
d 1/p*
2 A (2-D) 155 P (p—1)
b =] . <827 P i) — w(f)|
j=1
P
_ ~ P* — ~ —1
=227 || — wl||f” = 22 p||w—w||§ . (6.6)
For the second term, we apply (6.3) with § =2 — p and find
2 Zp\ A - A _ _ -1
(@157 = llwlz™?) @] . < llo = wlZ™ ], = 1o - wlz™ lwlp™

Applying (6.3) with 8 =p — 1 yields
-1 _p—1 . -1
Jwlly ™ < @l + 1o —wl; -
Hence

[ (I2ll57 = llwll5™) @

~np—1 ~ 2— ~
pr S MBI 10 = w7 + @ = wl],.

Combining this with (6.6) gives

|V, (D) — VI, (w)]

S N2=D ||~ -1 =1 || _ .
e < @llalp) P 1o —wllp ™ + @l @ — w7 + (| — wllp.
Putting this bound into (6.5), we obtain

~ ~ 2— ~ ~np—1 ~ — ~
Dy, (0, w) < (2[@llp)"" 10 — wlly + @[}~ & — w][;™ + [l — w3

Since 1 < 3 — p < 2, we have
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~ 2— ~p—1 ~ ~
oo [ (@91l ) o - wlf, when || — wll, > 1,

v, w,w) =~ _ _ min — -
(@lllp)* " + llls ™ +1) @ = wl™®7, when |l — w, < 1.

Then our desired estimate (2.9) for Dy, (w0, w) follows.

-1
Let @ € W and denote the constant Cjz, , = ((2”pr)pr + H@Hzfl + 1) . We know from (2.9)

1@ — wll? + & — w|[y™ P27 > gy, D, (@, w). (6.7)

When Dy, (@, w) > 1, we have Q, (Dy, (0, w)) = Dy, (0, w) + % —1 < Dy, (0, w) and see from (6.7)
that either

N § _ N min{p.3— Cllal,, .
@ — w2 >1= & —w|? > (Ilw — w2 + ||@ — w|PniP3 ”}) > Tpﬂp (Dy, (0, w))

DN | =

or [l — wl|? < 1 which implies

. Cia Cia
Hﬂ) N ngmn{PﬁfP} > HUéHpvP D\Ilp ("LD, w) > Il 2”1);11

by our assumption Dy, (@, w) > 1, and thereby

46 = wlf2 = & = wl P3P — w]3-mintr-r)

2—min{p,3—p}

C - C . min{p,3—p}
2{ ||w2||p,pD%(@’w)}( |ué|p,p>

Hence

Ciw Clafl,p\ " .
IIw—wllizmin{ |2||p,p7( |2|pp> }Qp(pr(w,w)).

When Dy, (@, w) < 1, we have Q, (Dy, (¥, w)) = % (Dy, (u?,w))Tp. Again, from (6.7), we have either

. . min{p,3-p} < Clly. -
R e i 5 £ Dy, (0, w)
. > Cliol,p ™ i
= ||w—pr > 7, 5 Q, (Dq,p(w,w))
or [l — wl|? > 1 which implies
Cia TCllw
||'IZJ o w”z Z Hgl‘Pvp D\Ilp (’LZ},U.)) 2 p ||27U||p710 Qp (Dq;p('l[)ﬂl)))

by our assumption Dy, (@, w) < 1. Therefore,

N . Chal,, Clall,p\ ™" N
||w—w||§2m1n{7-p 5 P7Tp( . p) }Qp (D\I,p(w,w)).

Combining the above two cases and noting 7, > 1, we see (2.10) holds.
The last statement follows immediately from the identity (2.3), the definition of o p-strong convexity, and
(2.10). The proof is complete. O
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Proof of Theorem 1. Denote sup,cy |||« = R > 0. The Hessian matrix of f(-,2z) = 3 ((-,z) — y)? for every
zis V2 [f(w, z)] = zx T, from which we know that f(-, z) and F are R2-strongly smooth. Moreover, we have

VF(w)=Ez[XXTw— XY] =Cxw —Ez[XY].

So we know from the positive definiteness of the covariance matrix Cx that the only minimizer w* is
w* = w,. For any w, @ € W, there holds

Die(, @) = 5B [({w, X) — (@, X) + (0, X) - )]
_ %Ez [((@, X) = Y)?] = (w — @, VF(@))
— %EZ[«U} @, X))°] + Ez[(w — @, (@, X)X — XY)]
— (w — @, VF (D))
- %(w — @) TCx (w — ) > A”Z”'” lw — |3,

where A, > 0 is the smallest eigenvalue of the positive definite covariance matrix Cx. But the norms || - |2
and ||-|| on R are equivalent. So there exist two positive numbers b; < by such that by ||wl|? < [|w||3 < ba||w]|?
for w € R%. It follows that

DF(U), ’LI)) > Tl

|lw — |2, Yw,w € W.

This verifies the \A,,;,b1-strong convexity of F'. So by Propositions 5 and 6, the conditions of Theorems 2,
3 and 4 are satisfied. Moreover,

Ez [[Vu([f(w, 2)l«] = Ez [[(Y = {w, X)) X||.] = Ez [[Y" — (w, X)| || X]].

So the assumption inf,ew Ez [||Vy[f(w, Z2)]|ls] > 0 in Theorem 2 is the same as the assumption
infyew Ez [|Y — (w, X)| || X||«] > 0in Theorem 1, and from Theorem 2 we know that if we replace |jw,—w;||*

2’\7}41#1’1 in the case

by Dy (w,,w;), our statement (a) holds true and the constant o can be taken as o =
of an Ly-strongly smooth mirror map ¥. To get the statement for the norm square ||w, — w;||?, we notice
first from the strong convexity of ¥ that & |lw, — w¢|* < Dy (w,, wy).

When ¥ is strongly smooth satisfying Dy (w,,w;) < LT‘I’pr — wy||?, we know that our statement (a)

holds true. When ¥ = V¥, for some 1 < p < 2, we use (2.10) with @ = w, and Jensen’s inequality to get
from the convexity of €2

E.pzen [pr - wt||2] > B;Qp (Em,m’zhl[D\pr (wpth)]) )

where B, is a constant depending on p, ||w,||, and a constant ¢, such that c,||wl|, < ||w]| holds for every w €
W. Combining this relation with the explicit formula (2.11) for Q,, we know that lim; oo E., . ., ,[||lw, —
wy|?] = 0 implies limy_,o0 Bz, ... 2, _, [Dw, (wy, wy)] = 0. Hence our statement (a) also holds true for ¥ = ¥,

Note that the assumption Ez [||V[f(w*, Z)]||«] = 0 in our statement (b) of Theorem 3 is the same as the
assumption Ez [|Y — (w,, X)| || X||«] = 0 in Theorem 1. So our statement (b) can be proved from Theorem 3
by the same argument for dealing with the norm square |Jw, — w¢||? from Dy (w,,w;) as we did for our
statement (a).

Our statement (c) follows from Theorem 4 and the strong convexity of W. The proof of Theorem 1 is
complete. O
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Proof of Theorem 8. Recall that for the regularizer r given by r(w) = A||w||%, there holds D, (w,w) =
A|@ — w]||3 for @, w € W. So we know that F is 2\-strongly convex for every z € Z.
For the Bregman distance induced by the loss function

qu((‘,w),y)(mvw) = ¢(<1Da :L'>7y) - ¢(<wvx>a y) - <ij) - w, qS’((w,x),y)x),
we apply the mean value theorem to find
o((w,2),y) — d((w, z),y) = ¢'(&y) (W, ) — (w, z)) = (@ —w, ¢ (§ y)z),
where ¢ is a number between (w0, z) and (w,z). We can write
€= (1= 0)(@,) + 0w, ) = (1 — O)d + 0w, z)
for some 6 € (0,1). It follows that
D¢(<71>7y)(ﬁ)7w) = <’LD - w, (¢I(<(1 - 6)@ + 9w7x>,y) - ¢l(<w7x>7y)) l‘>
and
Doy (a9 (W05 w0) < [0 = wl[[z]l« [¢" (L = 0)d + Ow, x),y) — ¢'({w,z),y)|.
Then we apply the Lipschitz condition (2.12) and obtain
D2y ) (0, w) < [[@ = wlll|z]| <€ (1 = O)@ + 0w, x) — (w, )| < [|@ — w|*|l2] L.
If we denote sup,¢cy ||z]/« = R > 0, then we have
D¢(<.$z>’y) (UN}, w) < Z¢R2||u~1 — sz, Yao,w € W.
Therefore, f(-,z) is 2(£y,R*+ \)-strongly smooth for every z € Z, and the statements on the strong smooth-

ness of F' follows. Our desired statement on the convergence follows from Theorems 2, 3 and 4, as we have
done in the proof of Theorem 1. The proof of Theorem 8 is complete. O

7. Simulations

In this section, we present some numerical simulations to validate our theoretical results. We use the
AIR toolbox [15] to create a CT-measurement matrix A € R"*% and an N x N sparse image represented

by a vector wf € R? with d = N2. Our objective is to recover the image w' based on a sequence of
T

. . . A,

noisy measurements {(z, y¢) hten. In our experiment, we consider the measurement vector z; = m and
it

yr = (w', 2;) + s¢, where A;, is the 4;-th row of A with the index i; randomly drawn from the uniform
distribution over {1,...,n} and s; is a Gaussian random variable with mean 0 and standard deviation
ol{w', z4)|. We set N = 128 and n = 92160.

We apply the following online version of a modified linearized Bregman iteration [7] to recover the image
w' from noisy measurements {(z¢, y:) }ren
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Fig. 2. Relative error of algorithm (7.1) with different step sizes. Panel (a) shows the relative error in the case with positive variances
for the polynomially decaying step sizes with 6 = 0 (blue line), 6 = % (red line) and 6 = 1 (black line). Panel (b) shows the relative
error in the case with zero variance for the polynomially decaying step sizes with § = 0 (blue line), 6 = 2 (red line) and 6 = 1
(black line).

{vtﬂ = vy — e ((we, T0) — ye) s, (7.1)

W41 = T)\,E(Ut+1)7

where Ty . : R? — R is defined component-wisely in terms of the function T . : R — R given by

ve , f < >\+ ,
TA,E(v):{ +e iflof<A+e

sgn(v)(Jv] = A), otherwise.

Here we set w; = v; = 0 € R?. This is a specific instantiation of the OMD with f(w,z) = 3 ((w,z) — y)2
and U = W(©N defined [21] in Section 1. We choose A = 1 and, as suggested in [7], ¢ = 10~® here. We
consider several step size sequences of the form 7, = (1 + tomin (CX))_G with 8 > 0, where opmin(Cx) is the
smallest positive eigenvalue of the covariance matrix Cx. We repeat the experiments 8 times and report the
average of experimental results in this section.

We first consider the noisy case with o > 0, which, as suggested in Remark 2, corresponds to the case
with positive variances. We plot in panel (a) of Fig. 2, the relative error err,(w;) := 100{|w; — w||2/[|w|2
versus the number of iterations for polynomially decaying step sizes with exponents 6 € {0, %, 1}. The blue
line is a plot for & = 0, which verifies the divergence of the algorithm since the step sizes do not satisfy
the necessary condition lim; . 7 = 0 for the convergence of (7.1). The red and black lines are the plots
for 6 = % and 6§ = 1, respectively. It is clear that both of these step size sequences satisfy the sufficient
condition (1.5) for the convergence of the algorithm, which explains the convergence of (7.1) in the setting
with positive variances. It can also be seen that a faster convergence rate is achieved by setting § = 1 as
compared to § = 1/2, which verifies Theorem 2 on tight convergence rates with 6 = 1.

We now consider the noiseless case with ¢ = 0, which, as clarified in Remark 2, corresponds to the
case with zero variance. In panel (b) of Fig. 2, we report the relative error as a function of the number of
iterations for the step size sequences with § = 0 (blue line), § = 2 (red line) and § = 1 (black line). The
step size sequence with # = 2 does not satisfy the necessary condition Y ,° n: = oo for the convergence,
which is well consistent with the divergence behavior of the algorithm as shown in panel (b). Both the step
size sequences with § = 1 and 6 = 0 satisfy the sufficient condition },°, 7, = oo, implying the convergence
behavior of the algorithm (7.1). It is also clear that (7.1) with § = 0 achieves a faster convergence rate than
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that with # = 1, which is also consistent with the linear convergence rate established in (2.7) corresponding
to 0 = 0.
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Appendix A

This appendix provides the proofs of the co-coercivity of gradients stated in Lemma 12 and Proposition 7
together with a remark on variances involving stochastic gradients.

To prove Lemma 12, we need the following lemma on the Fenchel-conjugate of some norm power functions
which is of independent interest.

Lemma 16. Let k > 1. The Fenchel-conjugate of f = L| - || is given by f*(v) = “=L|v|[i".

Proof. According to Young’s inequality ab < % —af + = 1 , we have for v € W*,

1 1
*(v) = sup |{w,v) — —||w||*| < sup |[||lw]|||v||s — =]||w]||"
fr () [(w, v) = —[Jw]”] wEW[H el = —llwll”]

weWw

s 1
< sup [ [wl" T )]
wew K
k—1 X3
= T Iloll
K

Since W = W** for v € W*, there exists some w € W = W** such that (w,v) = ||v||« and |Jw|| = 1. Taking

1
the vector ||v]|+~ ' w in the definition of f* gives

K

e -1,
@) = (ol w v>——||w|| [l = ol 7 o] ——Ilvll“ b=l

Combining the above two inequalities yields the stated result. O

Proof of Lemma 12. We use some ideas from [34]. Fix a w € W. Define h : W — R by h(w) = g(w) —
(w,Vg(w)). Tt is clear that h satisfies the condition

L
ﬂ||uv — ||, Vo, e W.

Dy (w0, 0) = Dy (i, ®) <
Since h is convex and Vh(w) = 0, we know that h attains its minimum at w. So for @w € W, we have

A(w) = min h(@) < min [h(@) + (@ — @, V(D)) + L - |||

weEW wEW 1+«
1
— B = 1 SV = ool
= h(@) — L max [(@ — @, L7 Vh(@)) = — & — ]!
1
— h(®) — S LYTh(d)) — (et
= h() — Lmas (@, L7 Vh(@)) = 1 w]"*].
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According to the definition of Fenchel-conjugate and Lemma 16 with kK = o + 1, we know

— —1 AN 1 —la+1| __ 1 et * —1 ~
mae | (@, L7 VA(@)) = 7ol = (o I 1) (L7 Vh(@)
1ta
= 1ja||plw(w)|;*a .

Combining the above discussions yields

1
L o«

1+a
o [VR(@)|, =,  vaew.

h(w) < h(@) —

The above inequality can be equivalently written as

1
L7 5« lto

5o IVe@) = Vg(w)l.= .

g(w) > g(w) + (0 — w, Vg(w)) +

Switching w and @ also shows

1
L & 14+

g(w) = g() + (w = @, V() + = [ Vg(w) - Vg(@)].*"

Summing up the above two inequalities gives the stated inequality (4.5) and completes the proof. O
Now we turn to the proof of Proposition 7.

Proof of Proposition 7. Recall the dual number p* = z% > 2 of p given in the proof of Proposition 6
satisfying 1—1) + 1% = 1. Take the norm || - || = || - ||,-
Suppose to the contrary that ¥, is L-strongly smooth for some L > 0. Then we know from the inequality

(6.1) derived in the proof of Proposition 5 that
IV, (w) = VO (@), < Liw -],  Vo,@eW. (A1)

Let a > 1 and define two vectors w,w € RY as

(a+1lya—1,...;a+1,a—1), if d is even,
(a+1l,a—1,...;,a4+1,a—1,a), ifdisodd,

and

m{(a—l,a—i—l,...,a—l,a—f—l), if d is even,

(a—lya+1,...,a—1,a+1,a), ifdisodd.

By the elementary inequality (a + 1)P 4+ (@ — 1)? > 2aP, we find

> 1 . .
ol = ||, = [S(a+1)7 + §(a—1)P]" > dva, if d is even,
r p 1
(42 (a+1)P + SL(a— 1)P +aP]? > dra, ifdis odd.

Combining this with the expression of VU, given in (6.4) yields
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IV, (w) = V(@) = [w] 27| (lw()P~* = ()P,

> [Jwl2P[(a+ )Pt — (a — 1)P71)(d — 1)7

> (d—1)ra>P[(a+ 1P = (a— 1)P 1.
But

w — ] = 244/, if d is even,
) 2(d - 1)YP < 2dY/P) if d is odd.

It follows that

[V, () — V()] > 5 (‘%1) "+ 1P = (a— 1P fw — ).

Since d > 2, we have % > % Therefore we apply the inequality (A.1) to obtain

1
Lljw =l = 7a* P+ 1)’ = (a = )P w -]

This is a contradiction to the limit lim, o0 a® P[(a+1)P~! — (a—1)P~!] = co. So ¥,, is not strongly smooth.
The proof of Proposition 7 is complete. 0O

At the end, we give the following remark on the conditions on the variances.
Proposition 17. If F' is Fréchet differentiable, then the following two statements hold.

(a) If there exists a w* € W with Ez[||V[f(w*, Z)]||+] = 0, then we have Ez[|| V[ f(w*, Z)]—VF(w*)|?] =
0.

(b) Ifinfuew Ez[|| Vo f(w, Z)]||+] > 0, then we have Ez|[||V [ f(w*, Z2)]—=VEF(w*)||2] > 0 for any minimizer
w* of F.

Proof. For the statement (a), the condition Ez[|V[f(w*, Z)]||+] = 0 amounts to saying that V,,[f(w*, Z)]
= 0 holds almost surely, from which it follows that VF(w*) = 0 and therefore Ez[||Vy[f(w*, Z)] —
VE(w")[2] = 0.
The statement (b) follows from the optimality condition VF(w*) = 0 and the Schwarz inequality
* * 1/2
Ez(Vulf(w*, 2)]Il.] < {Ez[|Vulf(w*, 2)I21} 7. O
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