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Abstract

For the Boltzmann equation with an external potential force depending only on the space
variables, there is a family of stationary solutions which are local Maxwellians with space
dependent density, zero velocity and constant temperature. In this paper, we will study
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the nonlinear stability of these stationary solutions by using energy method. The analysis
combines the analytic techniques used for the conservation laws using the fluid-type system
derived from the Boltzmann equation, cf. [14], and the dissipative effects on the fluid and
non-fluid components of the Boltzmann equation through the celebrated H-theorem. To our
knowledge, this is the first result on the global classical solutions to the Boltzmann equation
with external force and non-trivial large time behavior in the whole space.

1 Introduction

Recently, there are some progress on the nonlinear stability of three basic wave patterns for the
Boltzmann equation with ”slab symmetry”, cf. [16, 15, 7] for the shock, rarefaction wave and
contact discontinuity respectively. However, for the Boltzmann equation with external forces,
to our knowledge, there are few results on the stability of non-trivial solution profiles. In this
paper, we will study the nonlinear stability of a family of nontrivial profiles, i.e. the stationary
solutions, to the Boltzmann equation with a potential force in the whole space. Consider

ft + ξ · ∇xf −∇xΦ · ∇ξf = Q(f, f), (1.1)

with initial data

f(0, x, ξ) = f0(x, ξ), (1.2)

where f(t, x, ξ) is the distribution function of the particles at time t ≥ 0 located at x =
(x1, x2, x3) ∈ R3 with velocity ξ = (ξ1, ξ2, ξ3) ∈ R3, and Φ denotes the potential of the ex-
ternal force. The short-range interaction between particles is given by the standard Boltzmann
collision operator Q(f, g) for the hard-sphere model

Q(f, g)(ξ) ≡ 1
2

∫
R3

∫
S2

+

(
f(ξ′)g(ξ′∗) + f(ξ′∗)g(ξ

′)− f(ξ)g(ξ∗)− f(ξ∗)g(ξ)
)
|(ξ − ξ∗) · Ω| dξ∗dΩ.

Here S2
+ = {Ω ∈ S2 : (ξ − ξ∗) · Ω ≥ 0}, and ξ

′ = ξ − [(ξ − ξ∗) · Ω] Ω,

ξ′∗ = ξ∗ + [(ξ − ξ∗) · Ω] Ω,

which represents the relation between velocities ξ′, ξ′∗ after and the velocities ξ, ξ∗ before the
collision coming from the conservation of momentum and energy.

We will consider the case when Φ depends only on space variables, i.e. Φ = Φ(x). In this
case, the local Maxwellian given by

M ≡ M(x, ξ) =
ρ1(

2πRθ
) 3

2

exp

{
− 1
Rθ

(
Φ(x) +

|ξ|2

2

)}
= M[ρ(x),0,θ](x, ξ),

where R > 0 is the gas constant and ρ1 > 0, θ > 0 are some constants, is a stationary solution to
(1.1). This local Maxwellian represents the distribution of a gas in an equilibrium state with the
mass density ρ(x) = ρ1 exp

(
−Φ(x)

Rθ

)
, the zero flow velocity, and the absolute temperature θ. Our

goal is to show that if the initial data f0(x, ξ) is a small perturbation of the local Maxwellian M,
then there exists a global classical solution to (1.1)-(1.2) converging to M time asymptotically.
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Here we will apply the micro-macro decomposition of the Boltzmann equation and its solution
introduced in [14, 16], where the Boltzmann equation can be rewritten into a fluid-type system
coupled with an equation for the non-fluid(kinetic) component in [14]. In fact, this decomposition
is also used in the study of the Boltzmann equation with self-induced electric field, i.e. the
Vlasov-Poisson-Boltzmann system [20] near a given global Maxwellian.

Decompose the solution f(t, x, ξ) of the Boltzmann (1.1) with external forces Φ(x) into the
macroscopic (fluid) component, i.e., the local Maxwellian M = M(t, x, ξ) = M[ρ,u,θ](ξ), and the
microscopic (non-fluid) component, i.e., G = G(t, x, ξ) as follows, [18, 14]:

f(t, x, ξ) = M(t, x, ξ) + G(t, x, ξ).

The local Maxwellian M is defined by the five conserved quantities, that is, the density ρ(t, x),
momentum m(t, x) = ρ(t, x)u(t, x), and energy density E(t, x) + 1

2 |u(t, x)|
2 given by:

ρ(t, x) ≡
∫
R3
f(t, x, ξ)dξ,

mi(t, x) ≡
∫
R3
ψi(ξ)f(t, x, ξ)dξ for i = 1, 2, 3,[

ρ
(
E + 1

2 |u|
2
)]

(t, x) ≡
∫
R3
ψ4(ξ)f(t, x, ξ)dξ,

(1.3)

M ≡ M[ρ,u,θ](t, x, ξ) ≡
ρ(t, x)√

(2πRθ(t, x))3
exp

(
−|ξ − u(t, x)|2

2Rθ(t, x)

)
. (1.4)

Here θ(t, x) is the temperature which is related to the internal energy E by E = 3
2Rθ, and u(t, x)

is the fluid velocity. And ψα(ξ), α = 0, 1, · · · , 4, are the five collision invariants, cf. [2, 3]:
ψ0(ξ) ≡ 1,

ψi(ξ) ≡ ξi for i = 1, 2, 3 or ψ = ξ,

ψ4(ξ) ≡ 1
2 |ξ|

2,

(1.5)

satisfying ∫
R3
ψα(ξ)Q(h, g)dξ = 0, for α = 0, 1, 2, 3, 4,

which are also the basis of the sub-manifold of the fluid components, denoted by N up to a
weight function.

Define an inner product in ξ ∈ R3 w.r.t. a given Maxwellian M̃ as:

〈h, g〉M̃ ≡
∫
R3

1
M̃
h(ξ)g(ξ)dξ,

for functions h, g of ξ so that the above integral is well-defined. With respect to this inner
product, a set of pairwise orthogonal basis for N can be chosen as:

χ0(ξ; ρ, u, θ) ≡ 1√
ρM,

χi(ξ; ρ, u, θ) ≡ ξi−ui√
Rθρ

M for i = 1, 2, 3,

χ4(ξ; ρ, u, θ) ≡ 1√
6ρ

(
|ξ−u|2
Rθ − 3

)
M,

〈χi, χj〉M = δij , for i, j = 0, 1, 2, 3, 4.

(1.6)
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With this, one can define two orthogonal and self-adjoint projections P0 and P1 onto the
fluid and non-fluid sub-manifolds respectively:P0h ≡

4∑
j=0

〈h, χj〉Mχj ,

P1h ≡ h−P0h.

(1.7)

Using these notations, the solution f(t, x, ξ) of (1.1) satisfies,

P0f = M, P1f = G.

Then by using f(t, x, ξ) = M(t, x, ξ) + G(t, x, ξ), the equation (1.1) becomes:

(M + G)t + ξ · ∇x(M + G)−∇xΦ · ∇ξ(M + G) =
(
2Q(G,M) +Q(G,G)

)
. (1.8)

By applying P0 to (1.8), we have

Mt + P0

(
ξ · ∇xM

)
+ P0

(
ξ · ∇xG

)
−∇xΦ · ∇ξM = 0.

As usual, the system of the conservation laws below can be obtained by taking the inner product
of the above equation for M with the collision invariants ψα(ξ):

ρt + divx m = 0,

mit +
3∑
j=1

(uimj)xj
+ pxi − pxi

+ (ρ− ρ) Φxi = −
∫
R3
ψi (ξ · ∇xG) dξ, i = 1, 2, 3,

[
ρ(1

2 |u|
2 + E)

]
t
+

3∑
j=1

(
uj
(
ρ
(

1
2 |u|

2 + E
)

+ p
))

xj

+m · ∇xΦ = −
∫
R3
ψ4 (ξ · ∇xG) dξ.

(1.9)

Here p is the pressure for the monatomic gases:

p =
2
3
ρE = Rρθ, p = Rρθ,

and we have used
pxi

+ ρΦxi = 0.

Moreover, the microscopic equation for G is obtained by applying the microscopic projection
P1 to (1.8):

Gt + P1

(
ξ · ∇xG + ξ · ∇xM

)
−∇xΦ · ∇ξG = LMG +Q(G,G), (1.10)

i.e.,

G = L−1
M

(
P1(ξ · ∇xM)

)
+ L−1

M

(
Gt + P1(ξ · ∇xG)−∇xΦ · ∇ξG−Q(G,G)

)
:= L−1

M

(
P1(ξ · ∇xM)

)
+ Θ,

(1.11)

where
LMg = L[ρ,u,θ]g ≡ Q

(
M + g,M + g

)
−Q(g, g).
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With the Burnett functions A and B, the viscosity and heat conductivity coefficients can be
represented by:

Aj(ξ) = |ξ|2−5
2 ξj , j = 1, 2, 3,

Bij(ξ) = ξiξj − 1
3δij |ξ|

2, i, j = 1, 2, 3,

µ(θ) = −Rθ
∫
R3
Bij

(
ξ√
Rθ

)
L−1

M[1,u,θ]

(
Bij

(
ξ√
Rθ

)
M[1,u,θ]

)
dξ > 0, i 6= j,

κ(θ) = −R2θ

∫
R3
Al
(

ξ√
Rθ

)
L−1

M[1,u,θ]

(
Al
(

ξ√
Rθ

)
M[1,u,θ]

)
dξ > 0.

Hence, we have (cf. [5])

−
∫
R3
ψiξ · ∇xL

−1
M

(
P1(ξ · ∇xM)

)
dξ =

3∑
j=1

[
µ(θ)

(
uixj + ujxi − 2

3δijdivxu
)]
xj

, i = 1, 2, 3,

−
∫
R3
ψ4ξ · ∇xL

−1
M

(
P1(ξ · ∇xM)

)
dξ =

3∑
j=1

(
κ(θ)θxj

)
xj

+
3∑

i,j=1

{
µ(θ)ui

(
uixj + ujxi − 2

3δijdivxu
)}

xj

.

By plugging the above indentities and (1.11) into (1.9), we now have another representation
of the equation (1.1) which contains a fluid-type system

ρt + divxm = 0,

mit +
3∑
j=1

(uimj)xj
+ pxi − p+ (ρ− ρ) Φxi =

3∑
j=1

[
µ(θ)

(
uixj + ujxi − 2

3δijdivxu
)]
xj

−
∫
R3
ψi (ξ · ∇xΘ) dξ, i = 1, 2, 3,

[
ρ(1

2 |u|
2 + E)

]
t
+

3∑
j=1

(
uj
(
ρ
(

1
2 |u|

2 + E
)

+ p
))

xj

+m · ∇xΦ

=
3∑

i,j=1

{
µ(θ)ui

(
uixj + ujxi − 2

3δijdivxu
)}

xj

+
3∑
j=1

(
κ(θ)θxj

)
xj

−
∫
R3
ψ4 (ξ · ∇xΘ) dξ,

(1.12)

and the equation (1.11) for the non-fluid component G. Notice that if one drops all the terms
containing Θ, then it becomes the system of the Navier-Stokes equations with external force.
Later in this paper, we will work on this reformulated system by applying the energy method
as in the study of conservation laws together with the dissipative effects from the Boltzmann
equation through the celebrated H-theorem.

For preparation, we now recall some basic properties of the linearized collision operator LM.
By definition, LM is self-adjoint w.r.t. the inner product 〈h, g〉M, i.e.,

〈h, LMg〉M = 〈LMh, g〉M,

and the null space is N .
For the hard sphere model, LM takes the form, cf. [10]

(LMh) (ξ) = −νM(ξ)h(ξ) +
√

M(ξ)KM

((
h√
M

)
(ξ)
)
. (1.13)
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Here KM(·) = −K1M(·) + K2M(·) is a symmetric compact L2-operator. And the collision
frequency νM(ξ) and KiM(·) have the following expressions

νM(ξ) = 2ρ√
2πRθ

{(
Rθ
|ξ−u| + |ξ − u|

) ∫ |ξ−u|

0
exp

(
− y2

2Rθ

)
dy +Rθ exp

(
− |ξ−u|2

2Rθ

)}
,

k1M(ξ, ξ∗) = πρ√
(2πRθ)3

|ξ − ξ∗| exp
(
− |ξ−u|2

4Rθ − |ξ∗−u|2
4Rθ

)
,

k2M(ξ, ξ∗) = 2ρ√
2πRθ

|ξ − ξ∗|−1 exp
(
− |ξ−ξ∗|2

8Rθ − (|ξ|2−|ξ∗|2)2

8Rθ|ξ−ξ∗|2
)
,

where kiM(ξ, ξ∗)(i = 1, 2) is the kernel of the operator KiM(i = 1, 2) respectively, and νM(ξ) ∼
(1 + |ξ|) as |ξ| → +∞. Furthermore, there exists σ0(u, θ) > 0 such that for any function
h(ξ) ∈ N⊥

〈h, LMh〉M ≤ −σ0(u, θ)〈h, h〉M,

which implies cf. [10]

〈h, LMh〉M ≤ −σ(u, θ)〈νM(ξ)h, h〉M, (1.14)

with some constant σ(u, θ) > 0.
Since the time asymptotic state is non-trivial(not a global Maxwellian), as in [15] and other

related works, two sets of energy estimates are needed. That is, we need the energy estimates
w.r.t. the local Maxwellian M[ρ,u,θ](t, x, ξ) and a suitably chosen global Maxwellian M− =
M[ρ−,0,θ−](ξ) to close the a priori estimate. For this, a variation of the microscopic H−theroem
is needed to relate the dissipation estimates with different weights as in Lemma 2.2 of [15]. That
is, there exists a positive constant η0 = η0(u, θ; ũ.θ̃) > 0, which is not necessary to be small,
such that if θ

2 < θ̃ < θ and |u− ũ|+ |θ − θ̃| < η0, the following microscopic H−therem

−
∫
R3

GLMG
M̃

dξ ≥ σ

∫
R3

νM(ξ)G2

M̃
dξ, (1.15)

holds for some positive constant σ = σ(u, θ; ũ, θ̃) > 0 with M̃ = M[ρ̃,ũ,θ̃].
Throughout this paper, we choose positive constants ρ− and θ− such that

θ
2 < θ− < θ,

|ρ− − ρ|+
∣∣∣θ− − θ

∣∣∣ < η0.
(1.16)

It is easy to see that if M(t, x, ξ) is a small perturbation of M(x, ξ), (1.15) holds for such chosen
ρ− and θ− when M̃ ≡ M− = M[ρ−,0,θ−].

Let g(t, x, ξ) = f(t, x, ξ)−M(x, ξ), we now give the function space for the solutions considered
in this paper

HN
x,ξ

(
R+) =


g(t, x, ξ)

∣∣∣∣∣∣∣∣∣∣∣

∂
γ0
t ∂α

x ∂
β
ξ
g(t,x,ξ)√

M−(ξ)
∈ BCt

(
R+, L2

x,ξ

(
R3 ×R3

))
√
νM(ξ)∂

γ0
t ∂α

x ∂
β
ξ
g(t,x,ξ)√

M−(ξ)
∈ L2

t,x,ξ

(
R+ ×R3 ×R3

)
, for γ0 + |α| > 0

γ0 + |α|+ |β| ≤ N


.
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Since θ
2 < θ− < θ, we have for each γ0 + |α|+ |β| ≤ N ,

∂γ0t ∂
α
x ∂

β
ξ

(
g(t,x,ξ)√
M(x,ξ)

)
∈ BCt

(
R+, L2

x,ξ

(
R3 ×R3

))
,√

νM(ξ)∂γ0t ∂
α
x ∂

β
ξ

(
g(t,x,ξ)√
M(x,ξ)

)
∈ L2

t,x,ξ

(
R+ ×R3 ×R3

)
, for γ0 + |α| > 0.

By using the above notations, the main result in this paper can be stated as follows.

Theorem 1.1 Assume that f0(x, ξ) ≥ 0 and N ≥ 4. There exist two sufficiently small constants
ε > 0 and λ0 > 0 such that if

λ ≡ ‖Φ(x)‖L2(R3) +
∑

1≤|α|≤N+1
‖∂αxΦ(x)‖L3(R3) < λ0,

E(f0) =
∑

|α|+|β|≤N

∥∥∥∥∂α
x ∂

β
ξ
(f0(x,ξ)−M(x,ξ))√

M−(ξ)

∥∥∥∥
L2

x,ξ
(R3×R3)

≤ ε,
(1.17)

then there exists a unique global classical solution f(t, x, ξ) ∈ HN
x,ξ (R+) to the Cauchy problem

(1.1), (1.2) which satisfies f(t, x, ξ) ≥ 0 and

lim
t→∞

sup
x∈R3

∑
γ0+|α|+|β|≤N−4

∫
R3

∣∣∣∂γ0t ∂αx ∂βξ (f(t, x, ξ)−M(x, ξ)
)∣∣∣2

M−(ξ)
dξ = 0. (1.18)

Remark 1.1 A similar result was announced in [1] on the L∞ξ solutions under the additional
assumption that the support of Φ(x) is compact. On the other hand, the compressible Navier-
Stokes equations with the potential force was solved in [17] on the same global existence and
asymptotic property under the same assumption on Φ(x), as in our Theorem 1.1.

Remark 1.2 The assumption (1.17)1 requires, among others, that Φ(x) ∈ L2
x(R

3), but this
does not contradict to the fact that the potential Φ(x) is unique only up to an additive constant,
because this constant can be absorbed into the constant ρ1.

The proof of Theorem 1.1 relies on the energy method based on the macro-micro (fluid
dynamic-kinetic) decomposition of the Boltzmann equation developed recently in [14]. The en-
ergy estimates for marcroscopic (fluid) component of f(t, x, ξ) are obtained with the H−theorem
for the lower order derivatives and by the usual integrations by parts for the differential equations
for higher order derivatives. Both estimates contain Sobolov norms of the microscopic (kinetic)
component of f(t, x, ξ). It should be noted that if these terms are dropped, our estimates
coincide with those presented in [17] for the compressible Navier-Stokes equations.

The norm of the microscopic component can be estimated by virtue of the microscopic
H−theorem, i.e. the negative defiteness of the linearized collision operator on the space of
functions having only microscopic components, and again by the integration by parts on the
differentiated microscopic equations.

This technique has been developed in [14] for the force-free case, where the energy estimates
can be closed only with (t, x) derivatives of f(t, x, ξ). In our case, however, ξ derivatives should be
also included. Recently, in [12], another L2 energy method has been proposed for the Boltzmann
equation. Although the technique is quite different from [14], it applies also to our case, to deduce
the same result.
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The global existence is concluded by combining the local existence and the energy estimates.
Our local solutions should be, therefore, in consistence with our energy estimates, that is, they
should be L2 solutions w.r.t. ξ as well as (t, x). Such solutions can be constructed by using the
L2 estimate of Q(f, g) derived in [9].

The rest of this paper is arranged as follows. The microscopic and macroscopic versions of
the H−theorems will be stated in Section 2. The main energy estimates are analyzed for the
case when N = 4 in Section 3. The case when N > 4 can be discussed similarly. The proof
of Theorem 1.1 will be given in Section 4, and the proofs of some technical lemmas stated in
Section 3 are given in Section 5 for clear presentation.

Notation
In the rest of this paper, the generic constants (but perhaps depend on the initial values)

will be denoted by O(1) or C. Occasionally, we use e.g. C(r, s) when we want to emphasize the
dependence of C on the parameters r and s. Note that all constants may vary from line to line.

For γ = (α0, α), α, and β, we use ∂γ , ∂α, and ∂β to denote the differential operators ∂α0
t ∂αx , ∂

α
x ,

and ∂βξ respectively. Here α0 is a non-negative integer and α = (α1, α2, α3) and β = (β1, β2, β3)
are multi-indices with length |α| and |β|, respectively. Finally |γ| = α0 + |α| and Cab means(
a
b

)
.

2 H−theorem

The celebrated H−theorem of the Boltzmann equation is based on the special property of the
bilinear structure of Q(f, f) satisfying∫

R3
Q(f, f) ln fdξ ≤ 0,

and the equality holds only when the solution f(t, x, ξ) is a Maxwellian.
Corresponding to the macroscopic and microscopic components, the H-theorem can be

viewed in these two aspects. The first kind of dissipation comes from the linearized collision
operator LM acting on the microscopic components stated in (1.14) and (1.15). The second
kind of dissipation comes from the nonlinear collision operator in the expression of the viscosity
and heat conductivity in the macroscopic level.

In the following, we will first state some inequalities on the nonlinear and linearized collision
operators Q(f, f) and LM. The first lemma is from [9].

Lemma 2.1 There exists a positive constant C > 0 such that

∫
R3

νM(ξ)−1Q(f,g)2

M̃
dξ ≤ C

{∫
R3

νM(ξ)f2

M̃
dξ ·

∫
R3

g2

M̃
dξ +

∫
R3

f2

M̃
dξ ·

∫
R3

νM(ξ)g2

M̃
dξ

}
, (2.1)

where M̃ is any Maxwellian such that the above integrals are well defined.

Based on Lemma 2.1, the following result was proved in [15].
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Lemma 2.2 If θ
2 < θ̃ < θ, then there exist two positive constants σ = σ(u, θ; ũ, θ̃) and η0 =

η0(u, θ; ũ, θ̃) such that if |u− ũ|+ |θ − θ̃| < η0, we have for h(ξ) ∈ N⊥,

−
∫
R3

hLMh

M̃
dξ ≥ σ

∫
R3

νM(ξ)h2

M̃
dξ.

Here M ≡ M[ρ,u,θ](t, x, ξ) and M̃(t, x, ξ) = M̃[ρ̃,ũ,θ̃](t, x, ξ).

As a direct consequence of Lemma 2.2 and the Cauchy inequality, we have the following
corollary (cf. [15]).

Corollary 2.1 Under the assumptions in Lemma 2.2, we have for h(ξ) ∈ N⊥,
∫
R3

νM(ξ)
M

∣∣∣L−1
M h

∣∣∣2 dξ ≤ σ−2
∫
R3

νM(ξ)−1h2(ξ)
M dξ,∫

R3

νM(ξ)
M−

∣∣∣L−1
M h

∣∣∣2 dξ ≤ σ−2
∫
R3

νM(ξ)−1h2(ξ)
M−

dξ.
(2.2)

To construct the entropy-entropy flux pairs to (1.1), we first derive the macroscopic version
of the H−theorem as the one in [14] for the Boltzmann equation without force. Set

−3
2
ρS ≡

∫
R3

M lnMdξ. (2.3)

Direct calculation yields

−3
2
(ρS)t −

3
2
divx(ρuS) +∇x

(∫
R3

(ξ lnM)Gdξ
)

=
∫
R3

GP1

(
ξ · ∇xM

)
M

dξ, (2.4)

and 
S = −2

3 ln ρ+ ln(2πRθ) + 1,

p = 2
3ρθ = kρ

5
3 exp(S),

E = θ, R = 2
3 .

(2.5)

Remark 2.1 Note that when the macroscopic entropy S is defined as in (2.3), the gas constant
R is normalized to be 2

3 and in such a case E = θ.

An convex entropy-entropy flux pair (η, q) around the stationary solution M = M[ρ(x),0,θ]

can be given as follows, [14]. Denote the conservation laws (1.9) by

mt + divxn = −



0∫
R3
ψ1(ξ · ∇xG)dξ∫

R3
ψ2(ξ · ∇xG)dξ∫

R3
ψ3(ξ · ∇xG)dξ∫

R3
ψ4(ξ · ∇xG)dξ


−



0

ρΦx1

ρΦx2

ρΦx3

m · ∇xΦ


.
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Here 

m = (m0,m1,m2,m3,m4)t =
(
ρ, ρu1, ρu2, ρu3, ρ

(
1
2 |u|

2 + θ
))t

,

n = (n1,n2,n3) ,

nj = (nj0, n
j
1, n

j
2, n

j
3, n

j
4)
t

=
(
ρuj , u1mj + 2

3ρθ, u2mj + 2
3ρθ, u3mj + 2

3ρθ, ρuj
(

1
2 |u|

2 + 5
3θ
))t

, j = 1, 2, 3.

Then the entropy-entropy flux pair (η, q) can be defined byη = θ
{
−3

2ρS + 3
2ρS + 3

2∇m(ρS)|m=m(m−m)
}
,

qj = θ
{
−3

2ρujS + 3
2∇m(ρS)|m=m(nj − nj)

}
, j = 1, 2, 3.

(2.6)

Since 
(ρS)m0 = S + |u|2

2θ −
5
3 ,

(ρS)mi = −ui
θ , i = 1, 2, 3,

(ρS)m4 = 1
θ ,

we have 
η = 3

2

{
ρθ − θρS + ρ

[(
S − 5

3

)
θ + |u|2

2

]
+ 2

3ρθ

}
,

qj = ujη + uj
(
ρθ − ρθ

)
, j = 1, 2, 3.

(2.7)

Notice that for m in any closed bounded region D ⊂ Σ = {m : ρ > 0, θ > 0}, there exists a
positive constant C depending on D such that the entropy-entropy flux thus constructed satisfies
(cf. [14, 15])

C−1 |m−m|2 ≤ η ≤ C |m−m|2 . (2.8)

And (η, q1, q2, q3) solves the following partial differential equation

ηt + divxq = −∇x

(∫
R3

(
ξG lnM + 3

2ψ4ξG
)
dξ

)
− 3

2m · ∇xΦ

+
∫
R3

P1(ξ·∇xM)G
M dξ.

(2.9)

Integrating (2.9) w.r.t. x over R3 gives

d

dt

∫
R3
η(t)dx = −3

2

∫
R3
m · ∇xΦdx+

∫
R3

∫
R3

P1 (ξ · ∇xM)G
M

dξdx. (2.10)

Since ∫
R3
m · ∇xΦdx = −

∫
R3

divxmΦdx =
∫
R3

(ρ− ρ)tΦdx

= d
dt

∫
R3

(ρ− ρ) Φdx,
(2.11)
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we obtain the entropy estimate

d

dt

{∫
R3

(
η +

3
2

(ρ− ρ) Φ
)
dx

}
=
∫
R3

∫
R3

P1

(
ξ · ∇xM

)
G

M
dξdx, (2.12)

which is crucial in the later energy estimates on the fluid components of the solutions.
Before concluding this section, we note from (2.8) that∫

R3

(
η +

3
2

(ρ− ρ) Φ
)

(t, x)dx ≥ 1
2

∫
R3
η(t, x)dx−O(1)λ2. (2.13)

3 Energy estimates

In this section, we will give the entropy estimates for the proof of global existence theorem. For
this, we first assume the following a priori estimate

N(t)2 = sup
0≤τ≤t

{ ∑
|γ|≤4

∫
R3

∣∣∣∂γ(ρ− ρ, u, θ − θ)(τ, x)
∣∣∣2 dx+

∑
|γ|+|β|≤4

∫
R3

∫
R3

|∂γ∂βG(τ,x,ξ)|2
M−(ξ) dξdx

}
+

∑
|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG(τ,x,ξ)|2
M−(ξ) dξdxdτ

≤ δ2.

(3.1)

Here δ > 0 is a suitably chosen sufficiently small constant whose precise range can be easily seen
from the analysis below.

It is easy to see from (3.1), the conservation laws (1.9), and Sobolev’s inequality that

N(0) ≤ O(1)E(f0) (3.2)

and 

sup
x∈R3

∑
|α|≤3

|∂αΦ(x)| ≤ O(1)λ,

sup
(τ,x)∈[0,t)×R3

∑
|γ|≤2

∣∣∣∂γ(ρ− ρ, u, θ − θ)(τ, x)
∣∣∣ ≤ O(1)δ,

sup
(τ,x)∈[0,t)×R3

∑
|γ|+|β|≤2

∫
R3

|∂γ∂βG(τ,x,ξ)|2
M−

dξ ≤ O(1)δ2.

(3.3)

On the other hand, if we choose δ > 0 sufficiently small, we have from (1.16) that
θ
2 < θ− < θ,

|ρ− ρ|+ |u|+
∣∣∣θ − θ

∣∣∣ < η0,

and consequently the microscopicH−theorem (1.15) holds when M̃ is taken as M− = M[ρ−,0,θ−].
We now give the energy estimates on the solutions f(t, x, ξ) to the Cauchy problem (1.1) and

(1.2) based on the a priori assumption (3.1). To do so, some basic estimates are given in Section
3.1 and then the desired energy estimates are obtained in the subsequent three subsections: The
first one is on the estimates on the entropy η(ρ, u, θ) and the non-fluid component G and the
other two are on the derivatives w.r.t. the weight of the local Maxwellian M and the derivatives
w.r.t. the global Maxwellian M−, respectively.
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3.1 Preliminary estimates

In this section we give some basic estimates related to the external forces Φ(x) and to the
weighted integrals of the collision operators Q (G,G) and Q (M,G) w.r.t. M and M−. First
we cite the following fundamental inequality (cf. [17])

Lemma 3.1 Let Ω be the whole space R3, the half space R3
+, or the exterior domain of a

bounded region with smooth boundary. Then

‖g(x)‖L6(Ω) ≤ O(1)‖∇xg(x)‖L2(Ω). (3.4)

Based on Lemma 3.1, we have the following estimates concerning the external forces Φ(x)

Lemma 3.2 Under the assumption (3.1), we have for each |γ| ≤ 3, |α| ≤ 5 that∫
R3
|∂αΦ|2

∣∣∣∂γ (ρ− ρ, u, θ − θ
)∣∣∣2 dx ≤ O(1)λ2

∫
R3

∣∣∣∇x∂
γ
(
ρ− ρ, u, θ − θ

)∣∣∣2 dx. (3.5)

Moreover

∑
α>0,|γ|+|β|≤3

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂αΦ|2|∂γ∂βG|2
M dξdxdτ

≤ O(1)
∑

α>0,|γ|+|β|≤3

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂αΦ|2|∂γ∂βG|2
M−

dξdxdτ

≤ O(1)λ2 ∑
|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ.

(3.6)

Proof: Since (3.5) follows immediately from Holder’s inequality and (3.4), we only prove (3.6)
in the following. To this end, we only need to prove the second inequality in (3.6) because the
first one holds trivially due to θ− < θ.

In fact, Holder’s inequality together with (3.4) imply

∫
R3
|∂αΦ|2

∣∣∣∂γ∂βG∣∣∣2 dx ≤ (∫
R3
|∂αΦ|3 dx

) 2
3
(∫

R3

∣∣∣∂γ∂βG∣∣∣6 dx) 1
3

≤ O(1)λ2
∥∥∥∂γ∂βG∥∥∥2

L6(R3)

≤ O(1)λ2
∫
R3

∣∣∣∇x∂
γ∂βG

∣∣∣2 dx.
Consequently ∑

α>0,|γ|+|β|≤3

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂αΦ|2|∂γ∂βG|2
M−

dξdxdτ

≤ O(1)λ2 ∑
α>0,|γ|+|β|≤3

∫ t

0

∫
R3

∫
R3

νM(ξ)|∇x∂γ∂βG|2
M−

dξdxdτ

≤ O(1)λ2 ∑
|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ.

This is the second inequality in (3.6) and the proof of Lemma 3.2 is completed.
Now we turn to deal with the weighted integrals of the collision operators Q (G,G) and

Q (M,G) w.r.t. M and M−.
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Lemma 3.3 Under the assumption (3.1), we have for |γ|+ |β| ≤ 4 that

∑
β′<β

∫ t

0

∫
R3

∫
R3

νM(ξ)−1

∣∣∣Q(∂β−β′M,∂β′G

)∣∣∣2
M̃

dξdxdτ

≤ O(1)
∑
β′<β

∫ t

0

∫
R3

∫
R3

νM(ξ)

∣∣∣∂β′G

∣∣∣2
M̃

dξdxdτ,

(3.7)

∑
0<γ′≤γ,β′≤β

∫ t

0

∫
R3

∫
R3

νM(ξ)−1

∣∣∣Q(∂γ′∂β′M,∂γ−γ′∂β−β′G

)∣∣∣2
M̃

dξdxdτ

≤ O(1)δ2
∑

1≤|γ′|≤|γ|

∫ t

0

∫
R3

∣∣∣∂γ′(ρ− ρ, u, θ)
∣∣∣2 dxdτ

+O(1)(λ+ δ)2
∑

|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ,

(3.8)

∑
γ′≤γ,β′≤β

∫ t

0

∫
R3

∫
R3

νM(ξ)−1

∣∣∣Q(∂γ′∂β′G,∂γ−γ′∂β−β′G

)∣∣∣2
M̃

dξdxdτ

≤ O(1)δ2
∑

|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ.

(3.9)

Here M̃ can be taken as M or M−.

Since the proof of Lemma 3.1 is similar to that of Lemma 3.1 in [20], we omit the details for
brevity.

As a direct corollary of Lemma 3.3, we have

Corollary 3.1 Under the assumptions in Lemma 3.3, we have for |γ|+ |β| ≤ 4 that∫ t

0

∫
R3

∫
R3

νM(ξ)−1|∂γ∂βQ(G,G)|2
M̃

dξdxdτ

≤ O(1)δ2
∑

|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ,
(3.10)

∫ t

0

∫
R3

∫
R3

νM(ξ)−1|∂β(LMG)−LM(∂βG)|2
M̃

dξdxdτ

≤ O(1)
∑
β′<β

∫ t

0

∫
R3

∫
R3

νM(ξ)

∣∣∣∂β′G

∣∣∣2
M̃

dξdxdτ.

Furthermore, if γ > 0, we have∫ t

0

∫
R3

∫
R3

νM(ξ)−1|∂γ∂β(LMG)−LM(∂γ∂βG)|2
M̃

dξdxdτ

≤ O(1)
∑
β′<β

∫ t

0

∫
R3

∫
R3

νM(ξ)

∣∣∣∂γ∂β′G

∣∣∣2
M̃

dξdxdτ

+O(1)δ2
∑

1≤|γ′|≤|γ|

∫ t

0

∫
R3

∣∣∣∂γ′(ρ− ρ, u, θ)
∣∣∣2 dxdτ

+O(1)(λ+ δ)2
∑

|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ.

(3.11)
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Here, as in Lemma 3.3, M̃ can be taken as M or M−.

3.2 Lower order estimates

In this subsection, we will give the energy estimates on the entropy η(ρ, u, θ) and the non-fluid
component G(t, x, ξ).

First, integrating (2.12) w.r.t. t over [0, t] yields

∫
R3

(
η +

3
2

(ρ− ρ) Φ
)
dx

∣∣∣∣∣
t

0

=
∫ t

0

∫
R3

∫
R3

P1(ξ · ∇xM)G
M

dξdxdτ. (3.12)

From (1.11) and the fact that there exists a positive constant C > 0 such that

−
∫ t

0

∫
R3

∫
R3

P1(ξ·∇xM)L−1
M

(
P1(ξ·∇xM)

)
M dξdxdτ ≥ C

∫ t

0

∫
R3

∫
R3

|P1(ξ·∇xM)|2
M dξdxdτ

≥ C

∫ t

0

∫
R3
|∇x(u, θ)|2dxdτ,

we have from Lemma 2.1, Corollary 2.1, and (3.1)-(3.3) that∫ t

0

∫
R3

∫
R3

P1(ξ·∇xM)G
M dξdxdτ ≤ −C

2

∫ t

0

∫
R3
|∇x(u, θ)|2dxdτ

+O(1)
∫ t

0

∫
R3

∫
R3

νM(ξ)
M

(
|Gt|2 + |∇xG|2 + λ2|∇ξG|2 + δ2|G|2

)
dξdxdτ.

(3.13)

Substituting (3.13) into (3.12) yields∫
R3

(
η + 3

2 (ρ− ρ) Φ
)

(t)dx+
∫ t

0

∫
R3
|∇x(u, θ)|2dxdτ

≤ O(1)
(
E(f0)2 + λ2

)
+O(1)

∫ t

0

∫
R3

∫
R3

νM(ξ)
M

(
|Gt|2 + |∇xG|2 + λ2|∇ξG|2 + δ2|G|2

)
dξdxdτ.

(3.14)

For the non-fluid component G, multiplying (1.10) by G
M and integrating the result w.r.t.

t, x, and ξ over [0, t]×R3×R3, we have from (1.14), Lemma 2.1, and Cauchy-Schwarz’s inequality
that ∫

R3

∫
R3

|G|2
M dξdx+

∫ t

0

∫
R3

∫
R3

νM(ξ)|G|2
M dξdxdτ

≤ O(1)E(f0)2 +O(1)(λ+ δ)
∫ t

0

∫
R3

∫
R3

νM(ξ)|G|2
M−

dξdxdτ

+O(1)
∫ t

0

∫
R3

(
|∇x(u, θ)|2 +

∫
R3

νM(ξ)|∇xG|2
M

)
dxdτ.

(3.15)

Similarly, if we replace the weight M by the global Maxwellian M−, we have∫
R3

∫
R3

|G|2
M−

dξdx+
∫ t

0

∫
R3

∫
R3

νM(ξ)|G|2
M−

dξdxdτ

≤ O(1)E(f0)2 +O(1)
∫ t

0

∫
R3

(
|∇x(u, θ)|2 +

∫
R3

νM(ξ)|∇xG|2
M−

)
dxdτ.

(3.16)

(3.14)-(3.16) give the complete lower order energy estimates.
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3.3 Higher order estimates w.r.t. M

In this subsection, we will consider higher order energy estimates, i.e., ∂γ(ρ − ρ, u, θ), ∂γ∂βG,
and ∂γf for |γ| ≥ 1 and |γ|+ |β| ≥ 1 w.r.t. the local Maxwellian M.

First, for ∂γ(ρ− ρ, u, θ) with 1 ≤ |γ| ≤ 3, we have the following lemma.

Lemma 3.4 Under the assumptions in Lemma 3.2, we have for j = 1, 2, 3 that

∑
|γ|=j

∫
R3
|∂γ(ρ− ρ, u, θ)|2 dx+

∑
|γ|=j

∫ t

0

∫
R3
|∇x∂

γ(u, θ)|2 dxdτ

≤ O(1)E(f0)2 +O(1)
∑
|γ|=j

∫ t

0

∫
R3

∫
R3

νM(ξ)
M

(
|∂γGt|2 + |∇x∂

γG|2
)
dξdxdτ

+O(1)(λ+ δ)
∑

1≤|γ|≤j+1

∫ t

0

∫
R3
|∂γ(ρ− ρ, u, θ)|2 dxdτ

+O(1)(λ+ δ)
∑
|γ|≤j

∫ t

0

∫
R3

∫
R3

νM(ξ)
M

(
|∂γG|2 + |∇ξ∂

γG|2
)
dξdxdτ.

(3.17)

Proof: The conservation laws (1.12) can be rewritten as



ρt = −(ρ− ρ)divxu−∇x(ρ− ρ) · u− ρdivxu−∇xρ · u,

uit +
3∑
j=1

ujuixj + 2
3ρ

(
ρθ − ρθ

)
xi

+ ρ−ρ
ρ Φxi = −

∫
R3

ψi(ξ·∇xΘ)
ρ dξ

+1
ρ

3∑
j=1

{
µ(θ)

(
uixj + ujxi − 2

3δijdivxu
)}

xj

, i = 1, 2, 3,

θt +
3∑
j=1

(
ujθxj + 2

3θujxj

)
= −

∫
R3

ψ4−ξ·u
ρ (ξ · ∇xΘ)dξ

+1
ρ

{
3∑
j=1

(
κ(θ)θxj

)
xj

+ 1
2µ(θ)

3∑
i,j=1

(
uixj + ujxi

)2
− 2

3µ(θ)(divxu)2
}
.

(3.18)

Once we obtained (3.18), (3.17) can be proved similar to that of [17] for the compressible
Navier-Stokes equations with external forces by applying ∂γ(1 ≤ |γ| ≤ 3) to (3.18)2 and (3.18)3,
multiplying the resulting identities by ρ∂γui and ρ

θ∂
γθ, taking the summation w.r.t. i from 1

to 3, and integrating the final results w.r.t. t and x over [0, t] ×R3. The only difference is to
deal with the terms containing Θ, which can be estimated suitably by explioting Lemma 2.1,
Corollary 2.1, and Lemma 3.2. We thus omit the details here for brevity. This completes the
proof of Lemma 3.4.

Secondly, for ∂γ∂βG with |γ| + |β| ≤ 4, we have the following lemma whose proof will be
given in the appendix for the brevity of presentation.
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Lemma 3.5 Under the assumptions in Lemma 3.4, we have for |γ|+ |β| ≤ 4 that∫
R3

∫
R3

|∂γ∂βG|2
M dξdx+

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M dξdxdτ

≤ O(1)E(f0)2 +O(1)(λ+ δ)
∑

|γ′|+|β′|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ′∂β′G|2
M−

dξdxdτ

+O(1)
∫ t

0

∫
R3

(
|∇x∂

γ(u, θ)|2 + (λ+ δ)
∑

1≤|γ′|≤|γ|

∣∣∣∂γ′(ρ− ρ, u, θ)
∣∣∣2) dxdτ

+O(1)
∫ t

0

∫
R3

∫
R3

νM(ξ)
M

(
|∇x∂

γG|2 +
∑

|β′|=|β|−1

∣∣∣∇x∂
γ∂β

′
G
∣∣∣2) dξdxdτ

+O(1)
∑
β′<β

∫ t

0

∫
R3

∫
R3

νM(ξ)

∣∣∣∂γ∂β′G

∣∣∣2
M dξdxdτ.

(3.19)

Letting γ = 0 and β = 0 respectively in (3.19) yields∫
R3

∫
R3

|∂βG|2
M dξdx+

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂βG|2
M dξdxdτ

≤ O(1)E(f0)2 +O(1)(λ+ δ)
∑

|γ′|+|β′|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ′∂β′G|2
M−

dξdxdτ

+O(1)
∫ t

0

∫
R3

(
|∇x(u, θ)|2 +

∫
R3

νM(ξ)
M |∇xG|2dξ

)
dxdτ

+O(1)
∫ t

0

∫
R3

∫
R3

νM(ξ)
M

( ∑
|β′|=|β|−1

∣∣∣∇x∂
β′G

∣∣∣2 +
∑
β′<β

∣∣∣∂β′G∣∣∣2) dξdxdτ, |β| ≤ 4,

(3.20)

and ∫
R3

∫
R3

|∂γG|2
M dξdx+

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γG|2
M dξdxdτ

≤ O(1)E(f0)2 +O(1)(λ+ δ)
∑

|γ′|+|β′|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ′∂β′G|2
M−

dξdxdτ

+O(1)
∫ t

0

∫
R3

(
|∇x∂

γ(u, θ)|2 + (λ+ δ)
∑

1≤|γ′|≤|γ|

∣∣∣∂γ′(ρ− ρ, u, θ)
∣∣∣2) dxdτ

+O(1)
∫ t

0

∫
R3

∫
R3

νM(ξ)
M |∇x∂

γG|2 dξdxdτ, 1 ≤ |γ| ≤ 3.

(3.21)

From the estimates (3.19)-(3.21), we can deduce, on the one hand, that we can reduce
the estimates on the derivatives of the non-fluid part w.r.t. the velocity, i.e., ∂γ∂βG with
|β| ≥ 1, |γ| + |β| ≤ 4 to the estimates on the derivatives of the non-fluid part w.r.t. the space
and time variables, i.e., ∂γ

′
G for some |γ′| ≤ 4. And on the other hand, we can get an estimate

on ∂γG. The above results are summarized in the following corollary.

Corollary 3.2 Under the assumptions in Lemma 3.4, we have∑
β>0,|γ|+|β|≤4

∫
R3

∫
R3

|∂γ∂βG|2
M dξdx+

∑
β>0,|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M dξdxdτ

≤ O(1)E(f0)2 +O(1)(λ+ δ)
∑

|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ

+O(1)
∫ t

0

∫
R3

( ∑
1≤|γ|≤4

|∂γ(ρ− ρ, u, θ)|2 +
∑
|γ|≤4

∫
R3

νM(ξ)|∂γG|2
M dξ

)
dxdτ,

(3.22)
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∑
|γ|=j

∫
R3

∫
R3

|∂γG|2
M dξdx+

∑
|γ|=j

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γG|2
M dξdxdτ

≤ O(1)E(f0)2 +O(1)(λ+ δ)
∑

|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ

+O(1)
∫ t

0

∫
R3

( ∑
|γ|=j+1

|∂γ(u, θ)|2 + (λ+ δ)
∑

1≤|γ|≤j
|∂γ(ρ− ρ, u, θ)|2

)
dxdτ

+O(1)
∑

|γ|=j+1

∫ t

0

∫
R3

∫
R3

νM(ξ)
M |∂γG|2 dξdxdτ, j = 1, 2, 3.

(3.23)

A suitably linear combination of (3.17) and (3.23) yields

∑
|γ|=j

∫
R3

(
|∂γ(ρ− ρ, u, θ)|2 +

∫
R3

|∂γG|2
M dξ

)
dx

+
∫ t

0

∫
R3

( ∑
|γ|=j+1

|∂γ(u, θ)|2 +
∑
|γ|=j

∫
R3

νM(ξ)|∂γG|2
M dξ

)
dxdτ

≤ O(1)E(f0)2 +O(1)(λ+ δ)
∑

|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ

+O(1)
∑

|γ|=j+1

∫ t

0

∫
R3

∫
R3

νM(ξ)
M |∂γG|2 dξdxdτ

+O(1)(λ+ δ)
∑

1≤|γ|≤j+1

∫ t

0

∫
R3
|∂γ(ρ− ρ, u, θ)|2 dxdτ, j = 1, 2, 3.

(3.24)

Consequently

∑
1≤|γ|≤3

∫
R3

(
|∂γ(ρ− ρ, u, θ)|2 +

∫
R3

|∂γG|2
M dξ

)
dx

+
∫ t

0

∫
R3

( ∑
2≤|γ|≤4

|∂γ(u, θ)|2 +
∑

1≤|γ|≤3

∫
R3

νM(ξ)|∂γG|2
M dξ

)
dxdτ

≤ O(1)E(f0)2 +O(1)(λ+ δ)
∑

|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ

+O(1)
∑
|γ|=4

∫ t

0

∫
R3

∫
R3

νM(ξ)
M |∂γG|2 dξdxdτ

+O(1)(λ+ δ)
∫ t

0

∫
R3

( ∑
1≤|γ|≤4

|∂γ(ρ− ρ)|2 +
∑
|γ|=1

|∂γ(u, θ)|2
)
dxdτ.

(3.25)

To obtain the the 4−th order derivatives w.r.t. t and x on G, we need to work on the original
system (1.1) to avoid the appearance of the 5−th order derivatives. This can be summarized in
the following lemma whose proof can be found at the appendix.

Lemma 3.6 Under the assumptions in Lemma 3.4, we have

∑
2≤|γ|≤4

∫
R3

∫
R3

|∂γ(f−M)|2
M dξdx+

∑
2≤|γ|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γG|2
M dξdxdτ

≤ O(1)E(f0)2 +O(1)(λ+ δ)
∑

|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ

+O(1)(λ+ δ)
∑

1≤|γ|≤4

∫ t

0

∫
R3
|∂γ(ρ− ρ, u, θ)|2 dxdτ.

(3.26)
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Due to∫
R3

∫
R3

|∂γ(f−M)|2
M dξdx =

∫
R3

∫
R3

|P0(∂γ(M−M))|2+|P1(∂γ(M−M))+∂γG|2
M dξdx

≥
∫
R3

∫
R3

|P0(∂γ(M−M))|2
M dξdx, 2 ≤ |γ| ≤ 4,

(3.27)

we have by induction that∑
1≤|γ|≤4

∫
R3
|∂γ(ρ− ρ, u, θ)|2 dx

≤ O(1)
∫
R3

( ∑
|γ|=1

|∂γ(ρ− ρ, u, θ)|2 +
∑

2≤|γ|≤4

∫
R3

|∂γ(f−M)|2
M dξ

)
dx

(3.28)

and ∑
|γ|=4

∫
R3

∫
R3

|∂γG|2
M dξdx ≤ O(1)

∑
1≤|γ|≤4

∫
R3
|∂γ(ρ− ρ, u, θ)|2 dx

+O(1)
∑

2≤|γ|≤4

∫
R3

∫
R3

|∂γ(f−M)|2
M dξdx.

(3.29)

Thus combining (2.13), (3.14), (3.15), (3.25), (3.26), (3.28) with (3.29) yield∑
|γ|≤4

∫
R3

(∣∣∣∂γ(ρ− ρ, u, θ − θ)
∣∣∣2 +

∫
R3

|∂γG|2
M dξ

)
dx

+
∫ t

0

∫
R3

( ∑
1≤|γ|≤4

|∂γ(u, θ)|2 +
∑
|γ|≤4

∫
R3

νM(ξ)|∂γG|2
M dξ

)
dxdτ

≤ O(1)
(
E(f0)2 + λ2

)
+O(1)(λ+ δ)

∑
|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ

+O(1)(λ+ δ)
∑

1≤|γ|≤4

∫ t

0

∫
R3
|∂γ(ρ− ρ)|2 dxdτ.

(3.30)

To recover the estimates on ∂γ(ρ− ρ) in (3.30), we use the conservation laws (1.9) as in [15]
to deduce that∑
|γ|=j+1

∫ t

0

∫
R3
|∂γ(ρ− ρ)|2dxdτ ≤ O(1)E(f0)2 +O(1)

∫
R3

( ∑
|γ|=j+1

|∂γ(ρ− ρ)|2 +
∑
|γ|=j

|∂γu|2
)
dx

+O(1)
∑

1≤|γ|≤j+1

∫ t

0

∫
R3
|∂γ(u, θ)|2dxdτ

+O(1)(λ+ δ)
∑

1≤|γ|≤j

∫ t

0

∫
R3
|∂γ(ρ− ρ)|2dxdτ

+O(1)
∑

|γ|≤j+1

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γG|2
M dξdxdτ, j = 0, 1, 2, 3.

(3.31)

A suitably linear combination of (3.30) and (3.31) yields∑
|γ|≤4

∫
R3

(∣∣∣∂γ(ρ− ρ, u, θ − θ)
∣∣∣2 +

∫
R3

|∂γG|2
M dξ

)
dx

+
∫ t

0

∫
R3

( ∑
1≤|γ|≤4

|∂γ(ρ− ρ, u, θ)|2 +
∑
|γ|≤4

∫
R3

νM(ξ)|∂γG|2
M dξ

)
dxdτ

≤ O(1)
(
E(f0)2 + λ2

)
+O(1)(λ+ δ)

∑
|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ.

(3.32)

Putting (3.22) and (3.32) together, we finally have the following energy estimates w.r.t. M



The Boltzmann Equation with External Forces 19

Corollary 3.3 Under the assumptions of Lemma 3.4, we have∑
|γ|≤4

∫
R3

∣∣∣∂γ(ρ− ρ, u, θ − θ)
∣∣∣2 dx+

∑
|γ|+|β|≤4

∫
R3

∫
R3

|∂γ∂βG|2
M dξdx

+
∫ t

0

∫
R3

( ∑
1≤|γ|≤4

|∂γ(ρ− ρ, u, θ)|2 +
∑

|γ|+|β|≤4

∫
R3

νM(ξ)|∂γ∂βG|2
M dξ

)
dxdτ

≤ O(1)
(
E(f0)2 + λ2

)
+O(1)(λ+ δ)

∑
|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ.

(3.33)

3.4 Higher order estimates w.r.t. M−

In this subsection, we will consider certain higher order energy estimates w.r.t. the global
Maxwellian M− = M[ρ−,0,θ−] in order to close the a priori estimate (3.1). Compared to those
w.r.t. the local Maxwellian M, the only difference is that the fluid part and non-fluid part are no
longer orthogonal w.r.t. the global Maxwellian M−. More precisely, from the proofs of Lemma
3.5 and Lemma 3.6, we can see that we have used the following identity

∫
R3

P0(∂γM[ρ−ρ,u,θ])∂γ(LMG)

M dξ = 0,

∫
R3

P0

(
∂γ

(
ρ

(
M[1,u,θ]−M

[1,0,θ]

)))
∂γ(LMG)

M dξ = 0, 2 ≤ |γ| ≤ 4,

while if the weight M is replaced by M−, the above identity does not hold any longer. As a
result, there is an extra error term in the form of∑

1≤|γ|≤4

∫ t

0

∫
R3
|∂γ(ρ− ρ, u, θ)|2 dxdτ.

Noticing this difference, we have by repeating the procedure to deduce (3.33) to obtain∑
|γ|≤4

∫
R3

∣∣∣∂γ(ρ− ρ, u, θ − θ)
∣∣∣2 dx+

∑
|γ|+|β|≤4

∫
R3

∫
R3

|∂γ∂βG|2
M−

dξdx

+
∑

|γ|+|β|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξdxdτ

≤ O(1)
(
E(f0)2 + λ2

)
+O(1)

∑
1≤|γ|≤4

∫ t

0

∫
R3
|∂γ(ρ− ρ, u, θ)|2 dxdτ.

(3.34)

Combining (3.33) with (3.34), we finally deduce that∑
|γ|≤4

∫
R3

∣∣∣∂γ(ρ− ρ, u, θ − θ)
∣∣∣2 dx+

∑
|γ|+|β|≤4

∫
R3

∫
R3

|∂γ∂βG|2
M−

dξdx

+
∫ t

0

∫
R3

( ∑
1≤|γ|≤4

|∂γ(ρ− ρ, u, θ)|2 +
∑

|γ|+|β|≤4

∫
R3

νM(ξ)|∂γ∂βG|2
M−

dξ

)
dxdτ

≤ O(1)
(
E(f0)2 + λ2

)
,

(3.35)

which closes the a priori estimate (3.1) provided that we choose ε > 0 and λ0 > 0 sufficiently
small such that λ < λ0, E(f0) < ε,

O(1)
(
ε2 + λ2

0

)
< δ2.

(3.36)
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4 The proof of Theorem 1.1

This section is devoted to the proof of the main result Theorem 1.1. The idea is to use the
continuity argument to extend the local solution to all time by the closed a priori estimate (3.1).
To do so, we first need to get the local existence of solutions to the Cauchy problem (1.1), (1.2)
in the following energy space

H4
x,ξ ([0, T )) =

g(t, x, ξ) :

∣∣∣∣∣∣
∂α∂βg(t,x,ξ)√

M−(ξ)
∈ BCt

(
[0, T ), L2

x,ξ

(
R3 ×R3

))
‖g‖X ≤M, |α|+ |β| ≤ 4

 , (4.1)

which will be established in the coming subsection. Here g(t, x, ξ) = f(t, x, ξ)−M(x, ξ), M > 0
and T > 0 are some positive constants, and ‖g‖X is defined by

‖g‖X = sup
0≤t≤T

{ ∑
|α|+|β|≤4

∫
R3

∫
R3

|∂α∂βg(t,x,ξ)|2
M−(ξ) dξdx

}
+

∑
|α|+|β|≤4

∫ T

0

∫
R3

∫
R3

(1+|ξ|)|∂α∂βg(t,x,ξ)|2
M−(ξ) dξdxdτ.

(4.2)

4.1 Local existence

To construct local solution to the Cauchy problem (1.1), (1.2) in the energy space H4
x,ξ([0, T )),

for each given point (t0, x0, ξ0) ∈ R+×R3×R3, we first analysis the backward bi-characteristic
curve (X(t),Ξ(t)) ≡ (X,Ξ)(t; t0, x0, ξ0) of (1.1), (1.2) passing through (t0, x0, ξ0) which is given
by 

dX(t)
dt = Ξ(t),

dΞ(t)
dt = −∇xΦ(X(t)),

(X(t),Ξ(t))|t=t0 = (x0, ξ0).

(4.3)

From the assumption (1.17)1, one can immediately deduce that there exists a positive con-
stant C(t0, x0, ξ0) such that

|(X,Ξ)(t; t0, x0, ξ0)| ≤ C(t0, x0, ξ0)|t− t0|+ |x0|.

Consequently the backward bi-characteristic curve (X(t),Ξ(t)) can be continued to the time
t = 0 and we use (X0,Ξ0) to denote (X,Ξ)(0; t0, x0, ξ0). Furthermore, it is easy to show that
there exists a positive constant C1 > 0 such that for |t− t0| ≤ T

1− C1T ≤ ∂Xi(t;t0,x0,ξ0)
∂x0i

, ∂Ξi(t;t0,x0,ξ0)
∂ξ0i

≤ 1 + C1T, i = 1, 2, 3,∣∣∣∂Xi(t;t0,x0,ξ0)
∂x0j

∣∣∣+ ∣∣∣∂Ξi(t;t0,x0,ξ0)
∂ξ0j

∣∣∣ ≤ C1T, i 6= j, i, j = 1, 2, 3,∣∣∣∂Xi(t;t0,x0,ξ0)
∂ξ0j

∣∣∣+ ∣∣∣∂Ξi(t;t0,x0,x0j)
∂x0j

∣∣∣ ≤ C1T, i, j = 1, 2, 3,

from which we can deduce that if we choose T > 0 sufficiently small, we have

1
2
≤
∣∣∣∣det

∂(X,Ξ)
∂(x0, ξ0)

∣∣∣∣ ≤ 2. (4.4)
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Note that g(t, x, ξ) solves{
gt + ξ · ∇xg −∇xΦ · ∇ξg = LMg +Q(g, g),

g(t, x, ξ)|t=0 = g0(x, ξ),
(4.5)

where as in (1.13)

(
LMh

)
(ξ) = −νM(ξ)h(ξ) +

√
M(x, ξ)KM

((
h√
M

)
(ξ)
)

(4.6)

and KM(·) = −K1M(·) + K2M(·) is a symmetric compact L2-operator. And the collision fre-
quency νM(ξ) and KiM(·) have the following expressions

νM(ξ) = ρ(x)ν(ξ), ν(ξ) = ν(|ξ|) = 2√
2π

{(
1
|ξ| + |ξ|

) ∫ |ξ|

0
exp

(
−y2

2

)
dy + exp

(
− |ξ|2

2

)}
,

k1M(ξ, ξ∗) = πρ(x)√
(2π)3

|ξ − ξ∗| exp
(
− |ξ|2

4 − |ξ∗|2
4

)
,

k2M(ξ, ξ∗) = 2ρ(x)√
2π
|ξ − ξ∗|−1 exp

(
− |ξ−ξ∗|2

8 − (|ξ|2−|ξ∗|2)2

8|ξ−ξ∗|2
)
,

where kiM(ξ, ξ∗)(i = 1, 2) is the kernel of the operator KiM(i = 1, 2) respectively. Moreover, we
have from (4.3)2 that for each 0 ≤ s, t ≤ T |Ξ(t)− Ξ(s)| ≤ O(1)T,

ρ(X(t))
ρ(X(s)) = exp(Φ(X(s))− Φ(X(t))) ≤ 2.

(4.7)

Thus we have from
∣∣∣dν(r)dr

∣∣∣ ≤ O(1) that there exists a positive constant C2 ≥ 2 such that for all
0 ≤ s, t ≤ T 

νM(Ξ(t)) ≤ 2νM(Ξ(s)) + C2T,

1 + |ξ| ≤ C2νM(Ξ(t)),
1

M−(Ξ(t)) ≤
C2

M−(Ξ(s)) .

(4.8)

By using the explicit expressions of kiM(ξ, ξ∗)(i = 1, 2), straightforward calculations yields
the following lemma

Lemma 4.1 If 0 < θ
2 < θ− < θ, then for i = 1, 2

sup
ξ∈R3

{∫
R3
|Ki(ξ, ξ∗)|dξ∗

}
≤ O(1),

sup
ξ∗∈R3

{∫
R3
|Ki(ξ, ξ∗)|dξ

}
≤ O(1).

(4.9)

Here

Ki(ξ, ξ∗) =

√
M(x, ξ)
M−(ξ∗)

kiM(ξ, ξ∗)

√
M(x, ξ∗)
M−(ξ)

, i = 1, 2. (4.10)
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Consequently∣∣∣∣∣∣∣∣
∫
R3

g(ξ)
(√

MKM

(
h√
M

))
(ξ)

M−(ξ)
dξ

∣∣∣∣∣∣∣∣ ≤ O(1)

(∫
R3

h2

M−
dξ

) 1
2
(∫

R3

g2

M−
dξ

) 1
2

,

i.e.

∫
R3

∣∣∣∣(√MKM

(
h√
M

))
(ξ)
∣∣∣∣2

M−(ξ)
dξ ≤ O(1)

∫
R3

h2

M−
dξ. (4.11)

Under the above preparations, we now turn to construct local solutions to the Cauchy prob-
lem (1.1), (1.2) in H4

x,ξ([0, T )). For this purpose, we consider the following iterating sequence
{gn(t, x, ξ)} (n ≥ 0) for solving (4.6)

g0(t, x, ξ) = g0(x, ξ),

gn+1
t + ξ · ∇xg

n+1 −∇xΦ · ∇ξg
n+1 = LMgn+1 +Q(gn, gn)

= −νM(ξ)gn+1 +
√

MKM

(
gn+1√

M

)
+Q(gn, gn),

gn+1(t, x, ξ)|t=0 = g0(x, ξ).

(4.12)

Integrating (4.12)2 along (X,Ξ)(t; t0, x0, ξ0), we have

gn+1(t0, x0, ξ0)

= exp
(
−
∫ t0

0
νM(Ξ(s))ds

)
g0(X0,Ξ0)

+
∫ t0

0
exp

(
−
∫ t0

η
νM(Ξ(s))ds

)(√
MKM

(
gn+1√

M

))
(η,X(η),Ξ(η))dη

+
∫ t0

0
exp

(
−
∫ t0

η
νM(Ξ(s))ds

)
Q(gn, gn)(η,X(η),Ξ(η))dη.

(4.13)

We now show by induction that if ‖g0‖X ≤ M
3C2

, then ‖gn‖X ≤M for all n provided that M
and T are chosen sufficiently small. To do so, if ‖gn‖X ≤M , we have from (4.13) that∫

R3

∫
R3

|gn+1(t0,x0,ξ0)|2
M−(ξ0) dξ0dx0 ≤ 2

∫
R3

∫
R3

|g0(X(0),Ξ(0))|2
M−(ξ0) dξ0dx0

+2
∫
R3

∫
R3

∣∣∣∣∫ t0

0
exp

(
−
∫ t0

η
νM(Ξ(s))ds

)(√
MKM

(
gn+1√

M

))
(η,X(η),Ξ(η))dη

∣∣∣∣2 dξ0dx0

M−(ξ0)

+2
∫
R3

∫
R3

∣∣∣∣∫ t0

0
exp

(
−
∫ t0

η
νM(Ξ(s))ds

)
Q(gn, gn)(η,X(η),Ξ(η))dη

∣∣∣∣2 dξ0dx0

M−(ξ0)

=
3∑
j=1

Ij .

(4.14)

From (4.8)3 and (4.4), we have

I1 ≤ 2C2

∫
R3

∫
R3

|g0(X(0),Ξ(0))|2
M−(Ξ(0)) dξ0dx0

≤ 4C2

∫
R3

∫
R3

|g0(x,ξ)|2
M−(ξ) dξdx,

(4.15)



The Boltzmann Equation with External Forces 23

I2 ≤ 2
∫ T

0

∫
R3

∫
R3

∣∣∣(√MK
M

(
gn+1
√

M

))
(η,X(η),Ξ(η))

∣∣∣2
M−(ξ0) dξ0dx0dη

≤ 2C2

∫ T

0

∫
R3

∫
R3

∣∣∣(√MK
M

(
gn+1
√

M

))
(η,X(η),Ξ(η))

∣∣∣2
M−(Ξ(η)) dξ0dx0dη

≤ 4C2

∫ T

0

∫
R3

∫
R3

|gn+1(η,x,ξ)|2
M−(ξ) dξdxdη,

(4.16)

where in deducing (4.16), we have used (4.11).
For I3, we have from (4.8)3, Lemma 2.1, and Cauchy-Schwarz’s inequality that

I3 ≤ O(1)
∫
R3

∫
R3

∣∣∣∣∫ t0

0
exp

(
−2
∫ t0

η
νM(Ξ(s))ds

)
νM(Ξ(η))dη

∣∣∣∣
×
∣∣∣∣∫ t0

0
νM(Ξ(η))−1|Q(gn, gn)(η,X(η),Ξ(η))|2dη

∣∣∣∣ dξ0dx0

M−(ξ0)

≤ O(1)
∫ T

0

∫
R3

∫
R3
νM(Ξ(η))−1 |Q(gn,gn)(η,X(η),Ξ(η))|2

M−(ξ0) dξ0dx0dη

≤ O(1)
∫ T

0

∫
R3

∫
R3
νM(Ξ(η))−1 |Q(gn,gn)(η,X(η),Ξ(η))|2

M−(Ξ(η)) dξ0dx0dη

≤ O(1)
∫ T

0

∫
R3

∫
R3
νM(ξ)−1 |Q(gn,gn)(η,x,ξ)|2

M−(ξ) dξdxdη

≤ O(1)M4.

(4.17)

Inserting (4.15)-(4.17) into (4.14) deduce∫
R3

∫
R3

|gn+1(t,x,ξ)|2
M−(ξ) dξdx ≤ 4C2

∫
R3

∫
R3

|g0(x,ξ)|2
M−(ξ) dξdx+O(1)

(
M4 + T 2

)
+4C2

∫ T

0

∫
R3

∫
R3

|gn+1(t,x,ξ)|2
M−(ξ) dξdxdt.

By exploiting the Gronwall inequality and by choosing T > 0 sufficiently small such that
exp(4C2T ) < 2, we have from the above inequality that

∫
R3

∫
R3

|gn+1(t, x, ξ)|2

M−(ξ)
dξdx ≤ 8C2

∫
R3

∫
R3

|g0(x, ξ)|2

M−(ξ)
dξdx+O(1)

(
M4 + T 2

)
. (4.18)

On the other hand, we can get by repeating the techniques used above that∫ T

0

∫
R3

∫
R3

(1+|ξ|)|gn+1(t,x,ξ)|2
M−(ξ) dξdxdt ≤ C2

2

∫
R3

∫
R3

|g0(x,ξ)|2
M−(ξ) dξdx

+O(1)
(
M4 + T 2

)
.

(4.19)

Combining (4.18) with (4.19) yields

∫
R3

∫
R3

|gn+1(t,x,ξ)|2
M−(ξ) dξdx+

∫ T

0

∫
R3

∫
R3

(1+|ξ|)|gn+1(t,x,ξ)|2
M−(ξ) dξdxdt

≤ 4C2
2

∫
R3

∫
R3

|g0(x,ξ)|2
M−(ξ) dξdx+O(1)

(
M4 + T 2

)
.

(4.20)
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For the corresponding estimate for ∂α∂βgn+1(t, x, ξ) with |α|+ |β| = j, 1 ≤ j ≤ 4, since

∂α∂β
(
LMgn+1

)
= LM

(
∂α∂βgn+1

)
+ 2

∑
0<|α′|+|β′|≤j

Cα
′,β′

α,β Q
(
∂α

′
∂β

′
M, ∂α−α

′
∂β−β

′
G
)

= −νM(ξ)∂α∂βgn+1 +
√

MKM

(
∂α∂βgn+1√

M

)
+2

∑
0<|α′|+|β′|≤j

Cα
′,β′

α,β Q
(
∂α

′
∂β

′
M, ∂α−α

′
∂β−β

′
G
)
,

it is easy to check that it solves

(
∂α∂βgn+1

)
t
+ ξ · ∇x

(
∂α∂βgn+1

)
−∇xΦ · ∇ξ

(
∂α∂βgn+1

)
= −νM(ξ)∂α∂βgn+1 +

√
MKM

(
∂α∂βgn+1√

M

)
+ 2Q

(
∂α∂βgn, gn

)
−

∑
|β′|=1

Cβ
′

β ∂
β′ξ · ∇x

(
∂α∂β−β

′
gn+1

)
+

∑
|α′|=1

Cα
′

α ∇x∂
α′Φ · ∇ξ

(
∂α−α

′
∂βgn+1

)
+Sl.o.t,

∂α∂βgn+1
∣∣∣
t=0

= ∂α∂βg0(x, ξ).

(4.21)

Here
Sl.o.t = 2

∑
0<|α′|+|β′|≤j

Cα
′,β′

α,β Q
(
∂α

′
∂β

′
M, ∂α−α

′
∂β−β

′
G
)

+
∑

0<|α′|+|β′|<j
Cα

′,β′

α,β Q
(
∂α

′
∂β

′
G, ∂α−α

′
∂β−β

′
G
)

+
∑

1<|α′|≤|α|
Cα

′
α ∇x∂

α′Φ · ∇ξ∂
α−α′∂βgn+1.

Compared with the estimate on gn+1(t, x, ξ), the only difference is to estimate the first and the
third tems in Sl.o.t. when the order of the derivatives of the potential of the external forces Φ(x)
w.r.t. x is more than 3 which can be controlled suitably by using Lemma 3.2. Hence∫

R3

∫
R3

|∂α∂βgn+1(t,x,ξ)|2
M−(ξ) dξdx+

∫ T

0

∫
R3

∫
R3

(1+|ξ|)|∂α∂βgn+1(t,x,ξ)|2
M−(ξ) dξdxdt

≤ 4C2
2

∫
R3

∫
R3

|∂α∂βg0(x,ξ)|2
M−(ξ) dξdx+O(1)

(
M4 + T 2

)
.

(4.22)

Thus (4.20) together with (4.23) imply

‖gn+1‖2
X ≤ 4C2

2‖g0‖2
X +O(1)

(
M4 + T 2

)
≤ 4M2

9 +O(1)
(
M4 + T 2

)
≤M2

(4.23)

provided that we choose M > 0 and T > 0 sufficiently small such that

O(1)
(
M4 + T 2

)
≤ 5M2

9
.
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Moreover, for each |α| + |β| ≤ 4, similar to that of (4.13), we can get a similar integral
formula for the solution ∂α∂βgn+1(t, x, ξ) of (4.21), from which and (4.23) one can easily verify
that this integral equation can be solved on the existence of gn+1(t, x, ξ) by the Neumann series
for small T1, and further that ∂α∂βgn+1(t,x,ξ)√

M−(ξ)
∈ BCt

(
[0, T ), L2

x,ξ

(
R3 ×R3

))
provided that

∂α∂βgn(t, x, ξ)√
M−(ξ)

∈ BCt

(
[0, T ), L2

x,ξ

(
R3 ×R3

))
.

This observation together with (4.23) imply that gn+1(t, x, ξ) ∈ H4
x,ξ([0, T )).

To show that {gn(t, x, ξ)} is a Cauchy sequence in H4
x,ξ([0, T )), we set

hn(t, x, ξ) = gn+1(t, x, ξ)− gn(t, x, ξ), n ≥ 0,

then hn(t, x, ξ)(n ≥ 1) solves
hnt + ξ · ∇xh

n −∇xΦ · ∇ξh
n

= −νM(ξ)hn +
√

MKM

(
hn√
M

)
+Q(gn, hn−1) +Q(gn−1, hn−1),

hn(t, x, ξ)|t=0 = 0.

(4.24)

From (4.24), we have by repeating the argument to deduce (4.23) that

‖hn‖X ≤ 1
2
‖hn−1‖X , n ≥ 1 (4.25)

provided that we choose M > 0 and T > 0 sufficiently small. Thus {gn(t, x, ξ)} is a Cauchy
sequence in H4

x,ξ([0, T )) and we finally arrive at

Lemma 4.2 (Local existence) For any sufficiently small constant M > 0, there exists a pos-
itive constant T ∗(M) > 0 such that if

E(f0) =
∑

|α|+|β|≤4

∥∥∥∥∥∂α∂β(f0(x, ξ)−M(x, ξ))√
M−(ξ)

∥∥∥∥∥
L2

x,ξ
(R3×R3)

≤ M

3C2
,

then the Cauchy problem (1.1), (1.2) admits a unique classical solution f(t, x, ξ) ∈ H4
x,ξ ([0, T ∗(M)))

on [0, T ∗(M))×R3 ×R3 such that f(t, x, ξ) ≥ 0 and

sup
0≤t≤T ∗(M)

∑
|α|+|β|≤4

∫
R3

∫
R3

|∂α∂β(f(t, x, ξ)−M(x, ξ))|2

M−(ξ)
dξdx ≤M.

4.2 Global existence

By combining the local existence result Lemma 4.2 and the energy estimates obtained in Section
3, we can conclude immediately that the Cauchy problem (1.1), (1.2) has a unique global classical
solution f(t, x, ξ) ∈ H4

x,ξ(R
+) satisfying f(t, x, ξ) ≥ 0.
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To complete the proof of Theorem 1.1, we show that (1.18) holds. In fact, we have from
(3.35) that



∑
|γ|≤3

∫ ∞

0

∫
R3

∫
R3

|∂γG|2
M−

dξdxdτ ≤ O(1),

∑
|γ|≤3

∫ ∞

0

∣∣∣∣ ddt∫
R3

∫
R3

|∂γG|2
M−

dξdx

∣∣∣∣ dτ ≤ O(1)
∑
|γ|≤3

∫ ∞

0

∫
R3

∫
R3

|∂γG|2+|∂γGt|2
M−

dξdxdτ

≤ O(1),

∑
1≤|γ|≤3

∫ ∞

0

∫
R3

∫
R3

|∂γ(M−M)|2
M−

dξdxdτ ≤ O(1),

∑
1≤|γ|≤3

∫ ∞

0

∣∣∣∣ ddt∫
R3

∫
R3

|∂γ(M−M)|2
M−

dξdx

∣∣∣∣ dτ ≤ O(1)
∑
|γ|≤4

∫ ∞

0

∫
R3

∫
R3

|∂γ(M−M)|2
M−

dξdxdτ

≤ O(1).

(4.26)

Consequently

lim
t→∞

∑
1≤|γ|≤3

∫
R3

∫
R3

|∂γx(M−M)|2 + |∂γxG|2

M−
dξdx = 0. (4.27)

Since

∫
R3

|M−M|2+|G|2
M−

dξ ≤ O(1)
(∫

R3

∫
R3

|M−M|2+|G|2
M−

dξ

) 1
2

( ∑
|α|=3

∫
R3

∫
R3

|∂α(M−M)|2+|∂αG|2
M−

dξ

) 1
2

+O(1)

( ∑
|α|=1

∫
R3

∫
R3

|∂α(M−M)|2+|∂αG|2
M−

dξ

) 1
2
( ∑
|α|=2

∫
R3

∫
R3

|∂α(M−M)|2+|∂αG|2
M−

dξ

) 1
2

,

we have from (4.27) that

lim
t→∞

sup
x∈R3

∫
R3

(
|M−M|2 + |G|2

M−

)
(t, x, ξ)dξ = 0. (4.28)

Thus

lim
t→∞

sup
x∈R3

∫
R3

|f(t,x,ξ)−M(x,ξ)|2
M−(ξ) dξ ≤ O(1) lim

t→∞
sup
x∈R3

∫
R3

|M(t,x,ξ)−M(x,ξ)|2+|G(t,x,ξ)|2
M−(ξ) dξ

= 0,

which is (1.18). And this completes the proof of Theorem 1.1.

5 Appendix

In the last section, we will give the proof of Lemma 3.5 and Lemma 3.6 respectively.
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5.1 The proof of Lemma 3.5

Applying ∂γ∂β(|γ|+|β| ≤ 4) to (1.10) and integrating its product with ∂γ∂βG
M over [0, t]×R3×R3

yield

1
2

∫
R3

∫
R3

|∂γ∂βG|2
M dξdx

∣∣∣∣t
0

= −1
2

∫ t

0

∫
R3

∫
R3

|∂γ∂βG|2
M2 Mtdξdxdτ

−
∫ t

0

∫
R3

∫
R3

∂γ∂βG·∂γ∂β(P1(ξ·∇xM))
M dξdxdτ

−
∫ t

0

∫
R3

∫
R3

∂γ∂βG·∂γ∂β(P1(ξ·∇xG))
M dξdxdτ

+
∫ t

0

∫
R3

∫
R3

∂γ∂βG·∂γ(∇xΦ·∇ξ∂
βG)

M dξdxdτ

+
∫ t

0

∫
R3

∫
R3

∂γ∂βG·∂γ∂β(LMG)
M dξdxdτ

+
∫ t

0

∫
R3

∫
R3

∂γ∂βG·∂γ∂β(Q(G,G))
M dξdxdτ

:=
12∑
j=7

Ij ,

(5.1)

where I7 − I12 are the corresponding terms in the above equation.

Due to



P1(ξ · ∇xM) =

{
√
Rθ

3∑
j=1

Aj
(
ξ−u√
Rθ

) θxj

θ +
3∑

i,j=1
Bjk

(
ξ−u√
Rθ

)
ukxj

}
M,

∂γ∂β (P1(ξ · ∇xG)) = ξ · ∇x∂
γ∂βG +

∑
|β′|=1

Cβ
′

β ∂
β′ξ · ∇x∂

γ∂β−β
′
G

−
4∑
j=0

∂γ
{
〈ξ · ∇xG, χj〉M∂βχj

}
,

(5.2)

we have from Cauchy-Schwarz’s inequality that

I7 ≤ O(1)(λ+ δ)
∑

|γ′|+|β′|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ′∂β′G|2

M−
dξdxdτ, (5.3)

I8 ≤ σ
4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M dξdxdτ +O(1)

∫ t

0

∫
R3

∫
R3

νM(ξ)−1|∂γ∂β(P1(ξ·∇xM))|2
M dξdxdτ

≤ σ
4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M dξdxdτ +O(1)

∫ t

0

∫
R3
|∇x∂

γ(u, θ)|2dxdτ

+O(1)(λ+ δ)
∑

1≤|γ′|≤|γ|

∫ t

0

∫
R3
|∂γ′(ρ− ρ, u, θ)|2dxdτ,

(5.4)
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and

I9 ≤ σ
4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M dξdxdτ +O(1)(λ+ δ)

∑
|γ′|+|β′|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ′∂β′G|2
M−

dξdxdτ

+O(1)
∑

|β′|=|β|−1

∫ t

0

∫
R3

∫
R3

νM(ξ)|∇x∂γ∂β′G|2
M dξdxdτ

+O(1)
∫ t

0

∫
R3

∫
R3

νM(ξ)|∇x∂γG|2
M dξdxdτ

+O(1)(λ+ δ)
∑

1≤|γ′|≤|γ|

∫ t

0

∫
R3
|∂γ′(ρ− ρ, u, θ)|2dxdτ.

(5.5)

As to I10, due to

∂γ
{
∇xΦ · ∇ξ∂

βG
}

= ∇xΦ · ∇ξ∂
γ∂βG +

∑
0<γ′≤γ

Cγ
′

γ ∇x∂
γ′Φ · ∇ξ∂

γ−γ′∂βG,

we have from Lemma 3.2 that

I10 ≤ O(1)(λ+ δ)
∑

|γ′|+|β′|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ′∂β′G|2

M−
dξdxdτ. (5.6)

Moreover, since

∂γ∂β(LMG) = LM

(
∂γ∂βG

)
+ 2

∑
0<β′≤β

Cβ
′

β Q
(
∂β

′
M, ∂γ∂β−β

′
G
)

+2
∑

0<γ′≤γ,β′≤β
Cγ

′,β′

γ,β Q
(
∂γ

′
∂β

′
M, ∂γ−γ

′
∂β−β

′
G
)
,

we have from Lemma 2.1, Lemma 3.3, and Corollary 3.1 that

I11 ≤ −3σ
4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂βG|2
M dξdxdτ

+O(1)(λ+ δ)
∑

|γ′|+|β′|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ′∂β′G|2
M−

dξdxdτ

+O(1)
∑
β′<β

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ∂β′G|2
M dξdxdτ

+O(1)(λ+ δ)
∑

1≤|γ′|≤|γ|

∫ t

0

∫
R3
|∂γ′(ρ− ρ, u, θ)|2dxdτ.

(5.7)

Similarly, we deduce from Lemma 2.1, Lemma 3.3, and Corollary 3.1 that

I12 ≤ O(1)(λ+ δ)
∑

|γ′|+|β′|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ′∂β′G|2

M−
dξdxdτ. (5.8)

Inserting (5.3)-(5.8) into (5.1), we can get (3.19) immediately. This completes the proof of
Lemma 3.5.
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5.2 The proof of Lemma 3.6

For Lemma 3.6, since(
f −M

)
t
+ ξ · ∇x

(
f −M

)
−∇xΦ · ∇ξ

(
f −M

)
= LMG +Q(G,G), (5.9)

we have by applying ∂γ(2 ≤ |γ| ≤ 4) to (5.9), multiplying it by
∂γ(f−M)

M , and integrating the
final equation w.r.t. t, x, and ξ over [0, t]×R3 ×R3 that

1
2

∫
R3

∫
R3

|∂γ(f−M)|2
M dξdx

∣∣∣∣t
0

= −1
2

∫ t

0

∫
R3

∫
R3

|∂γ(f−M)|2
M2 (Mt + ξ · ∇xM) dξdxdτ

+
∫ t

0

∫
R3

∫
R3

∂γ(f−M)∂γ(∇xΦ·∇ξ(f−M))
M dξdxdτ +

∫ t

0

∫
R3

∫
R3

∂γ(f−M)∂γ(LMG)

M dξdxdτ

+
∫ t

0

∫
R3

∫
R3

∂γ(f−M)∂γ(Q(G,G))

M dξdxdτ :=
16∑
j=13

Ij ,

(5.10)

where I13 − I16 are the corresponding terms in the above equation.
Now we estimate Ij(j = 13, 14, 15, 16) term by term. First from Lemma 3.2, we have

I13 ≤ O(1)(λ+ δ)
∫ t

0

∫
R3

∫
R3

|∂γ(f−M)|2
M−

dξdxdτ

≤ O(1)(λ+ δ)
∫ t

0

∫
R3

( ∑
1≤|γ′|≤|γ|

|∂γ′(ρ− ρ, u, θ)|2 +
∫
R3

νM(ξ)|∂γG|2
M−

dξ

)
dxdτ,

(5.11)

and

I14 ≤ O(1)(λ+ δ)
∑

|γ′|+|β′|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ′∂β′G|2
M−

dξdxdτ

+O(1)(λ+ δ)
∑

1≤|γ′|≤|γ|

∫ t

0

∫
R3
|∂γ′(ρ− ρ, u, θ)|2dxdτ.

(5.12)

For I15, due to
∫
R3

P0(∂γM[ρ−ρ,u,θ])∂γ(LMG)

M dξ = 0,

∫
R3

P0

(
∂γ

(
ρ

(
M[1,u,θ]−M

[1,0,θ]

)))
∂γ(LMG)

M dξ = 0, 2 ≤ |γ| ≤ 4,

we have from Lemma 2.1, Lemma 3.2, Lemma 3.3, and Corollary 3.1 that

I15 =
∫ t

0

∫
R3

∫
R3

P1(∂γM[ρ−ρ,u,θ])∂γ(LMG)

M dξdxdτ

+
∫ t

0

∫
R3

∫
R3

P1

(
∂γ

(
ρ

(
M[1,u,θ]−M

[1,0,θ]

)))
∂γ(LMG)

M dξdxdτ

+
∫ t

0

∫
R3

∫
R3

∂γG∂γ(LMG)
M dξdxdτ

≤ −σ
2

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γG|2
M dξdxdτ +O(1)(λ+ δ)

∑
1≤|γ′|≤|γ|

∫ t

0

∫
R3
|∂γ′(ρ− ρ, u, θ)|2dxdτ

+O(1)(λ+ δ)
∑

|γ′|+|β′|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ′∂β′G|2
M−

dξdxdτ.

(5.13)
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Finally by employing the same argument as above, we can estimate I16 as follows

I16 ≤ O(1)(λ+ δ)
∑

|γ′|+|β′|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ′∂β′G|2
M−

dξdxdτ

+O(1)(λ+ δ)
∑

1≤|γ′|≤|γ|

∫ t

0

∫
R3
|∂γ′(ρ− ρ, u, θ)|2dxdτ.

(5.14)

Substituting (5.11)-(5.14) into (5.10) yields∫
R3

∫
R3

|∂γ(f−M)|2
M dξdx+

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γG|2
M dξdxdτ

≤ O(1)E(f0)2 +O(1)(λ+ δ)
∑

|γ′|+|β′|≤4

∫ t

0

∫
R3

∫
R3

νM(ξ)|∂γ′∂β′G|2
M−

dξdxdτ

+O(1)(λ+ δ)
∑

1≤|γ′|≤|γ|

∫ t

0

∫
R3
|∂γ′(ρ− ρ, u, θ)|2dxdτ.

(5.15)

Having obtained (5.15), (3.26) follows immediately. This completes the proof of Lemma 3.6.
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