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1. Introduction

Distributed learning algorithms are commonly used in engineering and scientific communities for their
capabilities to handle massive data. A divide-and-conquer strategy is a widely used approach in various
distributed learning paradigms due to its simplicity and scalability. The basic procedure of the strategy
begins with randomly partitioning the whole data set into disjoint subsets of equal size, produces a series of
estimators by a base learning algorithm with each subset, and then averages the individual solutions together
to get a global output. Its applications and theoretical analysis were investigated in a broad range of learning
problems, such as classification [8], matrix factorization [13], perceptron [14] and conditional maximum
entropy models [15]. Recently, the divide-and-conquer approach applied to kernel-based algorithms has
been developed in many machine learning tasks [7,9-12,17,31]. The asymptotic behaviors of the averaged
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estimators were considered and some consistency results were derived. It was shown that the averaged
estimators can retain mini-max optimal rates over the base algorithm working with the whole data set.

Gaussians are the most important and commonly used kernels in the design of kernel-based algorithms.
The variances of Gaussians characterize the frequency range of the key function features and appropriate
values of variances are essential to the learning power of the algorithms. However, distributed learning
for regression with Gaussian kernels has not been fully considered in the existing literature. It remains
a lack of theoretical understanding on the role of Gaussian variances in guaranteeing the effectiveness of
distributed learning. Note that the RKHS induced by a single Gaussian kernel has a low capacity and
allowing Gaussians with flexible variances improves learning abilities in terms of regularization error and
approximation error. In the case of flexible Gaussian kernels, the variance of Gaussian is not a given constant
and can be chosen to depend on the sample size, associated with smoothness conditions on target functions,
the intrinsic dimension or some other priori information on the learning problems. That is one advantage
of flexible Gaussians used in learning algorithms, see [27-29,22] and the references therein. In this paper,
based on the divide-and-conquer strategy, we study the distributed regularized least squares with flexible
Gaussian kernels. In our work, the variance of a Gaussian is not fixed and changes according to the sample
size. It is therefore of great interest to investigate how to employ suitable variances for keeping the effective
learning performance of distributed learning when the data size grows rapidly.

Let X denote an input space which is assumed to be a compact subset of R%, an output space Y C R be
a set of real numbers, p be an underlying Borel probability measure on Z := X x ). The Gaussian kernel
with standard deviation ¢ > 0 is the function on X x X given by

2
Ko (x,u) :=exp {W} .

g

With K, the reproducing kernel Hilbert space H, is induced by the completion of the linear span of the
set of functions {K,(x,-) : € X'} with the inner product (-, ). It has the reproducing property, that is,
for any f € H,,

<f7 Ka(xv ')>7‘LU = f(x)a redX. (1)

Given a data set D = {(z;,9;)}Y, C Z, the regularized least squares with the Gaussian RKHS H,, can be
stated as

fp = g =g min d = 37 (@)~ u)P + MRt 2)

Fers |D| (z,y)€D

Here A > 0 is a regularization parameter and |D| := N denotes the cardinality of D. When the data set D
has a very large size N, we can apply the divide-and-conquer strategy to this scheme. Suppose that the whole
data set D consists of m disjoint subsets {D;}; of equal size, that is, D = J;", Dy, |D1| =+ ,= |Dp| :==n
and N = mn. Distributed learning with the reqularized least squares and Gaussian kernels considered in this
paper takes the form of a weighted average of the local estimators {fp, }; as

Do, 1<
Z |D| fDl - E;wa (3)

where {fp, }; are produced by algorithm (2) with individual data subsets {D;},.
When the distributed regularized least squares algorithm is applied with a fixed RKHS, it was shown
in [31] that as long as the individual data size |D|; is not too small, mini-max optimal learning rates
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can be obtained by a matrix analysis approach. In this approach, error bounds were established under
some boundedness conditions on the normalized eigenfunctions of the integral operator associated with the
kernel. Up to now, it is yet unknown when general kernels satisfy the boundedness condition in [31] for the
eigenfunctions. Such conditions were successfully removed in the paper [11] with a novel integral operator
approach and the optimal rate is achieved by means of effective dimensions of RKHSs and the regularity of
target functions. Similar results were established for spectral algorithms [7,17], gradient descent algorithms
[12], minimum error entropy principles [9] and the bias correct regularization kernel networks [7]. It should
be noted that, either the boundedness assumption for eigenfunctions or some regularity requirement for
target functions is necessary in earlier works, which is hardly satisfied when a fixed Gaussian kernel is used
(to be discussed in Section 2). In addition, the obtained learning rate is constrained by the approximation
error (or regularization error) of the RKHS. It has been pointed out in [29,18] that the fixed Gaussian
RKHS H, has a poor approximation ability for target functions in Sobolev spaces. All these lead to the
observation that analysis and results with these spaces are infeasible in many scenarios.

The purpose of this paper is to study the learning performance of (3) with flexible Gaussian RKHSs by
estimating the L2-error bounds in terms of the total data size N. Under some mild smoothness condition
on the target function and weak eigenfunction assumption, the concrete rates can be almost optimal in
the mini-max sense if the variance of K, is referred to as a tuning parameter in the learning process.
Furthermore, by a semi-supervised approach, we improve the upper bound for data partition size m and
the range of the smoothness parameter for the target function, which ensures the mini-max optimal rates
in distributed learning.

The remainder of the paper is organized as follows. In Section 2, we first introduce some necessary
notations and assumptions. We then state error bounds for distributed algorithm (3) in supervised learning
and semi-supervised learning, respectively. Some discussions and comparisons with related work are also
provided. Section 3 presents a bias-variance based decomposition for the learning error and some key lemmas
that will be useful in the proof of our main results. The proofs of main results and necessary estimations
are given in Sections 4 and 5. Some basic lemmas and proofs are postponed to the appendix.

2. Main results

We begin with some necessary notations and assumptions used in this paper. Our work is carried out in
the setting of nonparametric regression. The probability measure p on Z = X x Y can be decomposed into
the marginal distribution px on X and the conditional distributions p(-|z) for € X. Denote || - ||, as the

1
L?-norm in the L7 space, which is defined by || f]|, := Ifllzz, = (J3 If(@)Pdpa)®.
In regression analysis, the target function is the conditional mean E(Y|X = z) with « € X, that is, the
regression function

fo(2) =/ydp(y|x), T € X.

y

Throughout the paper, the second moment condition is taken to describe the tail property of the output ),
i.e., for some constant B > 0,

Blyfle)i= [ oPdplyl) < B Vae . (4)
yey

1/2
It implies that f, is bounded by B since || f,|lco < (fy |y|2dp(y|x)) < B. The quality of the global esti-

mator fp for regression is measured by the mean squared error || fp — prz. In the following subsections, we
state our main results in terms of the error bounds in supervised and semi-supervised learning, respectively.
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2.1. Optimal rates for supervised learning

Recall that the Sobolev space H%(R?) with index a > 0 consists of all functions in L?(R?) such that the

1
norm || f| gre(ray = {ﬁ Jra (14 |w|2)a |f(w)|2dw} * is finite where f is the Fourier transform of f. This
paper aims at error analysis of the distributed algorithm (3) under the Sobolev smoothness condition on
fp. Let us state our first main result, whose proof will be provided in Section 4.

Theorem 1. Assume that px has a density function with respect to the Lebesque measure on X and the
corresponding density is bounded away from 0 and oco. Suppose that the regression function f, equals the
restriction onto X of some function in H*(RY) for some a > d. If ¢ > 0 (which can be arbitrarily small),
o=N"%7, A= N1 and m < N3a7a ¢ then

E[|Ifp - f,2] < CN~=z%ate, .

To avoid superfluous notation, here and in the following, C' denotes a constant independent of N or m
which may be different at each occurrence.

It is known in [6] (Section 3.5) that when the distribution px is the normalized uniform measure on

a domain X, the i-th entropy number (cf. Definition 1) of the embedding id : H*(X) — L%X decays as

0] (i_%). Recall that, when a > %, the Sobolev space H*(X) is continuously embedded into the space

L>°(X) of all bounded measurable functions on X'. Collecting these facts, we apply Lemma 4 in Appendix
2 2a

with © = HY(X),n = £ and 6y = N 2 = N~ 2= and get that when f, € H*(X), the probability

inequalities

2a
~ Co, if § < N 2a+d,
P{D:|fp—foll; > 6} > _ e
crexp{—c2dN}, if §> N~ 2a+a

hold with some positive constants cg, ¢1, ¢ for any estimator fp based on the data set D = {(azl,yl)}il
Together with E[f] = f(fo P{f > §}dd for non-negative functions f, it yields

N~ 2a+d 00

inf sup E [HfD — fp”i] > ¢ / dé + 1 / exp{—ca0N}d§ > coN~ zata
fo f,eHo(X) ) .
Nzt

where the infimum ranges over all estimators fp based on D. This lower bound implies that our result (5)
is nearly minimax-optimal.

Remark 1. A consequence of Theorem 1 is that the error bound for the classical (non-distributed)
least squares regularization scheme (2) with flexible Gaussians can achieve learning rates of order
E[lfp - fp||2p] =0 (N_%%) when « > d. It greatly improves the learning rates for Gaussian schemes
derived in the literature [28,29] which are not optimal. The same learning rates are achieved for all a > 1
in the work [5] by using an oracle probability inequality. But it requires an extra projection of fp onto
[—B, B] and that the output space ) is supported on the interval [—B, B] for some B > 0. We will show in
Subsection 2.3 that by a semi-supervised approach the range o > d in Theorem 1 can be extended to a > 0.

Theorem 1 suggests that the choice of o that guarantees the optimal rate is data-dependent and changes
with the data size N. Meanwhile, to keep the optimality, it establishes an upper bound for the number
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m of data partitions in algorithm (3). It demonstrates that with flexible Gaussian kernels the learning
performance of distributed learning with regularized least squares can be as good as that of one single
machine which could process the whole data.

Gaussians with flexible variances are often taken in data analysis with convolutions. It would be interesting
to study connections of our results to the recent work on deep learning with convolutional neural networks
[23,33,34]. Meanwhile, stochastic gradient descent algorithm or other gradient descent analogues are widely
used in training deep neural networks [24,30]. It is also worthwhile to see how to improve the performance
of these algorithms by aid of flexible Gaussians.

2.2. Learning rates with a general condition on eigenfunctions

As mentioned in the introduction, for kernel-based distributed learning algorithms, considerable works

. . . . . 4 2 2

were carried out by means of the eigensystems associated with the integral operator Ly, : Ly, — L7,
that is defined by

Lk, (f) = /f(m)Ka(m,~)dpx, VfelL?,.
X

Denote the set of positive eigenvalues of Lx_ as {\;}; arranged in a decreasing order, and a set of normalized
eigenfunctions {¢;}; of Lk, in L% ., corresponding to the eigenvalues {);};. In this paper, we shall present
error analysis for (3) in general situations by making use of special properties of eigenpairs {(\;, ¢;)}; of
Lk, . To this end, we first recall some basic properties on the eigenvalues {\;};.

Definition 1. Let F and F' be Banach spaces and L : E — F be a bounded linear operator. Then the i-th
entropy number e;(L),7 > 1, of L is defined by

211—1
e;(L) :=infqe>0:3wy, -+ 2901 € L(Bg) such that L(Bg)C | J(z;+eBr)y,
j=1

where Bg and Bp denote the closed unit balls of £ and F', respectively.

Recall that for p € (0,00) and a decreasing, non-negative sequence {a;};, the Lorentz (p,o0)-norm is
1
defined by [[{@;}|[p,co = sup;>; i7a;. The next lemma [19] shows that the eigenvalues {\;}; have the same
asymptotic behavior as the squared Li-entropy numbers in terms of the Lorentz (p, co)-norm.

Lemma 1. Let 1 = px be a probability distribution on X and H, be the Gaussian RKHS over X with
o € (0,1]. For each 0 < p < 1, there exists a constant ¢, > 0 only depending on p such that

cp |€f (id : Ho — Li)Hp’Oo < {AiHIp,oo < 4]|€7(id : Ho — Li)Hp,oo .

The lemma presents a simple way to characterize the decay rate of the eigenvalues {\;}; provided that
the entropy numbers decreases polynomially fast. We then turn to the decay of the Li—entropy numbers
that is usually used to measure the capacity of H,. The following lemma can be found in [20] as Theorem
7.34.

Lemma 2. Let n = px be a probability distribution on X and H, be the Gaussian RKHS over X with
o € (0,1]. Then, for any e >0 and 0 < p < 1, there exists a constant ¢, . > 0 such that
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_(A-p)(a+e)d _ 1
2p 2p

ei(id: Hoy — Li) < ¢pe0 1
foralli > 1.
Consequently, since 0 < 1 — p < 1, we can obtain that Hef(id T He — LiX)Hp’OO < 05750_% and
N<AR o TEiTE, Vi 1,0<p<l. (6)

Remark 2. The estimate (6) exhibits a quantitative relation between polynomial decays of {A;}; and the
value of 0. It is known that the decay of the eigenvalues is essentially a smoothness condition for the kernel.
As Gaussians are smooth kernels, their associated eigenvalues’ decay actually should obey a bound of the
exponential form, but the changing variance should be taken into consideration. This paper incorporates a
bound (6) for {\;}; involving o into the analysis. To our knowledge, there have been no results to reveal
explicit relations between the value of o and the exponential decay of {\;};.

Our second main result is based on an assumption regarding the boundedness of eigenfunctions {¢;};
using the fast decay of {\;},.

Assumption. There is a constant Cy such that the eigenfunctions {¢;}; of Ly, satisfy

sup/\f||¢i||2 < Cio™", for some 0 <s<1andv>0. (7)

Let us give some comments about the above assumption. The assumption that the eigenfunctions ¢; are
uniformly bounded appeared in the early literature on kernel methods, where it was even claimed that such
a strong assumption holds for general Mercer kernels. A counterexample with a C'* kernel was presented
in [32] which showed that smoothness of the Mercer kernel does not guarantee the uniform boundedness of
the eigenfunctions. Therefore, it is not appropriate to assume only the uniform boundedness. Recall that
the sequence {\;}; has an exponential decay for a fixed o but the decay becomes worse when o is smaller.
Assumption (7) exhibits that the increase of the L*°-norm bounds for the eigenfunctions can be very fast,
which is comparable to an exponential rate. It is thus considerably weaker than that of the uniformly
boundedness assumption. We also note that assumption (7) coincides with the one used in [16] for general
Mercer kernels. They remarked that the example given in [32] with a C*° kernel without uniformly bounded
eigenfunctions satisfies such a weaker boundedness condition. In addition, [21] derived the optimal rate for
the classical least squares algorithm (2) by an interpolation condition between H, and L°°, that is, for some
0 < s < 1, there holds

flloe < CllF I, 1£lz27 0 V€ Ho, (8)

where C' is a constant independent of f. Obviously, (7) is weaker than the above assumption. In this work,
the eigenpairs ()\;, ¢;) generated from Theorem 1 is a special case satisfying (7).

With these preliminaries, we can state our second main result, the general error bounds for the distributed
algorithm (3) involving the regularized generalization error, which measures the approximation ability of
RKHSs with flexible Gaussians.

Definition 2. With the kernel K, and the regularization parameter A > 0, the regularized generalization
error is defined as

D(o,A) = arg min {1 = Foll5 + ML = 15 = Folls + M, (9)
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where f{ is the minimizer of || f — f,||2 + A|| f[|3,, over H,.

Remark 3. Due to the low capacity of H,, it was shown in [29] that in general, the regularization error of a
fixed Gaussian RKHS only obeys a logarithmic decay as O ((log(l/)\))_e) for some 6 > 0 under the Sobolev
smoothness condition on f,. However, most results in the literature on distributed learning or other kernel
based methods required a nice approximation ability of the RKHS, such as a polynomial decay O ()\9) with
6 > 0. That is one reason why such results cannot be applied to the single Gaussian RKHS directly. It is
then shown in a series of papers [27-29,22] that with flexible Gaussian RKHSs, the approximation power of
the regularization scheme was greatly improved. It should be clear from this point that the learning schemes
generated by Gaussian kernels with flexible variances have advantages over those with fixed Gaussians.

Theorem 2. Assume that (4) and (7) hold. If
of N) and n > 0, then

m > CoN" for some constant Cy > 0 (independent

- mS (o, NN (o, A m282(o, A\ 1
B (170 - 1] < € [togny? (MR SN (L]
X {D(U, \) + m[S(a, )‘)D(‘;\}/\) + N (o, \)] } 7 (10)
where N (o, \) = i _ , S(o,A) = i 7”@”30 are the two kernel-related quantities, and C is a
T L+ AN T TN q )

constant mdependent of N, o orm.

The first quantity AN (o, \) is the effective dimension [2] of H,, which measures the complexity
of the RKHS with respect to px and is actually the trace of the operator Ly (Lk, + A)™1 as
Tr (Lk,(Lxk, + A)™t). The second quantity S(o, A) involves the tail behavior of {¢;} that is characterized
by their Lo.-norms. Under assumption (7), we show that even if ||¢;||o increases exponentially fast, the
series in S(o, A) is still convergent. As we see, o and A are tuning parameters for achieving good learning
rates in the learning process. To demonstrate the explicit learning rates of algorithm (3), a general case
with suitably chosen parameters and the range of m is covered as follows.

Theorem 3. Assume that (/) and (7) hold. Let the regression function f, equal the restriction onto X of
some function in H*(RY) for some a > 208 4ng dox ¢ [°(X). Take o = N~77d and A= N~L. If

2(1—s)
m < N? -5k 5]757 (11)
then
E (| b — f,]2] < ON~=a%ate (12)

where € is a fixed positive number which can be arbitrarily small and C is a constant independent of N or
m.

Remark 4. For the distributed regularized least squares associated with a general RKHS, [31] derived the
optimal rate when f, lies in the RKHS, but under the much stronger condition than (7), that {¢;} are
uniformly bounded. Meanwhile, when f, is outside the RKHS, they claimed that the error rate is controlled

by the approximation error in a ball with radius R > 1, that is, u Hi H f = follp- It has been shown in

[18] that, for target functions in Sobolev spaces which are not C*°, the error has a logarithmic convergence
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rate in the form of (log R)~Y. It implies that under the Sobolev smoothness condition on f, the learning
rate obtained in [31] is only in the logarithmic form of (log N)~°.

Another line of research on distributed kernel-based learning algorithms has been built on the effective
dimensions of RKHSs and the regularity of target functions [7,10,11,17]. The former is similar to previous
work on kernel methods [2,11,17] and can be characterized by the decay of eigenvalues {\;} of Lk, . The
latter, the regularity of f,, imposes a strong smoothness condition on f, for Gaussian RKHSs, that f, lies
in the range space L%U(LF% ) for some r > 0, requiring f, € C°. This prevents their results from being
applied in general situations.

It should be noted that, condition dlf—; € L*°(X) is not necessary to obtain (12) in Theorem 3. Instead of
it, if the regularization error D(o, A) decays as O (A%) with some suitably chosen A = A(0), error rate (12)
still holds apart from a slightly different leading constant. In particular, we know from the past work [27,28]
that for f, € H*(X), D(o,A) = O (¢ + Ao~ %) if ‘Z’TX € L>®(X). Taking the trade-off A = \(0) = o22+4,
we find (12) holds.

It turns out that the error rate of D(o, A) plays an important role in deriving the explicit error rate
for || fp — foll2. As shown in Theorem 2, sharper bounds on D(c,A) will lead to better learning error.
More precisely, the error estimate for D(c, A) dominates the choice of A = A(o) in our learning scheme. To
our knowledge, in existing works, the estimates of D(o, A) for f, € H*(X) satisfy the bounds of the form
(0] (Uh(‘*) + )\a_d) where h(«) is a function of the smoothness index «. Using these estimates, the best choice
in algorithm (3) should be A = ¢™®)*¢ that ensures a sharp bound O (A%) for D(o, A). The explicit
forms of h(a) can be achieved according to the behavior of the approximation error estimated from the
priori knowledge on the distribution p or other priori conditions on practical problems, such as condition
‘%" € L*°(X) mentioned above. For more estimates of D(c, A), one can refer to the papers [5,27-29].

In Theorem 3, the order of the learning rate (12) is obtained by requiring o > %. By tracing the
proof of Theorem 3 in Section 4, we find that if « is less than the lower bound, the corresponding error for
(3) is worse than (12) and far from the optimality even in the non-distributed case (m = 1). Besides, the
upper bound (11) of m to obtain the sharp error rate is restricted by assumption (7) for eigenfunctions. We
will address the issues in the next subsection.

2.8. Optimal rates for semi-supervised learning

As shown in Theorems 1 and 3, some restrictions on the range of m and the smoothness parameter « are
required in order to obtain almost optimal rates. In this subsection, we show how to relax the restrictions
by a semi-supervised approach [3,4].

Let unlabeled data D* = {z}| with |D*| = N* be drawn independently according to px. In the
divide-and-conquer strategy, D* are partitioned equally into m subsets, i.e.

N*

m
D* = D, with |Df| =n", n* = —.
m
=1

We construct a new data set D = |J;", D; with |D| := N by
Dy =Dy D; = {(&:,5:)}j=) with #u:=n+n*
where

(N ~) (»%,%?Jz% if 1§7’§n3 (xi)y’i)eDla
Ti,Yi) =
(x}_,,0), if n+1<i<n, zf , €D

1—n’
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Given the new set D, we get the averaged output f 5 from the base algorithm (2) as follows

m

Z Ip,- (13)

Now we can state our last main result on improved results in a semi-supervised learning framework.

Theorem 4. Define f5 by (13) with D. Assume that (4) and (7) hold. Suppose that the regression function
[y equals the restriction onto X of some function in H*(R?) for some o > 0 and dg—; € L>®(X). Let

N > Nzaratst28 yith ¢ > 0. Take 0 = N™ %2 and \ = N1, If

7

m < min { NN 06 p Nty g el (14)
then
= _ _2a
E[|Ifp = fl7] < CN7=Fats,
where C' is a constant independent of N or m.

Compared with Theorem 3, the upper bound (14) of m is enlarged as more unlabeled data are allowed
in distributed learning. Meanwhile, provided that the number of unlabeled data is large enough, that is
~ 2d+v 2a
N > N Zaka tsT28 with & > 0, the range of « that ensures the order O (N_ Zatd 4 f) can be extended

d(14s)+v
2(1—s)
demonstrated for Theorem 1.

from o > to @ > 0 for any m > 1 satisfying (14). In the next corollary, the improvements are

Corollary 1. Assume that the density function of px exists and is bounded away from 0 and co. Suppose
that the regression function f, equals the restriction onto X of some function in H(R?) for some a > 0.

Let N > Nzatat€ yith £E>0. Ifo = N_ﬁ, A=N"1andm < N%]\f%*g, then
E [Ifp — fo|2] < CN-=fate

where C' is a constant independent of N or m.

3. Error bounds for the bias-variance decomposition

Recall (9). Then a natural error decomposition can be derived as

E [Ilfp = foll2] < 2E [Ilfp = £S15] + 2055 = folls < 2E [Ifp — fLI7] +2D(0, A). (15)

Our key analysis is about the first term E []| fo— f§||2] since the approximation error D(o, \) has been
studied well in [5,28,29]. To present the analysis, we need a bias-variance decomposition as follows.

Proposition 1. If |Dy| = --- = |D,,| = n with N = mn, then
m 1 m
o112
E [|fo - ] Z (10, = IS + 5 D NE Loy = S50, (16)

=1 l 1

The proposition enables us to conduct our analysis by estimating the variance term E [|| fp, — f ||F2J and
bias term ||E [fp, — ff]”i, respectively. The rest of this subsection is devoted to bounding them achieved
by special features of Gaussians and the matrix analysis approach in [31].
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3.1. Some probabilistic estimates

To bound the variance and bias terms in (16), we need some probabilistic estimates which will be proved
in the appendix. To simplify the notations in the following, denote E*[] as the conditional expectation
E[-|z1, 22, ] and || - |2 as the £2-norm for a sequence in ¢2. To make it easy to follow our presentation, we
summarize some notations that are repeatedly used in the proof in Table 1 given in Appendix.
Proposition 2. Under Assumption (/), there holds

E*[Ifp.l3,] < B*/X (17)

and

E*[lf5,13,,] < B?/A, with B® :== B°N/N = B*u/n. (18)

Next, we state some estimates derived by the matrix analysis approach. Let u be a positive integer.

1
Denote ® = [¢;(x;)]]_,"_, € R"™" and Q = (I+/\ diag (% %)) € R¥X®,

Proposition 3. Let u € N. The following probability inequality holds for any t > 0,

{HQ ( oTH - 1) Q' > t} < 2uexp {_45(0—, VR t;)/i - A)t/g}, (19)

and the expectation for the second moment of ||Q_1 (%@Tq) — I) Q_1H s bounded as

[l o)

Proposition 4. Let u € N and a® = ((f, $i)p)i—y € R™. The following bounds hold

n n

} (log(w))2. (20)

2} Mg [S(a,)\)/\/(a, N 6482(20, A)

(1 1 ? .
o taiag (- Yat | < a5z (21)
1 u 2
1 —15x5T 2 2 o2
E||=Q @) | <2Tr(Li,)Bu (B*/A+[1f15,) /A (22)
2
withv = > (fp, = 1, 6;)e®i () €R", B, = Z Alléi11%, and Tr(L,) ZAJ, and
Jj=u+1 i=1 j=u+1
P ? 2
E EQ dle|| | <2[S(0,A\)D(0,\) +4B°N (0, \)] /n, (23)
2

where € = (f{(z;) — y,;)?zl c R™.
3.2. Bounding the variance term

Now we can estimate the variance term (16).
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Proposition 5. (variance bound) Define {fp,} by (2) and assume 0 < A < 1. Then we have

E [fp, — R3] < A+2xup1 (B2 A+ 15715.,) » (24)
where u is an integer, and

24 [8(o,\)D(0, A) + 4B?N (0, \)|

A= 1201, +
#8 (3L A+ wen { - s S ) IR @)

Proof. Denote F = fp, — f{. Then there exists a coefficient sequence e = {e;}; € % such that F can be
expanded as E =) 2, e;¢; with e; = (E, ¢;),.
To prove (24), we only need to estimate E[||e||3] by the fact that

1E12 = 1o — SSIZ = llel3 = 3 leaf.

i

Note that {\/)\_iqbi} forms an orthonormal basis of H,, so we also get

o 3
1B, = lfp, = 315, Z /\—Z (26)
Fixing the integer u, we decompose the vector e into two parts e! = {e1, -+ ,e,} and €® = {ey 41, €uta, - }-
It implies that E[|e||3] = E[||e!|3] + E[||le?|3]. First, we consider E[||e?||3]. Since {\;} is arranged in a
decreasing order, by (26),
2 2 = e 2
E[fle?|3] Z leil*| < AunE | Y 1| S BB, ]
1=u+1 1=u+1 o
< 201 (B[l o 13, + 13113, )- (27)

Next, we turn to estimate E[|e*||3]. By the definition of fp,, we know that

_Z Ip, (i) — i) Ko(x4,-) + Mfp, = 0.

Recall ¢; = f{(z;) —y;,i =1,--- ,n. It follows that

ZE(JIZ) (24, -) ZEZ (i) + AE = =AfY.

Let f{ =Y 0, a;i¢; with a = {a;}; € ¢* in the basis {¢;},. Computing the H, inner products of both sides
of the above equality with ¢y, we obtain that

n

a
— E(x; i i i DRI 2
Z (i) () ;em(ww C=Ay (28)
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Recall v = [v1,---,v,]T by v; = Z;iuH ej¢;(x;),i = 1,--- ,n. Recall the matrix ® = (®;;);; € R™*"
with ®;; = (¢;(z;)) for i € {1,---,n} and j € {1,---,u}. Recall that [E(x;)]; = [2?21 ejd;(x;) +
Z;’iuﬂ ej¢j(xi)} = de! +v. Applying (28) with k=1, ,u, we get that

1 1 1
(—ch@ + /\Ml) el =AM tal — —oTv — —o7T¢, (29)
n n n

where a' = [aq, -+ ,a,]T denotes the vector formed by the first u terms of the sequence a = {a;};, € =
[617 - ,Gn]T € R"7 and M = diag(/\l’ - 7)\u) c Ruxwu,
1
In addition, since Q@ = (I + AM~1)?, one gets

1 1 1
—PTo 4+ MM =T+ MM+ 0T -T=Q <1+Q—1 (—<I>T<I> > I> Q‘1> Q.
n n n
Putting this decomposition into (29) yields that
i Lgr —1 1 B T e g L igT
1+Q 7! (-eTe—1) Q1) Qel = —AQ M al - @ Mo v - ~Q e, (30)

Denote the event A := {||Q™! (18T® — I) Q!|| < 3}. If the event A happens, then

1 1
HI +Q7! <—<I>T<I> = I) Q7Y >3
n 2
and
1 1 2
et <ape a4 Lo tamy s Lo ta
n n )

2

1 1
<12 AQ M tal |2 + 12 H—Q—1<I>Tv +12 H—Q_lfl’Te (31)
n 2 n

2

Note that |le!]|3 < [|Qel||%. So we estimate E[||e!||3] by bounding E[||Qe!|3] as

E[lQet3] = E [1(4)|Qe 3] +E [1(4°%) Qe 3]
— E [[(4)|Qe 3] + E[I(A9E" [|Qe? 3] |
=10 + I,

where I(-) denotes the indicator function.
For I, using the estimate (31), we have that

2 2

2

I < 12|AQ 7'M~ 'al|} + 12E [H%quﬂv
2

1
+12E lH—Qlbee
n

For I, we find

e floet ] =2 S0 vat| -2 [(Saea S|

k=1
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<E*[(1E15+ MEI5,)] < 1+ NE [ B3, ]

<201+ NE” [Ifp, 30, + 1515, ] < 4 (B [lfpll3e, ] + 1513, -

It follows from (17) that
I < 4P (A%) (B2 /A + 1/ 13,,) -

Based on the above bounds for I; and Is, we have that

E[|Qe* 3] < 12| AQ~ M~ "al || + 12E H%Ql@Tv

j

4P (A°) (B2A+ |1£2112.) -

1 2
+12E U‘—quﬂe
n

2

Applying the probability inequality (19) with ¢ = %, one gets

. n/8
P (A%) < 2uexp {_48(0, NN (o,)) + S(a, A)/3} '

13

Plugging the above probability bound for P (A¢) into (32), together with the estimates (21), (22) and (23),

we obtain that

2
E[|Qe 3] < 12A[1f113, + 24T (L, )Bu (B*/A+ 1/ 113.,) /A +

4 [8(o,\)D(0, A) + 4B2N (0, \)]

n/8
48(a, AN (0, A) + S(0, M) /3

+8uexp{ } (B A+ 1If512,) = A

Recall the fact

E [llfp, — £517] = Elllells] < E[lQe* ]3] + E[le*[3]-

This together with the estimate (27) for E[|e?]|3] yields the conclusion (24).
The proof is complete. O

3.83. Bounding the bias term

In this subsection we estimate the bias term in (16).

Proposition 6. (bias bound) Define fp, by (2) with D;. Then we have

IE [fp, = S5 < (4Tr(Lic,)Bu/A + 20us1) (B2 /A + (15515,

S(a, NN (o, \) n 6452 (0, \)

+128 2
n n

(log(u))*A,

where A and B, are defined in (22) and (25), respectively.

(33)

(34)
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Proof. Recall that E := fp, — f{ = > o, e;¢;. Then

u 2 o0 2
IE [fp, — S51I12 = | lE ol +|E|] S ei@] = B + |||, (35)
i=1 o i=u+1 o
The second term on the right-hand side of (35) can be bounded by (17) as
||Ee2||§ S E [”62“%] S )\1L+1E [ Z 612/)\7
i=u+1
< 1B [, = fLI5,] < 20 (B2 /A + 11 £5115,,)- (36)

Hence, the key in our estimate is to bound the first term H]Eel ||§ on the right-hand side of (35). Notice that
the expression (30) can be rewritten as

1 1 1
Qel =-2Q M tal — —Q'oTv - —Q leTe— Q! (-@Tcp — I) el
n n n
By the definition of f{, we know that

E[(f(z) = y) Ko (2, )] = Li, (fX — fp) = =ASX.

Taking the RKHS inner products of both sides of the above equality with the basis ¢, we see

E(X@) = y)ou(@)] = =~

Recalling that ¢; = f{(x;) — y;, then

;, we obtain that

As a consequence, by Jensen’s inequality and HIEel Hi < HEQell

2 g 1 __ 1 _ 4 (1 2
|Eet||; < HIE {)\Q 'M7lal 4 QTR 4 —Q TR e+ Q7 (Eqﬂ@ —I> el} i
1 1 ?
= HIE {—Q—lqﬂv +Q! (—@ch — 1) el}
n n 9

1 2 1 2
<2 H]E {—quﬁv] +2 ”IE {Ql (-@T@ — I> el}
n 2 n 2
1 2 1 2
<2E |||-Q'@Tv|| | +2 H]E [Ql (—@T@ - 1) el} (37)
n 2 n 2

Please cite this article in press as: T. Hu, D.-X. Zhou, Distributed regularized least squares with flexible Gaussian kernels,
Appl. Comput. Harmon. Anal. (2021), https://doi.org/10.1016/j.acha.2021.03.008

© o N o o b~ W N o=

A DA B DA B DB B DA WWWWWW W WWWNDNNDNDNDNDNDNDNDNRER B R PR R R R e
o N o o0 b W N H O © 00 N o0 g b~ W NN =R O ©V 00 N o g b W NN FEF O VW 0o N o M W NN = O



© 0 N o o b~ W N =

A A D D D D DB B D OWWWWWW W W WWN NN NNDNDNDDNDNDN R 2 HoE R Rl
0 N o a A W N H O © 000 N OO O P~ W N FE O VW 0O N P W N H O VU 0N N WN +H O

JID:YACHA AID:1417 /FLA [m3L; v1.304] P.15 (1-29)
T. Hu, D.-X. Zhou / Appl. Comput. Harmon. Anal. sss (ssee) see—see 15

For the second term H]E [Q‘l (%@Té — I) el] Hz above, by Cauchy-Schwarz inequality, we have

e fo (Gomo-r)e]l, = (2 [Jlo (Gomo-r) <] )
<<E[HQ—1(5¢T¢-4)@—12 £ [lee ]

Combining this with (20) implies

o (Gore-1)e!]

This together with (37) and (36) yields

2 S(o, NN (o, ) N 6432(20, )\)] (log(u [HQelH }

<64{
n n

2

2
IE [fp, — f5112 < 2E

1
”—Q1<I>Tv
n

2

128 |:S(0’, MN (o, N) N 6452 (o, )\)] (log(u))

= = %E [[Qe*|[;] + 2hurs(BY/A+ 551, ). (38)

The term E [HQelH;} can be bounded by (33). Finally, we put the estimate (22) into (38) to draw our

conclusion (35). O
4. Proofs of main results in supervised learning

This section is devoted to proving our main results stated in Subsections 2.1 and 2.2. To this end, we
first estimate the quantities S(o, A), N (o, A), B, and Tr(Lg, ) as follows.

Proposition 7. For p € (0,1), e > 0, we have

N(o,)\) < Coo~AFe)d)\—p, (39)
Tr(Ly,) < Cso~ 5", (40)

where the constants Co and C3 are independent of X or o (given explicitly in the proof).
Under assumption (7), for 0 <A <1,0 >0 and u € N,

S(o,A) < 04)\_(p+s)a_(1+5)d—u’ (41)
o < o S 1 "

where the constants Cy, Cy are independent of A, o or u (given explicitly in the proof).

Proof. For N (o, ) and Tr(Lg, ), we calculate by using (6)

_(te)d 1

42 o~ » i
N(o,\) = Z Z Z - (te)d
1+)\/)\ )\-i-)\ —L'—l_i_

D,€
oo 42 _ (1+e)d til 00 1
c. .0 p P (1+e)d \ P
< / B ————dt < (4c§,sa*T ) AP / -dt
g Ac oT e T 4 g Lttr
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4¢3 )P
< Ul oy gppmthay
L—p
and
g Gt _1 4. _giea _(+ex
T’I’(LKG) < 4Cp750 P E [ f’pg P = Cs0 P

For S(o, A) and 3, we get by assumption (7) and (6),

S( )\)_i il <C —ui A° et Z )\/)\
S YV T 1+ AN

1
< Cio7V\7° < oY\ :
Z +)\/)\ ) Z (1+4- 1Cpga%>\i%)l_s
» 1
S 010' )\ ted n dt
5 (1+47 lep20 7 Mw)l=s
— ClJ_UA_S (417021750.—(14!‘5)(1)\—1)) / ;Hdt
’ 1
(o)
< Ci4Pc (i) A= (9 g=(A4e)d—v . 1 \—(p+s) g—(1+e)d—v
1-p—s ;
and for ©u € N,
Bu = Cro” Z A< 01417501275375)07% Z i
j=utl Jj=u+1
—s —s p _(A-s)(A+e)dt+pr _1-p-—s
< O3 (ﬁ) e
ol 050'_ (1—-?)(1:E)d+:nu u 1—2—5

The proof is complete. O

Proof of Theorem 3. By checking the proof of Theorem 6 in [28] when dc’l’—;’ € L, we know that
D(o,A\) < c(0?* + Ao~?) for some constant ¢ independent of o and A. The choice of o = N~2i and
A = N1 yields that D(o,\) < 2cN~ %57 and 1£515, < Do, A)/X < 2cN7%i . We first estimate the bias
bound (34).

Take the integer w = N?! with t being the smallest integer greater than or equal to

—5 d v+2a a+d ¢
(s (Lbgdtplt2a) t2pGatd) then by (6), (40) and (42),

(4Tr(L,)Bu/A + 20up1) (B2/A+ | f5113,) < CeN~ =53

with Cg = 16(C3C5 + 26127,5)(32 + 20).
We proceed to the quantity A defined in (25). With (41) and (40), we also see that

AS(0, VN (0, \) + S(0, 1) /3 < 8CoCyo=2(+)d=v \=2p=5 < 80y 0y N3ata s N zafa t2P,

Please cite this article in press as: T. Hu, D.-X. Zhou, Distributed regularized least squares with flexible Gaussian kernels,
Appl. Comput. Harmon. Anal. (2021), https://doi.org/10.1016/j.acha.2021.03.008

© o N o o b~ W N o=

A DA DA DA B DB DB DS DA WWWWWW W W WWN N DNDNDDNDNDNDNDNDN R R R R R s s s s
o N o o0 b W N H O © 00 N o0 g b~ W NN =R O ©V 00 N o g b W NN FEF O VW 0o N o M W NN = O



© 0 N o o b~ W N =

A A D D D D DB B D OWWWWWW W W WWN NN NNDNDNDDNDNDN R 2 HoE R Rl
0 N o a A W N H O © 000 N OO O P~ W N FE O VW 0O N P W N H O VU 0N N WN +H O

JID:-YACHA AID:1417 /FLA [m3L; v1.304] P.17 (1-29)

T. Hu, D.-X. Zhou / Appl. Comput. Harmon. Anal. sss (ssee) see—see 17
Thus,
n/8 2 2
— B7/) 4
“exP{ 18(0, NN (0, ) + S0, /\)/3}< A+ 15 )

< (B +20)N* exp { N/(8m) }

48(a, NN (0, A) + S(o, \) /3

ed

2d+ 2
N17ﬁ75N7 Satd 2P }

< (B? +2¢)NtH! -
_( + C) XP 64CQC4m

2a+d 2a+d
This together with the restriction (11) of m yields that

Denote ¢ := =9 + p and take the values of p and ¢ to be small enough such that & < % (1 — 2ty 5).

N1 38— Ny —2p N1 325 —s e Ni(-ar-s) ¢
_ — _ < -
xp 64C5Csm xp 64CoCym =g 64C5Cy

It implies that we can find a constant C; (depending on a, d, s, v, p, €) independent of N such that

n/8 3 )
_ B "
uexp{ 18(0. NN (0. N) + 8 (o, )\)/3} (BE/A+ 141, )
N%(l—gir‘;—s)—é e
< (B*+2¢)NtTlexp{ — §IC,C, < CymN~ =%,
So, we get that
n/8 ) i .
o < Za+d .
<3T7‘(LK0)Bu/>\ + uexp{ 48(o, VN (o, \) + S(0,\) /3 }) (B2 A+ 1£5113.) < (Co + Cr)mN~ =%
Meanwhile,

24 [S(0,\)D(0, \) + 4B*N (0, )] 24m [S(o,\)D(0, \) + 4B>N (0, \)]
n B N

< 24m (QCC4N*%+S+§JTZ*1NP+% + 43202]\[*#1@]\]%%)

< (48¢Cy + 96BQCz)mN‘%id+f+maX{ Setats—10}

Then, the quantity A in (25) is bounded as

A<m |:12’D(J, A)
m

_ _2a max4 St¥ 4o _ 20
+ (48¢Cy + 96B2C,) N~ Tt ermax{si 10} L gon ooy a+]

d+v

< (24¢ + 48¢Cy + 96 B2Cy + 8(Cs + C7)) m N~ Tt ermax{ 5 +a- 10}

— Cgme#L%erax{ 2?;24»5*1,0}. (43)

Using (41), (39) and the restriction (11) again, we have
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S(a, NN (0, ) 648%(o, A
AR B2 (ogu?
n n
[CoCymo—204e)d=—v \=2p—s  G4C02m2g—2(1+e)d—2v \~2p—2s
< N + : N2 (log N)?
2 [ CyCymN e F2pts 64C22m2N%+2p+28 2
- N N2 (log V)
2 [ CHOumN ata+st2e 64C2m 2\ S F2s+28 ,
- N + e (log N)

< (CQC4 + 64022)t2/m

Putting the above bound and (43) into the bound (34), we have that

a — 2 maxq 2% 45—
IE [fp, — JS]I2 < CoN™34%a 4 128(CoCy + 64C3)Cst? N~ =ia e+ {#a+s-10}
e s d+v
< (Cs + 128(CoCy + 64C2)Ct?) N~ mafa+Ermin{ i to—1.0} (44)
Also, collecting the above analysis, with the bound (24), we have that
— o max{ 4tV 45—
E [|fpr — fSI2) < (Cs + CoymN~satermax{iats—1.0} (45)

Combining Proposition 1 with (44) and (45), we get that

E [ — f5I2] < (2C5 + Cs + 128(CaCy + 64CR)Ciyt?) N~ it tebmad it s}
This together with (15) yields our statement of Theorem 3 by taking
C =2(20s + Cg + 128(CyCy + 64C2)Cyt?) + 4c.
The proof is complete. O

Proof of Theorem 2. Following the above proof, we apply the bounds (24) and (34) to prove the statement
in Theorem 2. We first consider the variance bound (24). The restriction W > CoN" for n > 0

. . n/8 N/(8m
implies that exp {745(0,/\)N(0,//\)+8(07)\)/3} = exp {745(0,/\)/\[((/7(,/\)425(0,)\)/3} = O (exp{—C'N"}) for some
constant C’ > 0 (independent of N'). We also note that the quantities parameterized by w on the right-hand

side of (24) decrease as the value of u increases. We can choose u = N* with ¢ being the smallest integer
log(a(p+572)(1+€)d)\P((p+S*2))np/DP(U))\))
(1—p—s)log N

greater than or equal to . So, the leading term of the bound (24) is

24 [S(o,\)D(0, \) + 4B2 A
12)\”‘]@;”%0 + [ (U’ ) (07 )J’_ N(U? )] .

By the similar idea, we can also get that the leading term of (34) is

128

S(a, NN (o,\) n 6482 (o, A
n2

n

)] (log N)? {mn 12+ 24 [S(a,\)D(o, 2) +4B2N (0, ))] } |

Collecting the above analysis, we get
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E [|Ifp — f312]
<C { |:S(O’, MN (o, \) n S%(o, )

[S(o,\)D(a,A) + N(a, )] }

n n? n

[ doewy+ b Ll +

where C'is a constant independent of N or m. This bound with (15) and A|[f{]|3,, < D(o,\) yields our
statement in Theorem 2. O

Next, we prove Theorem 1 by Theorem 3. To check assumption (7) in Theorem 3, we need the following
lemma.

Lemma 3. Assume that px has a probability density function away from 0 and co. Let {(\i, ¢;)}i>1 be the
normalized eigenpairs of the operator Lk, : le)x — L%X~ Then for allt > 1 and any r € N, there holds

2 I _—dy~3m
1pillSe < Cro™ A =, (46)
where C} is a constant independent of A\;, o (to be given in the proof).

Proof. When py is the normalized uniform distribution on X, we know by [1] (page 230) that for all
0<s<l,

(L7 W3 (X)]s1 = B3 (X)

where Wy (X) denotes the Sobolev space of integer order, BS;(X) a Besov space and [L2 , Wy (X)]s1 an
interpolation space between Lix and W' (X). It implies that for some constant ¢’ depending on r,d, s, there
holds for any f € W3 (X)

1]

By < N Fllvg o 112" (47)

Since the Gaussian kernel K, is C*° and X is compact, H, can be embedded into the Sobolev space W3 (X)
with an arbitrarily fixed » € N. It implies that the relation (47) holds for any f € H,. Moreover, take
s = &, B3"(X) can be continuously embedded into {s(X) ([1], Theorem 7.34). This together with (47)

yields that for any f € H,,
o= 1- 4
1lloo < el £1157; 2 11122 2 (48)

where c is a constant depending only on r,d.
Furthermore, by Theorem 4.48 in [20], we know that there exists a constant ¢, 4 x depending on r,d and
the volume of X such that for any f € H,,

1 llwg ) < eranxo™"[flIn,- (49)

Note that Hﬁbi”LﬁX =1fori > 1and {\/A\;¢;}; forms an orthonormal basis in H,. Putting the above bounds
(48) and (49) together with f = ¢;, we have

2 2 2 ar 2 2 —d 2 \3r 2 2 —dy~3r :
lilZ < ¢ (I9ilisa)) " < Petano™ (Ioalldy,) T = g po™ N, Wiz 1,
By taking Cf := c2cﬁ7d’x, we can get the bound (46) when py is the normalized uniform distribution on
X. Note that the above proof is also applicable to a distribution whose probability density function is away
from 0 and co.
The proof is complete. O
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We are now in a position to prove Theorem 1.

Proof of Theorem 1. According to Lemma 3, we know when px has a probability density function away
from 0 and oo, assumption (7) holds with s = % and v = d for any r € N. Here let r be large enough. Then
we can get the statement of Theorem 1 by applying Theorem 3.

The proof is complete. O

5. Proofs in semi-supervised learning

This section is devoted to proving the main results stated in Subsection 2.3, which shows the improved
performance of distributed regularized least squares using only unlabeled data. According to (15) and Propo-

sition 1 again, we need to estimate the bias bound HIE [f[), — f)‘f] Hi and the variance bound E bel - f5 Hﬂ

with the semi-supervised data set D;. At a high-level, the proofs in semi-supervised learning are similar to
those in supervised learning. So, we only outline some necessary proof procedures and estimates that are
used in the proofs.

As in supervised learning, we denote E = fo, — I3 = E = Yoo &¢ with @ = {&}; € (2. Fix an
integer u € N to be determined, and decompose the vector & into two parts &1 = {é1,---,&,} and &% =
{€u+1,€ut2, - }. It implies that

E (|75, — 55I7] = Ellel) = Ele* 3] + Elje]3)
Define the vector v = [0y, ,v,]T by ¥; = Z‘;‘;uﬂ €j¢pj(xi),i = 1,--- ,f. Let the matrix ® = (;5);; €
R™X% with (I’Z-J (¢j(x;)) fori € {1,--- ,n} and j € {1,--- ,u}. Denote & = f7(%;) — ¥;,s =1,--- ,n and

€= [€17"' 7€'FL]T
By tracing the proof in Proposition 5, we know from (27) and (32) that

Ef)le?)3] < 2 1 (B*/A+11£513.,) (50)
and

2 1 ~ 2

E[[&']|2] < E[|Q&*|3] < 12[[AQ "M~ 'al ||} + 12E HgQ“PT\? 1

2

1 e L
+12E [H%quﬂg +4P (A°) (B> /A +11£315.) (51)
2

where A := {HQ‘l (%fi)Tfi) =) Q‘lH <i}
We now present a proposition regarding the terms on the right-hand side of (51).

Proposition 8. The following bounds hold

P (A7) < 2uexp {_43(0, A)N(jf); +S(0,N)/3 } ’ (52
= frea

<207 (Lic,)Bu (B2 A+ 113, ) /2 (53)

and
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1?2
E HTQ%T@ 1 < = [8(0, M)D(0,A) + 2B*N (0, \)] + (54)
7l 9 7l n
Proof. The bounds (52) and (53) can be obtained respectively by following the bound of PP (A¢) in the proof
of Proposition 5 and the estimate in (22). But for bound (54), we should notice that €; # €; when 1 <4 < n.
So, we cannot derive (54) directly by the proof of (23). Note by (63) in the appendix that
1 ~ E[¢2(%;)
E - —I(I)T _ e A VA 2]
e - 2 3 BT
When 1 <i < n, we have
B2 _, (E[AHEUI@) - £@)7]  Elde) @) - 5?)
T+ A — 1+ A g * 1+ XA
_, (10U @) — f@)?] 2B [6h@IE" [1fo(@)P + I
- 1+ X g * 14+ X/
_, (10 5@ — @] 287+ 2B [} @B [P
- 1+ XA ; 1+ X g
< o (I6£l5D(0,2) | 2B*(1+7*/n)
= 1+ Mk T+ M/ '
When n+ 1 <i <, by 4, =0, we have that
Bl @)8) _, (IoliDlo)) 28
L+ M — L+ Mg L+MA )
So,
1=l 2 S TléelZDlo, N) 2B2 2 o o~ [ 2B2%72 /n?
E||zQ 1T o il ALV AL
[ﬁQ I, = 7 1;[ 1+/\//\k T +ﬁ2k:1; 1+ MM

n

2
[S(0,A)D(0, \) + 2B*N (0, \)] 2 ZZ (1 ff/xk)

NN

4B2N (o, )

n

3 o

[S(0,\)D(0, A) + 2B°N (0, \)] +
The proof is complete. O
With this proposition in place, we can get the variance bound in semi-supervised learning.

Proposition 9. Define fp, by (2) with D,. Then we have

E ||, = 53] < B+ 200 [B/ (0N + 15511, ] (55)

where u is an integer, and
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24 [S(0,\)D(0, A) + 2B*N (0, \)] N 48BN (0, \)
+8 (3L )83+ ve {5 s ) PPN IR 69

A= 12X|f5 13, +

Proof. Notice that E [HfDM - f5

2
] < E[||Qét|3] + E[||&?]]3]. Combining (50), (51) with Proposition 8
p

and (21) yields the conclusion (55). O
Next we get the bias bound in semi-supervised learning.

Proposition 10. Define fD, by (2) with D;. Then we have

IE [£5, = 12112 < ATr(Lc,)Bu/A + 2Xui) [3B2/(0N) + 1 £3113,.]

2 ~
4128 S(o, )\)fjl\/(o, A) n 64Sﬁ(20, A) (log(u))?A, (57)
where A is defined in Proposition 9.
Proof. Notice that
I - Aa
=D Elan(®)] = E[(f () ~9)on(@)] = -
i1 k

Then we get
Ler. —1,.1
E|=-®'€| =-AM""a".
n

Following the same proof procedures as those in the proof of Proposition 6, we have by (38)

2

1 ~
|E [f5, — /7] Hi <2E U'EQ@T\? .

+ 128 | SOATD s lo. ] og0) %8 [[[Q84 2] + 200 B/ + 1B, )

This together with (51) and (53) yields the conclusion. 0O
Based on Proposition 10 and Proposition 9, we now prove Theorem 4.

Proof of Theorem 4. Here we choose v = N with ¢ being the smallest integer greater than or equal to
(2—s)(1+e)d+p(r+2a)+(1+p+s)(2a+d)
(2a+d)(1-p—s)
omit it for simplicity. This completes the proof. O

. The remainder of the proof is very similar to that of Theorem 3. We

Proof of Corollary 1. Note by (46) that assumption (7) holds with ¥ = d and an arbitrarily small s > 0 in
this case. Then the statement of Corollary 1 can be derived directly from Theorem 4. O
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Appendix A. Useful Lemmas

In this appendix, we give some useful lemmas in proving our main results. The first one is regarding the
mini-max optimal rate in the regression setting, which can be found as Theorem 2.2 in [25] and Theorem
13 in [21].

Lemma 4. Let © be a subset of L%X such that all f € © is uniformly bounded. If for some n € (0,1), the
entropy numbers satisfy

1

ei(®,12,) =0 (i),

then there exist constants co > 0,c1,c2 > 0 and a sequence {0} with &, ~ n~ T such that when fr €O,
6 >0 andn > 1, there holds

if 0 < 6,
P{D: o~ fyl3; 26} =™ N¢
px crexp{—c20n}, if 6>,

where fp is a prediction function based on a given data set D.

The second lemma found in [26] provides a matrix concentration inequality that is used to bound spectral
norms of sums of independent, random, symmetric matrices.

Lemma 5. Consider a finite sequence {Xy}i of independent, random, symmetric matrices with dimension
u. Assume that

E[Xr] =0, || Xg|| <R almost surely,

and the norm of the total variance ¥ := < 00, then the following inequality holds for every

4

ZI;E [x7]

t>0,

>
k

t2/2

2u exp {7875%} , for t<X?/R,
(58)
2uexp{—#}, for t>3X?/R.
With the help of the matrix concentration inequality above, we can develop an upper bound for the
expectation of the second moment |3, Xi|?, that is, if u > 4e,

2

E < 16(%?% 4 64R?)(log(u))?. (59)

> ¥
k

Proof of the expectation estimate (59). Using the formula E[¢] = [ P{¢ > t}dt with £ = ||, Xi||?, we
get by (58) that
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el e e
(L Lt

DX

k

3 <s2/R} {f% >x2/R}

1+ 1o
First, we estimate I; as

ne P{

{t2 <>2/R}

> ¥
k

>t5}dt

]P’{ > X >t%}dt+

k

—

|

> ¥
k

>t%}dt

{822 log(2u)<t<(22/R)?} {t<8%2log(2u)}

<

\

P { > Xi| >t } dt + 852 log(2u).
k

{822 log(2u)<t<(¥2/R)?}

Obviously, if 822 log(2u) > (EQ/R) we have I; < 8%2log(2u). Otherwise,
/ P >t pdt <2 / Ll
<2u exp o2
{852 log(2u)<t<(22/R)?} {832 log(2u)<t<(22/R)?}

t
< 2u / exp { 2 } dt = 8%2.
{t>8%2log(2u)}

2 X

k

It follows that

I < 8%%log(2u) + 852 = 8% log(2eu).
For Iy, we have
ne [ {

1
> t2 } dt
{t%EEZ/R}

< / P{

{t% >%2/R,t3 >16R log(4u) }

> X
k

> %

k

> X

k

>té}dt+ / P{

{t% <16R 10g(4u)}

>t%}dt

ts 2
<2u / eXP{ ~gp dt + (16Rlog(4u)>

{t% >%2/R,t3 >16R log(4u) }
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tz 2
< 2u / expd —— dt—l—(16Rlog(4u)>

{t% >16R log(1u) |

! d 1 ’
=4u / exp {SR} tdt + (16R og(4u))
{t>16Rlog(4u)}

oo
oo

2
:4u[—8Rte—#} +4u-8R / e—#dt+(16}zlog(4u))
16 R log(4u)
16 R log(4u)

< (16R)? + (16Rlog(4u))2 < (16Rlog(4eu))2. (61)

Based on the above estimates (60) and (61) for I; and I5, by u > 4e, we get

2

E < 8%%log(2eu) + (16R log(4eu))2 < (16%2%) log(u) + (32R)*(log(u))?

e
k

< 16(%? 4 64R?)(log(u))?.
Then the proof is complete. O
Appendix B. Proofs of estimates in Subsection 3.1
In this appendix we prove estimates stated in subsection 3.1.

Proof of Proposition 2. Note that

1 ) 1
M fo.ll, < il > (o) = 9)* + M fo, 5, < il 2
" (@yyen, " (@yen,

Taking the conditional expectation E* on the both sides of the above inequality, by (4), we have

E* (M fp,ll3,] < E*[y*) < B

Also,
1 N
]E* )\ B 2 < E* —_— 7> < —B2
[ HfDl”Hg] — |Dl| e =N
(z,9)€D,
So the stated estimates follow. The proof is complete. 0O
Proof of Proposition 3. For each 1 < i < n, we denote m; = (¢1(x;)," - , Pu (m,-))T € R*. Then we get that

1 1o
—1 T -1 -1 T -1
Q' (-eTe-1)Q ==Y Q' (malf ~1)Q "
<n > n (W i )
We derive the bound (19) by Lemma 5. Let the random matrix sequence {X;}"_; be

X, = %Q_l (7T7;7TZ-T —I) Q_l, 1<i<n.
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It is easy to check that {X;} , C R“*“ are independent, symmetric matrixes and E[X;] = 0,1 < ¢ < n.
Since m;w} is rank one and @ is diagonal, we have that
1 -1__TnH-1 I -1 1 ¢ or(2:)?
- T = 2T (I 4+ A\M A .
a7t mrl @t = Sl (1o aM ) = 050
It tells us that
1 — — ¢k Ty 2
Xl < = lrafQ=1 —=S(o,\) :=R.
= 5 (0 mrfa )+ ) < 5 3 {5 < 2ty
We also find that for each 1 < i < n,
Pz 4 o ||¢k||2 (bk xz
X2 <E||X; < —
“| ||] [” H (Zl+>\/)\k — n2 Zl+)\/)\k Zl+)\/)\k

AN 1 4
T2 Z L+ A A <kz_1 1+ /\/)\k> = ES(U’ AN (2, A)-

As a consequence, the total variance is bounded by
E[X?]| < E[XZ]| <Y E[|X2]] < =80, )N(o,\) := X2
; [X7] ; | [ ; (X2 < ~

Using the first inequality of (58), we can get the conclusion (19). O

Proof of Proposition 4. The first bound (21) can be found in [31]. We now derive the second inequality
(22). Observe that

Lo-16Tv = (M4 a0 <1M1/2@Tv) .
n n

1
Since the matrix (M + AI)™ 2 is positive definite, its operator norm is bounded as

H(M—F)\I)’%

= sup (62)

1 1
1<i<u A/ Aj F A T VA

For the estimate of ||%M1/2(I)TVH;, let @, = (¢r(x1), -, dr(xn))" € R™, then

lMl/ 29Ty
n

2 u u
1 2 _ 1 2 112
= 52 M (BEV)T < 5 D A Bl VI3
2 k=1 k=1
Notice that
2 2 2 ok 2
E [l )3 Iv13] = E [lox3E" [IvI3]].

We first bound the conditional expectation E* [||v|\§} We find
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2
o0 o o0
< DD b | < DD e/ D N ()
j=u+1 Jj=u+1 j=u+1
oo oo
<UER, | 30 MloslZ | <2(Unl, +15513) | D2 Millosl

j=u+1 j=u+1

This together with (17) yields

E* [Ivil3] = sz—P]gan(Bz/Mnfmia) > Ml
i=1 j=u+1

Notice that IE[||<I)k||§] =E [X1", ¢ (z;)] = n. Based on the above estimates, we get

2

E M1/2

2

]Q(Zxk) BN+ 15505,) | D2 Nillssll

j=d+1

Then the conclusion (22) follows from (62) and >_;_; My < Tr(Lk,).

19Q4 Finally, we turn to E {H %Q’lq)TeH;}. Noting that the diagonal entries of Q1 is 1/1/1 4+ A/, then

20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
a4
45
46
a7
48

1
E H—QlcpT
n

E[¢f (z:)
nQZZ 1:/\/)%.

=11i=1

Decompose €; = f{(x;) —vy; as € = f{(z;) — fo(xi) + fo(x;) — y;. This together with (4) yields that

Elct(r)d] _ , (ElR@UR@) = L@)P]  E[oR@) () ~ )]
L+ AN, = 1+ A/ g 1+ A/ A
_, (1oEE[US () — fo(e)?] 2R [GRE" (o) P+ ]
<2 YW * YW
lokZE (/3 (@) = fp@)?]  4p2
=2 T+ M STV

2 2
o (loeliDloy | aB®
1+ A e 1+ A A

where the last inequality is derived from the fact
B[ (@)~ @] = [ (#5(0) = £(@))* dpx < Dl ).
X
As a consequence,

2

2 o~ (I9xl3.D(o, N) 4B
E il
~ n? Z( 1+)\/)\k Jr1—1—)\/>\k

k=1 1i=1

1
Hqu)Te
n

2

= 2 [S(0, \D(0, \) + 4B (0, V)] -

n

27

(63)
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Table 1
List of notations.
Notation Meaning of the notation
D the labeled data set D = {(zs,3:)} Y,
D* the unlabeled data set D* = {z}}V
D the union of D and D* with D = {(&;, gjl)}f\él given in subsection 2.3
D, /Dy /Dy the I-th subset of D /D*/D
n /n* /n the size of D; /D] /D,
sz/fD, the [-th output function by regularized least squares wi~th DZ/EI,
fo/ fp the global output of distributed least squares with D/D .
€/€ the noise vector € = {¢; }1_ | with e; = fy(x;) —ys/ € = {&};—, with & = f{(Z:) — ¥s
u the positive integer that is to be determined
b; the j-th eigenfunction of the operator Lk
P n X u matrix with entries ®;; = ¢;(x;),i =1,--- ,n,j=1,--- ,u
P n X w matrix with entries <i>7] =¢;j(Z;),i=1,---,n,j=1,--- ,u
M diagonal matrix M = diag(A1, -+, Au)
Q diagonal matrix Q = (I + )\M)é
e;/&; basis coefficients of fp, — 3/ fp, — fX in fp, — f{ = Zj ejd; /fp, — X = Zj Ejp;
el/at the u dimension vector e* = [e1, -+ ,e,]7 /& = [&1,- -, &u]T
e2/é2 the tail vector e? = lewt1,- - ]T /é2 = [Eut1," "]
al vector {a;};_, consisting of the first u basis coefficients of fJ = 3. a;¢; in sz
v/v vector v = [v1,- - ,v,]7,v; = Yot 6P () /V = [01, 0 Oa], B = 3002, 40 €50 (i)
Bu the tail sum B, = 3352, 4 Al é;1l%
Tr(Lk,) the kernel trace Z Aj.
i
N(o, \) the effective dimension of H,, given as the sum zk: ﬁ
2
S(o, N) the sum Z M
— 1+ M Ak

The proof is complete. O
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