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ABSTRACT. If a field A of class C? of positive-definite symmetric ma-
trices of order two and a field B of class C' of symmetric matrices of
order two satisfy together the Gauss and Codazzi-Mainardi equations
in a connected and simply-connected open subset w of R2, then there
exists an immersion @ € C3(w;R?), uniquely determined up to proper
isometries in R3, such that A and B are the first and second funda-
mental forms of the surface 8(w). Let 6 denote the equivalence class of
0 modulo proper isometries in R® and let F : (A,B) — 0 denote the
mapping determined in this fashion.

The first objective of this paper is to show that, if w satisfies a cer-
tain “geodesic property” (in effect a mild regularity assumption on the
boundary of w) and if the fields A and B and their partial derivatives
of order < 2, resp. < 1, have continuous extensions to w, the extension
of the field A remaining positive-definite on @, then the immersion 6
and its partial derivatives of order < 3 also have continuous extensions
to w.

The second objective is to show that, if w satisfies the geodesic prop-
erty and is bounded, the mapping F can be extended to a mapping that
is locally Lipschitz-continuous with respect to the topologies of the Ba-
nach spaces C2(@) x C!(@) for the continuous extensions of the matrix
fields (A, B), and C*(@) for the continuous extensions of the immer-
sions 6.

1. INTRODUCTION

All notations used, but not defined, here are defined in the next sections.
Let w be a connected and simply-connected open subset of R?, let S?, resp.
S2>, denote the set of symmetric, resp. positive-definite symmetric, matrices
of order 2, and let matrix fields A = (aag) € C*(w;S%) and B = (byg) €
C!(w;S?) be given that satisfies the Gauss and Codazzi-Mainardi equations
inw, i.e.,

cP 50 =0 inwforal a,f,0€ {1,2} and p € {1, 2,3},

[}

where
CTQBJ = C%FLB — 0l + Flﬁrgv — FZCC,FE7 — bagbl + baabg,
030460 — 801)&5 — aﬁbao' =+ F’Oyéﬁbo"y — Fggbg,y,
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and the Christoffel symbols of the second kind I} ; associated with the
matrix field A are defined by

1
gﬁ = 5(17—0 (aaagg + 8ﬁaaa - 8Uaa,3) )

where (a®?) denotes the inverse of the matrix (a,s), and b7, = a’7bg,.

Then the fundamental theorem of surface theory (recalled in Theorem 1 for
convenience) asserts that there exists an immersion 8 € C3(w; R3), uniquely
determined up to proper isometries in R3, such that

aa3(y) = 0a0(y) - 030(y) for all y € w,

B 010(y) N 020(y)
baﬂ(y) = 60459(3/) ’ |810(y) A\ 829(y>‘

i.e., such that the fields A and B are the first and second fundamental forms
of the immersed surface 0 (w).

Hence there exists a well-defined mapping F that associates with any
pair of matrix fields (A, B) € C?(w;S2) x C!(w; S?) satisfying the Gauss and
Codazzi-Mainardi equations a well-defined equivalence class in the quotient
set C3(w; R3)/R, where (¢;0) € R means that there exist a vector ¢ € R3
and a proper orthogonal matrix @ of order 3 such that ¢(y) = ¢ + Q8(y)
for all y € w.

Our first objective is to extend this classical existence and uniqueness
result “up to the boundary” of the set w. More specifically, we assume that
the set w satisfies what we call the “geodesic property” (in effect, a mild
smoothness assumption on the boundary dw; cf. Definition 2) and that the
functions a,g, resp. bag, and their partial derivatives of order < 2, resp.
< 1, can be extended by continuity to the closure @, the extension of A
defined in this fashion remaining positive-definite over the set @. Then we
show that the immersion @ and its partial derivatives of order < 3 can be
also extended by continuity to @ (cf. Theorem 2 and Corollary 1).

Let C?(w;S%) denote the set formed by the positive-definite symmetric
matrix fields that, together with their partial derivatives of order < 2 admit
such continuous extensions, the extensions remaining positive-definite on w.
Let Cl(w;$S?), resp. C3(w;R?), denote the space formed by the symmetric
matrix fields, resp. the space formed by the vector fields, that, together
with their partial derivatives of order < 1, resp. < 3, admit such continuous
extensions. Then the above result shows that there exists a mapping F
that associates with any pair of matrix fields (A, B) € C?(w;S2) x C(w; S?)
satisfying the Gauss and Codazzi-Mainardi equations in w a well-defined
element in the quotient set C3(w; R?)/R. The mapping F thus maps pairs
of matrix fields defined “up to the boundary” into equivalence classes of
vector fields also defined “up to the boundary”.

Our second objective is to study the continuity of the mapping F. In
this direction, we show that, if the set w is bounded and again satisfies the
“geodesic property”, the mapping Fq is locally Lipschitz-continuous when

for all y € w,
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the vector spaces C?(w; S?), C1(w; S?), and C3(w; R3) are equipped with their
natural norms of Banach space (cf. Theorem 3 and Corollary 2).

Note that the issue of continuity of the mapping F defined earlier, i.e.,
“when the boundary of the open set w is ignored”, was recently addressed by
Ciarlet [2] who showed, albeit by means of a completely different approach,
that F is a continuous mapping when the spaces C?(w;S?), C?(w;S?), and
C3(w;R3) /R are equipped with their natural Fréchet topologies.

The results of this paper have been extended by Szopos [11] to “multi-
dimensional differential geometry”, i.e., to the isometric immersion in RP*4
of a connected and simply-connected open subset w of RP equipped with a
Riemannian metric.

2. PRELIMINARIES

This section gathers the main conventions, notations, and definitions used
in this article, as well as various preliminary results that will be subsequently
needed.

Throughout this article, Greek indices and exponents vary in the set {1, 2}
while Latin indices and exponents vary in the set {1, 2,3}, save when they
are used for indexing sequences. The summation convention with respect to
repeated indices and exponents is systematically used in conjunction with
this rule.

The Euclidean inner product of a,b € R? and the Euclidean norm of
a € R3 are denoted by a - b and |a|. For any integer n > 1, the notations
M", 8", S%, and O, respectively designate the sets of all square matrices,
of all symmetric matrices, of all positive-definite symmetric matrices, and
of all proper orthogonal matrices, of order n. The notation (t,3) designates
the matrix of M? with tap as its elements, the first index o being the row
index. The spectral norm of a matrix A € M" is

|A| := sup{]Av]; v € R", |v| < 1}.

In any metric space, the open ball with center z and radius § > 0 is
denoted B(x;d). The notation f| designates the restriction to a set U of a
function f.

The coordinates of a point y € R? are denoted 7,. Partial derivative
operators of order £ > 1 are denoted 9P, where p = (p,) € N? is a multi-
index satisfying |p| := > po = ¢. Partial derivative operators of the first,
second, and third order are also denoted 0y := 0/0Yq, Ong = 0%/ 0Y.0Yy3,
and Ony 1= 02 /0Ya0ys0y,.

The space of all continuous functions from a normed space X into a
normed space Y is denoted C°(X;Y), or simply C°(X) if Y = R.

Let w be an open subset of R%. For any integer ¢ > 1, the space of
all real-valued functions that are ¢ times continuously differentiable in w is
denoted C*(w). Similar definitions hold for the spaces C*(w;R?), C*(w; M?2),
and C*(w; S?).
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We recall that a mapping 8 € C!(w;R3) is an immersion if the vectors
0,0 (y) are linearly independent at all points y € w. We also define the set

C*(w;S%) x CH(w;S?) := {(A, B) € C*(w;$?) x CH{w;S?);
A(y) € S2 for all y € w}.

Central to this paper is the following notion of spaces of functions, vector
fields, or matrix fields, “of class C! up to the boundary of w”.

Definition 1. Let w be an open subset of R%2. For any integer ¢ > 1, we
define the space C*(@) as the subspace of the space C’(w) that consists of all
functions f € C*(w) that, together with all their partial derivatives OPf, 1 <
|p| < ¢, possess continuous extensions to the closure @ of w. Equivalently, a
function f : w — R belongs to C!(@) if f € C*(w) and, at each point yg of the
boundary dw of w, limyew—y, f(y) and limyey—y, OP f(y) for all 1 < [p| < ¢
exist. Analogous definitions hold for the spaces C¢(w;R"),C!(@w;M™), and
CH(w; S™).

All the continuous extensions appearing in such spaces will be identified
by a bar. Thus for instance, we shall denote by f € C°(@) and 9P f € C°(@),
1 < |p| < ¢, the continuous extensions to @ of the functions f and OPf if
f € C'(w); similarly, we shall denote by 0,0 € C%(@;R?) the continuous
extensions to @ of the field 9,0 € C(w;R3) if 6 € C!(w; R3); etc.

Finally, we also define the set

C*(w;S%) x CH(w;S?) := {(A, B) € C¥(&;S?) x CY(w; $?);
A(y) €S2 for all y € T}

Remark. The above definition of the space C/(@), which in fact holds wer-
batim for an open subset of R™ for any n > 2, coincides with that given in
Adams [1, Definition 1.26] when the set w is bounded. O

If the open set w is bounded, the spaces C¢(w; R") and C¢(w; M"), £ > 0,
become Banach spaces when they are equipped with their usual norms,

defined by

|10l¢m := sup |9PO(y)| for all O € C (w; R™),

|F|l¢m:= sup |9PF(y)| for all F € C*(w;M")

Given a differentiable real-valued, vector-valued, or matrix-valued, func-
tion of a single variable, its first-order derivative is indicated by a prime.
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Thus for instance
dvYa d .
Talt) = () and /(1) := SH(), 0 ¢ <1, if v = (1) € ([0, 1 R?),

dz
dt
Let w be a connected open subset of R?. Given two points z,y € w, a path
joining x to y in w is any mapping v € C1([0,1]; R?) that satisfies v(t) € w
for all t € [0,1] and v(0) = = and (1) = y. Note that there always exist
such paths. Given a path « joining x to y in w, its length is defined by

L(v) = /0 ()] dt.

Let w be a connected open subset of R2. The geodesic distance in w
between two points x,y € w is defined by

Z'(t):= —(t), 0 <t <1, if Z € CY([0,1];M?), etc.

dy(z,y) ;= inf{L(7);~ is a path joining x to y in w}.

Remark. The function d, defines a distance on any connected open subset
w of R2. O

Most results of this paper will be established under a specific, but mild,
regularity assumption on the boundary of an open subset of R?, according
to the following definition:

Definition 2. An open subset w of R™ satisfies the geodesic property if it
is connected and, given any point yg € Ow and any € > 0, there exists
d = 0(yo,€) > 0 such that

dy(z,y) < e for all z,y € wN B(yo;0).

Remarks. a) Any connected open subset of R with a Lipschitz-continuous
boundary, in the sense of Adams [1, Definition 4.5] or Necas [8, pp. 14-15]
satisfies the geodesic property.

(b) Let I = {(y1,92) € R} 0 < y; < 1,92 = 0}. Then R%\ I is an
instance of a connected open subset of R? that does not satisfy the geodesic
property. [

Definition 3. Let w be a connected open subset of R™. The geodesic diam-
eter of w is defined by
D, == sup du(z,y).
x,ycw
Note that D,, = 400 is not excluded.

The following lemma, whose proof can be found in Ciarlet and Mardare
[5, Lemma 2.3|, gives a useful characterization of boundedness in terms of
the geodesic diameter.
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Lemma 1. An open subset w of R™ that satisfies the geodesic property is
bounded if and only if D, < +oo.

The next lemma records a well-known property of the mapping that asso-
ciates with any symmetric positive-definite matrix C' its square root C'/2.
For a proof, see, e.g., Gurtin [6, Sect. 3| or Ciarlet and Mardare [5, Lemma
2.4].

Lemma 2. Given any matriz C € ST, there exists a unique matrix Cc'? e
S% such that (01/2)2 = C, and the mapping
CeSt -CY?est
defined in this fashion is of class C™.
We conclude these preliminaries by a useful estimate.

Lemma 3. Let there be given matriz fields A, B € C°([0,1],M") and Z €
CL([0,1]);M™) that satisfy

Z'(t)=Z(t)At)+ B(t),0 <t <1.
Then

201 < 120 e ( [ 14@ar)
+/Ot |B(s)| exp (/t |A(T)|d7) ds, 0<t < 1.

Proof. Since
1Z'(t) < | ZWI| AW+ [B(#)], 0<t <1,

it suffices to apply Gronwall’s lemma for vector fields (see, e.g., Schatzman
[9, Lemma 15.2.6]). O

3. RECOVERY OF A SURFACE WITH BOUNDARY WITH PRESCRIBED
FUNDAMENTAL FORMS

Let a Riemannian metric A = (a,5) € C*(w;S2) and a symmetric matrix
field B = (bas) € C!(w;S?) be given over a simply-connected open subset w
of R? and assume that the pair of matrix fields (A, B) satisfies the Gauss
and Codazzi-Mainardi equations in w, i.e.,

(1) CcP 5o =0 inw for all o, 8,0 € {1,2} and p € {1,2,3},

(e}
where
C’Taﬁg = &,F;ﬂ — 0L}, + I’Z{QI‘;Y -I7, g»,y — bagbl + bwbg,

@
Cdaﬂa = 0sbap — O8bao + Flﬁbgv — b5y,



A SURFACE WITH BOUNDARY AS A FUNCTION OF ITS FUNDAMENTAL FORMS 7

and the Christoffel symbols of the second kind I} ; associated with the
matrix field A are defined by

1
(3) ;ﬁ = E(IJT (aaaﬁo- + 8ﬁaaa — agaaﬁ) ;

where (a°7) := (anp) " and b7, := a’Tbg,.

Then the fundamental theorem of surface theory asserts that A and B are
the first and second fundamental forms of a surface 8(w) that is isometrically
immersed in R?® and, if w is connected, the immersion @ is unique up to
proper isometries in R3. More specifically, we have (see, e.g., Spivak [10] for
the local version of this theorem, and, e.g., Klingenberg [7] or Ciarlet and
Larsonneur [3] for its global version):

Theorem 1. Let w be a connected and simply-connected open subset of R2.
Let a pair of matriz fields (A, B) = ((aap), (bag)) € C*(w;S%) x C1(w; S?)
be given that satisfies the Gauss and Codazzi-Mainardi equations (1) in w.
Then there exists an immersion 8 € C3(w;R3) such that

0160 N 0,0
—=— inw.
|010 VAN 820|
Moreover, the mapping @ is unique up to proper isometries in R3, that
is, if a mapping ¢ € C3(w;R3) also satisfies relations (4), then there exists

a vector a € R? and a matriz Q € O3 such that ¢(y) = a + QO(y) for all
yEw.

(4) aa3 = 0a0 - 030 and bog = 030 -

Remark. The uniqueness up to proper isometries in R3 of the mapping 0
holds under substantially weaker regularity assumptions (see Ciarlet and
Mardare [4]). However this is not relevant for our present purposes. g

We now show that this result can be extended “up to the boundary”.
In what follows, sets such as C?(w;S%) x C!(w;S?) and extensions such as
GqB OF 0,0 are meant according to Definition 1. The “geodesic property” is
defined in Definition 2.

Theorem 2. Let w be a connected and simply-connected open subset of R?
that satisfies the geodesic property. Let a pair of matriz fields (A, B) =
((aap), (bap)) € C?*(w;S%) x CL(;S?) be given that satisfies the Gauss and
Codazzi-Mainardi equations (1) in w. Then there exists a mapping 6 €
C3(w; R3) such that

00N0

——— inw

|810 VAN 829|

Moreover, the mapping 0 is unique up to proper isometries in R3. This

means that, if a mapping ¢ € C3(w;R3) satisfies the same relations, then
there exists a vector a € R? and a matriz Q € @3_ such that

d(y) = a+ QO(y) for all y € .

G5 = 000 - 050 and by = 030
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Proof. Thanks to Theorem 1, there exists a mapping 8 € C3(w;R?) such
that relations (4) are satisfied. It thus remains to prove that this mapping
belongs in fact to the space C3(w;R3) (see Definition 1). The proof of this
assertion is broken into five steps, numbered (i) to (v).

(i) Preliminaries. The Christoffel symbols I', 5 associated with the metric

A being defined by (3), let the matrix field Ty, : w — M? be defined by

Tar Taz —ba
Lo | 12, T2, 82
bal baQ 0
where b9 = a’?b,s3 as before. Let
ai; N\ as
5 = 0,0 and a3 == ——,
(5) aq 0 and ags ay A an)

and let F' denote the matrix field whose i-th column is a;, ¢ € {1,2,3}. It
is well known that the partial derivatives of the vector fields a; satisfy the
Gauss and Weingarten formulas, viz.,

Oaag = ngag + bopas and 0ya3 = —bla,.
These relations can be conveniently re-written in matrix form as
(6) O F = FT', in w.

(ii) The matriz field Ty belongs to the space C'(w,M3). Since A €
C?(w;S?) and A(y) € S2 for all y € w, we deduce that det A € C?*(w)
and det A(y)) > 0 for all y € @. This implies that the function det(A™!)
belongs to the space C?(w). Since the inverse of the matrix A(y) is given

by
1) = (g8 _ 1 az(y) —ai2(y)
A7) = (y))‘detm(y))(—am(y) an(y) )

we deduce that the field A~! belongs to the space C?(@;S?). This implies
that the functions b7 and I'7; belong to the space Cl(w). Consequently,

T, € CHw,M?).

(iii) The matriz field F belongs to the space C*(w;M3). Let K be any
compact subset of R2. Since

|F(y)| = |F(y)" F(y)|"? = max{1,|A(y)|*/?} for all y € w,

we have

(7) sup |F(y)| = max {1, sup ]Z(y)|l/2} < 400,

yeKNw yeKNG

since the field A belongs to the space C°(@;S?) by assumption.
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Fix a point y9 € dw and let Ky = B(yp;1). Then the properties estab-
lished in part (ii) and relation (7) together imply that

co = ( sup |F(y) )< sup Z T ( 1/2> < 400.

yeKoNw yeKoNw

Let ¢ > 0 be given. Because w satisfies the geodesic property (Defi-
nition 2), there exists d(¢) > 0 such that, given any two points z,y €
B(yo; 0(¢)) N w, there exists a path v = (7,) joining x to y in w whose

length satisfies L(y) <

m. To ensure that the set ([0, 1]) is con-

tained in the set Ky, we assume, without loss of generality, that ¢ < 1 and
1
o(e) < =.
CES

We infer from equation (6) that the matrix field Y := Fovy € C1([0, 1]; M?)
associated with any such path - satisfies

Y'(t) = ya’(t)Y(t)Fa( (t)) for all ¢t € [0,1].

Expressing that Y (1) 0)+ fo t)dt, we thus have, for any two points
x,y € B(yo;0) Nw,

1
[F(y) — F(x)| = [Y (1) - Y(0)] < / Yo (DT (Y ()Y ()]t

1/2 1/2
< sup ¥ (1) {/ ()P {/ LatrO)Pdt} < alin) <e
te[0,1]

It is easy to see that this inequality implies that limye,, .y, F'(y) exists in
M3. Consequently, the field F' can be extended to a field that is continuous
on .

Since 9, F = FT, in w and the fields T, belong to the space C!(@w; M?)
by part (ii), each field 0o F can be extended to a field that is continuous
on w; hence F € C!(w;M?3). Differentiating the relations 9,F = FT,, in w
further shows that F' € C?(w; M?3).

(iv) The vector field 8 belong to the space C3(w;R3). Given yo € dw, we
proceed as in (iii), the number 6(¢) > 0 being now chosen in such a way

€
that L <—— wh
at L(vy) < max{c 2] where

c1:=v2 sup |F(y)| < .
yeKoNw
1
Again without loss of generality, we assume that e < 1 and (¢) < =.
We infer from equations (5) that the vector field y = 8o~y € C1([0,1];R?)

associated with the path ~ joining x to y in w satisfies the equation

' (t) = 7 (H)aa(v(t)) for all t € [0,1],
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so that, for any two points z,y € B(yp;d(¢)) Nw,

1
0(y) — 0(x)| = |y(1) — y(0)| S/O Ve ()] @a(v(t))]dt
1/2

yeEKoNw o yeEKoNw

< L(y) sup {Z!%(MF} <V2L(y) sup [F(y)| <el(y) <e.

This inequality shows that limye,, .y, 0(y) exists in R3. Consequently, the
field 8 can be extended to a field that is continuous on w.

Since a, € C?(w;R3) and 9,0 = a., we conclude that the fields 9P,
1 < |p| < 3, can be extended to fields that are continuous on @. Hence
0 € C3(w; R3).

(v) Uniqueness up to proper isometries in R3. If ¢ € C3(w; R3) satisfies

DHpNDrp . _
e 1 W,
019 A D29
then by Theorem 1, there exists a € R* and Q € O% such that
d(y) =a+ QO(y) for all y € w.

Consequently, the continuous extensions ¢ and 0 satisfy

d(y) =a+QO(y) for all y € .

Gap = 0a® - 03¢ and bog = Oup

O

While the immersions 8 found in Theorem 2 are only defined up to proper
isometries in R3, they become uniquely determined if they are required to
satisfy ad hoc additional conditions, according to the following corollary to
Theorem 2.

Corollary 1. Let the assumptions on the set w and on the matrix fields A
and B be as in Theorem 2, let a point yo € w be given, and let the matriz

Qo € SE be defined by
0
o i (A(yo) 0 ) |
0 0 1

where A(yo) = (ans(yo)) € S%. Then there exists one and only one mapping
0 € C3(w; R3) that satisfies

0(yo) = 0 and 946(yo) = b,

where bY denotes the a-th column vector of the matriz 0,(1)/2 est.
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Proof. Theorem 2 shows that there exists a mapping ¢ € C3(w;R?) such
that

A A — A 010 ND2¢ _
AqpB = aa¢ . a ¢ and ba == aa ¢ e 1 W
’ ’ ’ " 016 A 02

Let Fg € M? denote the matrix whose columns are d1¢(yg), 92¢(yo) and
19(yo) N O2(yo)

|01 (y0) N O20(y0)|
1/2

0(y) := Q) Fy' (d(y) — ¢d(yo)) for all y € w.
Then the field  belongs to the space C3(w; R?) and satisfies

0(yo) = 0 and 9a6(yo) = A >F ' 0ach(yo) = b.

. Let the mapping 0 : w — R3 be defined by

Since the matrix aé/ 2Fa Lis proper orthogonal, we have
901730 = ()’ Fy")01 A 9r in,

so that we also have

0a0 - 030 = Oadp - Dpp in @

and

010 A 5,0 PN .

_— — 801ﬂ¢ T 1IN W

10160 N 020 |01 A D29

This shows that the above mapping @ possesses the announced properties.
Besides, it is uniquely determined. To see this, let 8 € C3(w;R?) and

¢ € C3(w;R?) be two immersions in w that satisfy the last two relations in

w, together with

8(yo) = ¢(yo) and 8.8(yo) = dap(yo) = b
Then Theorem 2 shows that there exists a vector @ € R® and a matrix
Q € 03 such that ¢(y) = a + QO(y) for all y € w. By differentiating this
relation, we find that d,¢(y) = Q0,0(y) for all y € w. In particular, for
Yy = 9o, we have bg = ng. Since b} and b9 are linearly independent, the
matrix @ € O must be the identity I. Since ¢(yo) = a + QO(yo), we also
have @ = 0. Hence the two mappings ¢ and 6 coincide in @. O

apY -

4. CONTINUITY OF A SURFACE AS A FUNCTION OF ITS FUNDAMENTAL
FORMS

The following property of mappings between metric spaces is central to
this section:

Definition 4. Let (E,dg) and (F,dp) be two metric spaces. A mapping
f i+ E — F is locally Lipschitz-continuous if, given any e € F, there exist
two constants C'(€) > 0 and §(€) > 0 such that

dr(f(e), f(é)) < C(é)dg(e,é) for all e,é € B(e;0(€)) C E.
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Let w be a simply-connected open subset of R? that satisfies the geodesic
property. Define the subset

C*(@; S2)%x C1(@;$?) :={(A, B) € C*(w; S2) xC! (w; §%); C* 5, = 0 in w}
of the space C?(w;S?) x C!(w;S?) and the quotient space
C*(@;R?) == C*(@; RY) /R,

where (¢,0) € R means that there exist a vector ¢ € R and a matrix
Q € O3 such that ¢(y) = ¢+ QO(y) for all y € w. Then Theorem 2 shows
that there exists a well-defined mapping

F:Cw;SY) % C'(w; %) — C*(w; R?),

that associates with any pair of matrix fields (A, B) € C*(w;S%) x C}(w; S?)
the unique equivalence class 6 € C3(w; R?) that satisfies

010 N0 .
———— 1N W
‘819 A (920|

If in addition the set w is bounded, the spaces C'(w;S?), C?(w;S?), and
C3(w; R3) endowed with their natural norms (defined in Section 2) become
Banach spaces and thus in this case the sets C?(@;S%) x Cl(w;S?) and
c3 (w; R3) become metric spaces when they are equipped with the induced
topologies. Then a natural question arises:

Is the mapping F continuous when the sets C*(w;S2) x CY(w;S?) and
C'3(w; R3) are equipped with these topologies?

The second objective of this paper is to provide an affirmative answer to
this question (see Corollary 2). To this end, we will first answer the same
question for a mapping Fy that associates with any pair of matrix fields
(A,B) € C?(w;S%) % C1(w;S?) a specific element in the equivalence class

F(A, B), by showing that this mapping is locally Lipschitz-continuous.

G5 = 00 - 050 and oy = 0,30 -

Theorem 3. Let w be a bounded, connected and simply-connected open sub-
set of R? that satisfies the geodesic property. Let a point yg € w be given.
By Corollary 1 there exists a well-defined mapping

Fo:C¥(@;$2) x CH(w; S?) — C3(w; R?)

that associates with any pair of matriz fields (A, B) € C*(w;S2) x CH(w;S?)
the unique mapping @ € F(A, B) that satisfies

0(yo) = 0 and 9,0(yo) = b2,

where the vectors b2 are defined as in Corollary 1.
Then the mapping Fo is locally Lipschitz-continuous.

Proof. The proof is broken into six steps, numbered (i) to (vi).
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(i) Preliminaries. The image @ = Fo(A, B) € C3(w; R?) of a pair (A, B) €
C?(w;S%) x CY(w;S?) is constructed as follows (see the proof of Theorem 2
and Corollary 1): Let

ai N\ az

Qo = 0,0 and a3 := in w,

|a1 /\a2|

let F' € C?(w;M3) denote the matrix field whose i-th column is a; and let
T, € C'(w;M?) denote the matrix field defined by

Tar Taz —ba

To- | 12, 12,
bocl ba2 0

Let a point yg € w be given once and for all. Then the matrix field
F € C?(w; M) is defined as the unique one that satisfies

O F = FT', in w,

F(yo) = Fo,
where the matrix Fy € M? is defined by
0
1/2
(8) Fo= a/? = (A(?/O) 0 ) .
0 0 1

Then the vector field 8 € C3(w; R?) is defined as the unique one that satisfies
0,0 = a,, in w,
H(yO) =0,

where a,, is the a-th column of the matrix F'.

The mapping Fo can thus be written as a composite mapping. In order to
prove that Fy is locally Lipschitz-continuous, is suffices to prove that each
one of its component mappings is locally Lipschitz-continuous (a composite
mapping is locally Lipschitz-continuous if all its component mappings share
this property).

Let r > 0 and R > 0 be fixed, but otherwise arbitrary, numbers and
define the set

K(r,R) = {(A,B) € C*(@;S2) x C'(@;S");
inf det A(y) > r and [ Allz + | Bz < R}
Note that K (r, R) is a relatively open subset of C?(w;S2) x Cl(w;S?).

In what follows, the symbols C1,Co, ... designate positive numbers de-
pending only on r and R and we use notations, such as F;ﬂ, a’", (Ty), ete.,
that should be self-explanatory for designating specific functions, matrix
fields, etc., corresponding to a pair of matrix fields (A, B) € C*(w;S2) x
Cl(w; S?).
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From the expressions of the inverse of the matrix A(y) (see part (ii) of
the proof of Theorem 2), of the Christoffel symbols I'] ; (see relation (3)),

and of the functions b7 = aﬁ"bag, we easily infer that there exist constants
C'1 and C5 such that

1/2
|AY15 < Cy and (Z ||ra||iw) < O, for all (A, B) € K(r,R).

Noting that the matrix field F' associated with a pair of matrix fields (A, B) €
C?(w;S%) % CH(w; S?) satisfies |F| = max{1,|A['/?} and 9,F = FT,, in w,
we next conclude that there exists a constant C3 such that
|F|l2m < Cs for all (A, B) € K(r,R).
(ii) The mapping
(A,B) € K(r,R) — (T) € (C'(@;M?))?

a)
is Lipschitz-continuous. Let (A, B),(A,B) € K(r,R). On the one hand,
we have

ITos — Taplli

1. R R R
< iHaaT (8a(aﬁa - aﬁo) + aﬂ(aao — Gag) — 3U(aag - &aﬁ)) ||1,D
1 ~OT
+5l@”" = a"")(Gaaps + Ogar — dotap)l1o
A1 N 1 -l
<3[A |1izlA-Alaz+3]AT - A |1 5] Al
and
189, = 031115 = [|a"bag — a7 bagll1.z
A1 N 1 a1
<2(|A |1izl|B-Bliz+2[A' - A |15IBlLis

On the other hand, we have
A = A iz = 1A (A - A)A iz
< 3|47 izl A - AllzllA s
Combining the above inequalities, we thus obtain
IT75 — Thsllim < 3C1(1+3RCY)||A — A2
and
16— B2lhz < 2611+ 3RCy) (A = Al s + B - Blhs).

The last two inequalities together imply that there exists a constant Cy >
0 such that
2)

I(Ta) = (Fa)llies aasyy? < Ci (1A = Allsz + | B - B
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(iii) The mapping
(A,B) € K(r,R) — Fy € M

is Lipschitz-continuous. Since the mapping C € SQ> — C/? ¢ S2> is of class
C* (Lemma 2), there exists a constant Cj5 such that

[A(yo)'"* = Alyo)"/?| < C5]Alyo) — Alyo)| < C5]|A — Allow
for all (A, B), (A, B) € K(r,R). We then infer from defition (8) that
Fo— Fol < C5| A~ Aoz < Cs (| A= All25 + | B - Blli)
for any pairs (A, B), (A, B) € K(r,R).

(iv) The mapping
(A,B) € K(r,R) — F € C*(w; M?),
where F' satisfies the system
O F =FT, inw

®) F(yo) = Fo,
is Lipschitz-continuous. Given (A, B), (A,B) € K(r,R), the matrix field
Q = F — F satisfies
0.Q = QT + F(Fa — f‘a) in w,
Q(yo) = Fo — F.

Let y be a fixed, but otherwise arbitrary, point in w. Since w is bounded
and satisfies the geodesic property, its geodesic diameter D, is finite (see
Definition 3 and Lemma 1). There thus exists a path v € C!([0,1];w)
joining yp to y in w such that its length satisfies L(7y) < 2D,,. Then the field
Y := Qo € C[0,1]; M?) satisfies

Y'(t) = ()Y (OTa(v (1) + Yo (O) F(y(£))(To — Ta)(v(t)) for all ¢ € [0,1],
Y (0) = Fo — Fy,

(10)

so that, by Lemma 3,
1
(11) |[Y(1)] < |Fo— Fo|exp </0 Ivé(t)\ll“a(’v(t))!dt>
1 1
+/O 74 ()] exp </t |’7¢/1(5)Hra(’7(5))d5> |F(v(t)[|(To — Ta) (v(£))|dE.

Since

1/2
Fa®lTa(v())] < 17 (t (ZIF ) < Y (OI(Ta)
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it follows from (i) that
/ O ITaly )t < 2D, [(Ta)loz < Cs,
where Cg := 2D,,Cy. We thus infer from (11) that
Q(y)| =Y (1)]

) ) ) 1/2
< 6 <|F0 — Fo| + 2Dw||FH0@51€lp (Z (T — I‘a)(y)|2> )
yew \

< e (|Fo - F SlTe) = Ca)los)

and then from (i)-(iii) that
1Qllow < Cr(I|A — A2z + | B — Bll1z)
where C7 := €6 (C5 + 2D,C3C}). Relations (10) also yield

10aQlloz < [QlloalTallow

a f‘a 0,w
< Cs(||A - Alj2z + || B — Bl15)
where Cg := C2,C7 + C3C4. Likewise,

10ap@loz <

@t 2Hra - f‘aul,G’ F
<Co(|A - Aoz + |
where Cg := 2(CyCs + C3Cy). The last three relations thus show that

»_)7

|F — Fll2z < Cio (14 - Alloz + 1B - Blls)
for all (A, B), (A, B) € K(r, R), where Cyg := max(C7, Cg, Co).

(v) The mapping
Fo:(A,B) € K(r,R) — 0 € C3(w;R?)
is Lipschitz-continuous. Recall that @ € C3(w;R3) is the solution to the
System
0,0 = ay in w,

e(yO) - 07

where a,, is the a-th column of the matrix field F' € C?(@; M?) constructed
as in part (iv) from the pair (A, B).

Let y be a fixed, but otherwise arbitrary, point in w. As in (iv), let
v = (71,72) be a path joining yp to y in w such that its length satisfies
L(v) < 2D,. Then the mapping y := (6 — 9) o~ belongs to the space
CL([0,1]; R3) and its derivative satisfies

Y'(t) =70 (t)(aa — @a)(y(t)) for all ¢ € [0,1].
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This implies that

1 1
|<e—é><y>|=\ / y'(t)dt\s [ Raoian - a) ol

2
<(Z||aa—aau3,w> /O ' (#)|dt < 22D, || F — Fllo,
o

so that
16 — 6oz < 2V2D,||F — Fllog
Moreover,
104(8 = 0) 25 = llaa — Galloz < [|F = Fl25.
The last two inequalities show that
160 — 8|35 < max(1,2V2D,)||F — F|l25.
We then infer from part (iv) that

16~ 8lls5 < Cur (A~ All2z + 1B~ Blig) .

where C; := max(1, 2\/§Dw)010.

(vi) The mapping Fo : C*(@;S2) x CHw;S?) — C3*(w;R?) is locally
Lipschitz-continuous. We have seen in (v) that, for any » > 0 and R > 0,
the mapping Fy is Lipschitz-continuous over the set K (r, R). We thus infer
from the relation

C*@;8) % C'(@:5) = U K ()

that the mapping Fy is locally Lipschitz-continuous according to Defini-

tion 4. N

We are now in a position to prove the announced continuity of the map-
ping F defined at the beginning of this section:

Corollary 2. Let w be a bounded, connected and simply-connected open
subset of R? that satisfies the geodesic property. Then the mapping F :
C?(w;S%) x CHw;S?) — C3(w; R3) is locally Lipschitz continuous.

Proof. Since
IF(A, B) = F(A, B)||¢s zps) < |IFo(A, B) = Fo(A, B) |3

for all (A, B), (A, B) € C?(w;S2) x C!(w; S?), the local Lipschitz-continuity
of F in a consequence of the local Lipschitz-continuity of F. O

Let now w be a connected and simply-connected open subset of R2. Define
the subset

C*(w;S%)xCHw;S?) :={(A,B) € CQ(w;Si)XCI(w;S2);C’pa60 =0in w}
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of the space C?(w;S?) x Cl(w;S?) (recall that the relations Cpaﬁa =0

mean that the pair of matrix fields (A, B) satisfies the Gauss and Codazzi-
Mainardi equations). Let

C3(w; R?) := C3(w; R?)/R,

be the quotient space of C3(w;R3) by the equivalence relation R, where
(0,¢) € R means that there exists a vector @ € R? and a matrix Q € O3
such that ¢(y) = a+Q0(y) for all y € w. Then Theorem 1 shows that there
exists a well-defined mapping

F:C*(w;S%) % C'(w;§*) — C¥(w; R?),
that associates with any pair of matrix fields (A = (aqg), B = (bag)) €
C%(w; S2) % C!(w; $?) the unique equivalence class @ € C3(w; R?) that satisfies
0 010 N 090 D w
g ‘819 A 820| '

The continuity of the mapping F can also be established as a corol-
lary to Theorem 3. More specifically, let the spaces C%(w;S?) x C!(w;S?)
and C3(w;R3) be endowed with their usual Fréchet topologies. The subset
C?(w; S%) % CH(w; S?) of C%(w; S?) xC! (w; S?) and the quotient space C3(w; R?)
are then equipped with the induced topologies. The following result then
improves upon an earlier result due to Ciarlet [2]:

Aap = 8a9 . 850 and bag = aa

Corollary 3. Let w be a connected and simply-connected open subset of R3.
Then the mapping F : C?(w;S%) x CH(w;S?) — C3(w; R3) is continuous.

Proof. 1t suffices to write the set w as a countable union w = U352, B; of open
balls B; satisfying B; C w. O
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