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A New Approach to Linear Shell Theory

Philippe G. CIARLET and Liliana GRATIE

Abstract

We proposed a new approach to the existence theory for quadratic minimization
problems that arise in linear shell theory. The novelty consists in considering the
linearized change of metric and change of curvature tensors as the new unknowns,
instead of the displacement vector field as is customary.

Such an approach naturally yields a constrained minimization problem, the con-
straints being ad hoc compatibility relations that these new unknowns must satisfy in
order that they indeed correspond to a displacement vector field. Our major objec-
tive is thus to specify and justify such compatibility relations in appropriate function
spaces. Interestingly, this result provides as a corollary a new proof of Korn’s inequal-
ity on a surface. While the classical proof of this fundamental inequality essentially
relies on a basic lemma of J. L. Lions, the keystone in the proposed approach is instead
an appropriate weak version of a classical theorem of Poincaré.

The existence of a solution to the above constrained minimization problem is then
established, also providing as a simple corollary a new existence proof for the original
quadratic minimization problem.

Keywords: Linearly elastic shell theory; Korn’s inequality on a surface; quadratic

minimization problems
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Introduction

All notions and definitions used in this introduction are explained in the next section.

Let w be a domain in R? and let 8 : @ — R3 be a smooth enough immersion. Consider

a linearly elastic shell with middle surface S = 6(w) and thickness 2¢ > 0. According
to Koiter'?, the pure traction problem for such a shell takes the form of the following
quadratic minimization problem: The unknown n* = (), whose components are the
covariant components 7} : W — R of the unknown displacement field 7} a’ of the points of
the middle surface S (the vector fields a’ form the contravariant bases along S), satisfies:

0= ) € Viw) = H(w) x H'(w) x H2() and j(n") = _inf j(n),
nev(w)

where the quadratic functional j:m = (n;) € V(w) — R is defined by

. 1 afBoT 63 afBot 7
jm) = 5/ {6@ 5T Ve (M) Vap(n) + 39 b pm(n)pag(n)} Vadw — /pmx/adw,
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the functions p’ € L?(w) account for the given applied forces, the functions a®?o7 are the
contravariant components of the elasticity tensor of the shell (which is uniformly positive
definite in @), and v,3(n) and pag(n) are the covariant components of the linearized
change of metric, and linearized change of curvature, tensors associated with an arbitrary
displacement field 7;a’ of the surface S.

Clearly, this minimization problem can have solutions only if the applied forces satisfy
the compatibility conditions

l(n) = 0 for all ; = (n;) € Rig(w),

where
l(n) = /pim\/ady and Rig(w) = {n € V(w);7ap(n) = pap(n) =0 inw}.

It is well known that these compatibility conditions are also sufficient for the existence
of solutions to the above minimization problem (such solutions are then unique up to
the addition of vector fields in the space Rig(w)). For the sake of later comparison with
our approach (see the discussion in Section 7), we begin by briefly reviewing in Section 2
this classical existence theory, which goes back to Bernadou and Ciarlet®. However, we
follow here the subsequent, and more illuminating, approach of Bernadou, Ciarlet and
MiaraS, who established for this purpose a basic Korn inequality on a surface “over the
space V (w)”. Like its three-dimensional counterpart (see Chapter 3 of Duvaut & Lions'¢),
this inequality hinges on a fundamental lemma of J. L. Lions (details are provided in the
proof of Theorem 2.1). From this inequality, we then derive another Korn inequality on a
surface, this time “over the quotient space V (w)/Rig(w)” (see Theorem 2.2), from which
the existence and uniqueness of a solution to the above minimization problem easily follow.

An inspection of the first integral occurring in the functional j suggests another ap-
proach to this minimization problem, where the covariant components of the linearized
change of metric and change of curvature tensors are considered as the primary unknowns,
instead of the customary covariant components of the displacement field. To describe and
analyze such an approach constitute the main objectives of this paper.

To these ends, our primary aim (see Theorem 4.1) is to identify an ad hoc Hilbert space
X and a linear and continuous operator

R : ((cap), (rap)) € Lim(w) x Lipy(w) = R((cap), (rap)) € X

with the following fundamental property: Assume that the set w is simply-connected.

Then, if a pair ((cag), (Tap)) € Lgym(w) X Lgym(w) of symmetric matriz fields satisfies
R((cap); (rap)) =0 in X,

there exists a vector field n € V (w) such that

Cap = 'Yaﬂ(n) and Tap = Paﬂ(n) in LQ(w)a



and conversely (naturally, if n € V(w) is a solution to these equations, all other solutions
1’ € V(w) are such that (7’ — n) € Rig(w)).

For this purpose, we will resort to a result of Ciarlet and Ciarlet, Jr.'® who have
recently re-examined from a similar perspective the pure traction problem of linearized
three-dimensional elasticity. Their approach consists in considering the linearized strain
tensor as the “primary” unknown instead of the displacement itself (note that Antman' al-
ready proposed that the “full” strain tensor be analogously considered as the new unknown
in minimization problems arising in three-dimensional nonlinear elasticity).

The main objective then consists in characterizing those symmetric 3 x 3 matrix fields
ec Lgym(Q) that can be written as e = 3(VoT + Vo) for some vector fields v € H' (1),
where Q is a domain in R3. As shown in Ciarlet & Ciarlet, Jr.'0, this is possible if the set
(2 is simply-connected and the components e;; of the matrix field e satisfy the following
weak form of the classical St Venant compatibility relations:

8ljeik + 8ki€jl — aliejk — 8kjeil = 0in H_Q(Q) for all i,j, k‘,l S {1, 2, 3}

Their justification crucially hinges on an H ~2-version of a classical theorem of Poincaré.
For completeness, these results are briefly reviewed in Section 3 (see Theorems 3.1 and
3.2).

The seemingly natural “extension to a surface” of these “three-dimensional” compati-
bility relations turns out to be a not-so-simple endeavor, however (see the proof of Theorem
4.1). Suffice it to mention at this stage that it relies on results that were recently obtained
(albeit for an entirely different purpose) by Ciarlet and S. Mardare!* and on the same
H~2-version of a classical theorem of Poincaré alluded to above, which likewise “replaces”
the lemma of J. L. Lions as the keystone to the present analysis. As a result, the sought

linear and continuous operator R maps the space Lzym(w) X Lgym(w) into the space

X = (H ()",

where € is an ad hoc open tubular neighborhood of the surface 0(w).
We then use this result in the following way. Define the Hilbert space

T(w) = {((cap): (rap)) € Liym(W) X Ly (w); R((cag), (rag)) = 0 in (H2(2))°}

and let
H:T(w)—ne€ V(w)/Rigw)

be the linear mapping defined for each (¢, 7) = ((cap), (1ap)) € T'(w) by H((cag), (Tap)) =
1) where 1) is the unique equivalence class in the quotient space V' (w)/Rig(w) that satisfies
Yap(1) = cap and pag(n) = rep in L2(w).

We then show (Theorem 5.1) that the mapping H is an isomorphism from T'(w) onto
V(w)/Rig(w), a property that in turn provides a new proof of the Korn inequality on a
surface “over the space V (w)” mentioned earlier; see Theorem 5.2.

We will then be in a position (see Theorem 6.1) to answer the main question addressed
here, at least for the so-called “pure traction problem” for a linearly elastic shell modeled by



Koiter’s equations. Recall that, in this case, the quadratic functional j is to be minimized
over the whole space V(w) = H'(w) x HY(w) x H?(w) (i.e., the unknown displacement
field is not subjected to any boundary condition).

More specifically, that the mapping H is an isomorphism implies that the following
minimization problem, with the linearized change of metric and change of curvature tensors
as the new unknowns, has one and only one solution: Find

(c", ") = ((cap), (rap)) € T(w) such that x(c*,r*) = " T%Ielg(w)n(c,r),

where 5
1
k(e,r) = 5/{5@‘“6”(:070&5 + %aaﬁ”rwrw}\/adw — (e, 1),
w

and the continuous linear form £ : T(w) — R is defined by £” = ¢ o H. Furthermore,
((chp)s (155)) = ((Vap(M"), pap(”)) where 7™ is the unique solution to the “classical”
formulation of the pure traction problem as a minimization problem over the quotient
space V(w)/Rig(w).

Naturally, such results in turn constitute the basis for other investigations, which are
briefly discussed in Section 7. We only mention two here:

First, in addition to its mathematical novelty, such an approach could also present a
significant practical advantage. Since the constitutive equations of linear shell theory are
invertible, the new minimization problem above can be immediately recast as a minimiza-
tion problem with the stress resultants and bending moments as the only unknowns, i.e.,
those that are of primary interest from the mechanical and computational viewpoints.

Second, this approach could shed some light on the considerably more challenging
minimization problems that arise in fully nonlinear “intrinsic” shell theory, where the
“full” change of metric, and change of curvature, tensors appear in the energy, instead
of their linearized versions considered here. Developing a similar approach in this case
could provide existence theorems that are so far essentially lacking for nonlinear Koiter
shell equations.

The results of this paper were announced in Ciarlet and Gratie!l.

2 The classical approach to linear shell theory

To begin with, we list some notations, definitions, and conventions that will be used
throughout the article. Greek indices, resp. Latin indices, range in the set {1,2}, resp.
{1,2, 3}, save when they are used for indexing sequences or when otherwise indicated. The
summation convention with respect to repeated indices is used in conjunction with these
rules.

The notation E3 designates a three-dimensional Euclidean space, with vectors & form-
ing an orthonormal basis. The Euclidean norm of a € E? is denoted |a| and the Euclidean
and exterior products of a,b € E3 are denoted a - b and a A b.

A generic point in R? will be denoted y = (yo); then 9, = /0y, and Oup =
0%/9ya0ys. A generic point in R will be denoted z = (z;); then 9; := 9/dx; and



0ij = 02/ O0z;0x;. Given a smooth enough vector field v = (v;) defined on a subset of
R3, the 3 x 3 matrix field with 0jv; as its element at the i-th row and j-th column is
denoted Vv. A generic point in E3 will be denoted & = (Z;); then §; := 9/8i; and
31']- = 0%/ 0%;0%;; the notation V' should be self-explanatory. The coordinates Z; of a
point & € E? will be referred to as Cartesian coordinates.

A domain U in R*,n > 2, or in E3, is an open, bounded connected subset with a
Lipschitz continuous boundary, the set U being locally on the same side of its boundary,
in the sense of Nec¢as?? or Adams'. Spaces of vector-valued, or matrix-valued, functions
over U are denoted by boldface letters, and the norms of the spaces L?(U) or L*(U), and
H™U) or H™(U),m > 1, are denoted || - ||o.z, and || - ||m,v-

If V is a vector space and R a subspace of V, the quotient space of V' modulo R is
denoted V/R and the equivalence class of v € V' modulo R is denoted v. The space of all
continuous linear mappings from a normed vector space X into a normed vector space Y
is denoted L(X;Y).

Given a domain w C R?, a mapping @ € C'(w;E3) is an immersion if the vectors
00(y) are linearly independent at all points y € @. Given a domain Q C R3, a mapping
O € C'(; E?) is an smmersion if the vectors 9;@ () are linearly independent at all points
x € Q (equivalently, the matrix VO(z) is invertible at all points = € Q).

Given a domain w in R? and an immersion 8 € C3(w; E?), define the surface S := 6(®).
The covariant components aag = agy € C3(@) and bag = bga € Cl(w) of the first and
second fundamental forms of the surface S are then respectively given by

GqB = Qg * Ap and baﬁ = as- 8aaﬁ,

where the vector fields
ai; N\ a9
a, = 0,0 and ag := ——=
‘Cl,l A CLQ‘

form the covariant bases along S. We also let
a = det(ans) € C*(),

so that v/ady is the area element along S. Note that there clearly exist constants ag and
ay such that 0 < ag < a(y) < ap for all y € @.

Two other fundamental tensors play a key réle in the two-dimensional theory of linearly
elastic shells, the linearized change of metric tensor and the linearized change of curvature
tensor, each one being associated with a displacement vector field

Uk :mai
of the surface S, where
N = () € V() i= H'(w) x H'(w) x H(w)

and the vector fields a’, which form the contravariant bases along S, are defined by the
relations a'-a; = 5;». The covariant components of these tensors are given by

1 N D _
Yap(n) = §[aaﬁ(?7) — Qap)"™ = 5(%?7 Qo+ 0am - ag),



Pap(n) := [bap(n) = bag]™ = (0apn — T35007) - as

where ao3(n) and byg(n) are the covariant components of the first and second fundamental
forms of the deformed surface (8 + 77)(@), the notation [- - -] represents the linear part
with respect to n = (1;) in the expression [---], and I'] 5 := a” - daap are the Christoffel
symbols of S. Note that v,5(n) € L?(w) and pas(n) € L*(w) if n € V(w).

Remark 2.1 More details about the elementary notions of differential geometry of sur-
faces needed here are found in, e.g., Chapter 2 of Ciarlet®. O

Let € > 0 be such that the mapping © € C?(w x [—¢,¢]; E?) defined by
O(y,xz3) := 0(y) + z3as(y) for all (y,x3) € W x [—¢,¢]

is an immersion (for a proof that this is indeed the case if ¢ > 0 is small enough, see
Theorem 3.1-1 in 4bid.). Assume that the set @ (w x [—¢,¢]) is the reference configuration
occupied in the absence of applied forces by a linearly elastic shell with middle surface S
and thickness 2¢, with a constituting material that is homogeneous and isotropic, hence
characterized by its two Lamé constants A and p > 0. The functions

4N
a®8o7 .= W jaBaor 4 2u(a®?a’™ + a*"aP7) € C3(@), where (a°7) := (aas) ",
A+ 2u
then denote the contravariant components of the two-dimensional elasticity tensor of the

shell. This tensor is uniformly positive definite, in the sense that there exists a constant
bp = bp(w, 0, 1) > 0 such that (see Theorem 3.3-2 in ibid.):

bo Y ltasl® < a7 (Y)tortap
a7ﬁ

for all y € W and all symmetric matrices (t,g) of order two.

Assume that the shell is subjected to applied forces acting only in its interior and on
its upper and lower faces (there are thus no applied forces acting on its lateral face), whose
resultant after integration across the thickness of the shell has contravariant components
p' € L?*(w) (this means that each area element of the shell is subjected to the elemen-
tary force p'a;\/ady). Assume, finally, that the lateral face of the shell is free, i.e., the
displacement is not subjected to any boundary condition there. In other words, we are
considering a pure traction problem for a linearly elastic shell.

As a mathematical model for this problem, we select the well-known two-dimensional
Koiter equations (so named after Koiter!?), in the form of the following quadratic mini-
mization problem: The unknowns are the three covariant components 7 : w — R of the
displacement field 7} a' : @ — R3 of the middle surface S of the shell and the vector field
n* = (n)) satisfies

M€ Viw) = H'(w) x H'(@) x H*() and j(r') = inf j(n).



where

i(m) = /{6A7 () + Ap () }ady — i(n).

[\DlH

and
At t = a"t, tes € LN (w) for all t = (tag) € L2, (w),

Y1) 1 = (Yap(M)) € Ly (w) == {c = (cap) € (L*(w))*; cap = cga} for allm € V(w),
p(n) : = (pap(n)) € L (w) for allm € V (w),

) i= [ p/ads for all g = () € V(0.

Remark 2.2 A detailed mathematical analysis of Koiter’s equations, together with their
justification from three-dimensional linearized elasticity and numerous references, are
found in Section 2.6 and Chapter 7 of Ciarlet®. See also Blouza and Le Dret” who showed
how to handle shells whose middle surface has “little regularity”, e.g., when the mapping
0 is only in the space W2 (w;E?), instead of C3(w; E?) as here. O

Define the Hilbert space
Rig(w) :={n € V(w); v(n) = p(n) = 0in LZ,,(w)}.
Then one can show that (see, e.g., Theorem 2.6-3 of ibid.):
Rig(w) = {n = V(w);ma'=a+bAB.acRbeR}.

In other words, the components 7; of any vector field n = (n;) € Rig (w) are the covariant
components of an infinitesimal rigid displacement n;a’ of the surface S.

We will henceforth assume that the linear form [ associated with the applied forces
satisfies the compatibility conditions

l(n) =0for all y € Rig(w),

since these are clearly necessary for the existence of a minimizer of the functional j over
the space V' (w). This being the case, the above minimization problem thus amounts to
finding an equivalence class ©* that satisfies

" € V(w) == V(w)/Rigw) and j(#*)= inf j(#).
neV (w)

Before analyzing this problem, let us define several norms, which will be of constant
use in the sequel:

+3 lrasl3 )
B



for all (e,) = ((cap), (rap)) € L (W) X L (@),
llv @) = {D lInal

M = inf + ) for all i € V(w).
il =t In+ €l for all 7 € V)

1/2
2 o+ i3} for allp = () € Vi(w),

In order to establish the existence and uniqueness of a minimizer of the functional j
over the space V' (w), it suffices, thanks to the positive definiteness of the two-dimensional
elasticity tensor of the shell, to show that the mapping

€ VW) = [(v(), p()llo.w

is a norm over the quotient space V (w) equivalent to the quotient norm || - ||‘-,(w).

To prove that this is indeed the case will be achieved in two stages, which constitute
Theorems 2.1 and 2.2 below. The first stage, which is due to Bernadou, Ciarlet and
MiaraS, consists in establishing a first basic Korn inequality on a surface, “over the space
V(w)”. Although its proof is thus known, we nevertheless summarize it, for the sake of a
later comparison with the present approach.

Theorem 2.1 Let there be given a domain w in R? and an immersion 8 € C3(w;E?).
Then there exists a constant ¢ = c¢(w, ) such that

1/2
Inllvis < el Inalde + lInsl e + 1), p)IEL

for allm € V(w) = HY(w) x H'(w) x H?(w).
Proof. The essence of this inequality is that the two Hilbert spaces V (w) and

W(w) = {n=(m) € L*(w) x L*(w) x H'(w); (1) € L), p(n) € Lin(w)}

coincide. Korn’s inequality on a surface then becomes an immediate consequence of the
closed graph theorem applied to the identity mapping from V' (w) into W (w), which is thus
surjective (and otherwise clearly continuous.)

That these two spaces are identical hinges on a fundamental lemma of J. L. Lions:
Let U be a domain in R". If a distribution v € H~(U) has its n first partial derivatives
also in H~1(U), then v € L?(Q) (see Theorem 3.2, Chapter 3 of Duvaut and Lions'® for
domains with smooth boundaries and Amrouche and Girault? for domains with Lipschitz-
continuous boundaries).

To establish the inclusion W(w) C V' (w) (the other inclusion evidently holds), let
n = (n;) € W(w). The relations

. 1
Eap(m) := 5 (Datlp + Ogla) = Yap(1) + Lagne + bagns
then imply that £,4(n) € L?(w). Hence

95(0510) = {050 (M) + 0séas(n) — Bafps()} € H H(w)



since x € L?(w) implies O, x € H ! (w); likewise, 9,10 € H 1 (w). Hence 9,7, € L*(w) by
the lemma of J. L. Lions and thus 7, € H'(w). This shows that

paﬂ(n) = 8045773 + Taﬁ(n) with Taﬁ(n) € L2 (w)
Hence d,pn3 € L?(w) and thus n3 € H?(w).
Remark 2.3 The Korn inequality established in Theorem 2.1 in turn implies the more
commonly used Korn inequality “with boundary conditions” on a surface. This inequality

asserts that, given any measurable subset 7y of the boundary of w that satisfies length
~o > 0, there exists a constant ¢y = c¢o(w, 0, 79) such that

IMllvw) < coll(v(m), p(1)) |00

for all m = (n;) € V(w) that satisfy n; = dyn3 = 0 on 7. For more details, see, e.g.,
Section 2.6 in Ciarlet®. O

The second stage consists in establishing another basic Korn’s inequality on a surface,
this time “over the quotient space V (w)”.

Theorem 2.2 Let there be given a domain w in R? and an immersion 6 € C3(w;E?).
Then there exists a constant ¢ = "(w, 0) such that

191y (@) < el(v(m), p(M)l0.0

forallfn € V(w) = (H'(w) x H'(w) x H?*(w))/Rig(w).
Proof. By the Hahn-Banach theorem, there exist six continuous linear forms I, on the
space V(w) = H'(w) x H'(w) x H*(w),1 < a < 6, with the following property: A vector

field € € Rig(w) is equal to 0 if and only if I,(§) = 0,1 < o < 6. It thus suffices to show
that there exists a constant ¢ such that

6
Imllv ) < éllvm) pm)llow + D lal(m)])
a=1

for all § € V'(w). For, given any n € V (w), let £(n) € Rig(w) be such that l,(n+£(n)) =
0,1 < a < 6. The above inequality then implies that, for all n € V' (w),

19l () < 1M+ EM)lviw) < éll(v(n), p(m)llow-

Assume that there does not exist such a constant ¢. Then there exist n* € V (w), k > 1,
such that
anHV(w) =1forallk >1,

—00

6
(ICy (") o@Dl + D llaln®)) = 0.
a=1
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By Rellich theorem, there thus exists a subsequence (nl)jﬁl that converges in the space
L*(w) x L?(w) x H'(w) on the one hand; on the other hand, each subsequence (v(n'))%,

o0

and (p(n'))?°, converges in the space Lgym(w). Therefore the subsequence (1), is a

Cauchy sequence with respect to the norm

n= ) € V() = {3 Inald + sl + (v (), pa)I3. 2,

hence also with respect to the norm |[-[|y-(,y by the Korn inequality on a surface established
in Theorem 2.1.
Consequently, there exists 7 € V(w) such that ||n' — Nv(w) o 0. But thenn =0
—0o0

since v(n) = p(n) = 0 and [,(n) = 0, in contradiction with the relations ||77lHV(w) =1 for
all [ > 1. O

We emphasize that our subsequent analysis will provide “as by-products” entirely
different proofs of the above Korn inequalities on a surface.

3 Weak versions of a classical theorem of Poincaré and of
St Venant’s compatibility relations

Our first objective naturally consists in characterizing those pairs of symmetric 2 x 2 matrix
fields (cap) € Lgym(w) and (rqg) € Lgym(w), i.e., the new unknowns in our approach, that

have the following property: There exists a vector field n = (1;) € H'(w) x H(w) x H?(w)
such that

Cap = 'Yaﬂ(n) and Tag = Pa,@(n)7
where the components v,5(n) and pag(n) are those of the linearized change of metric and
change of curvature tensors associated with the displacement field n;a’ of the surface ()
(these components are defined in Section 2).

To shed light on our proposed methodology for this purpose, we return to that of Ciarlet
& Ciarlet, Jr.!° for handling the three-dimensional analog, viz., the characterization of
those symmetric 3 x 3 matrix fields e with components in L?(Q) that can be written as
e = 1(Vv! + Vv) for some v € H'(Q), where  is a domain in R3.

A classical theorem of Poincaré (see, e.g., Schwartz??) asserts that, if functions hy €
C(Q) satisfy O;hy, = Oxhy in a simply-connected open subset © of R? (or R™ for that
matter), then there exists a function p € C?(2) such that hy = Oyp in Q. This theorem
was extended by Girault and Raviart!® (see Theorem 2.9, Chapter 1), who showed that,
if functions hy € L?(Q) satisfy 0;hy = Ophy in H~1(Q) on a simply-connected domain
of R3, then there exists p € H'(2) such that hy = 9pp in L*(Q). As shown by Ciarlet and
Ciarlet, Jr.1%, this extension can be carried out one step further, as follows (the proof is
somewhat more delicate however):

Theorem 3.1 Let Q be a simply-connected domain in R3. Let hy € H-Y(Q) be distribu-
tions that satisfy Ojhy, = Ophy in H=2(Q). Then there exists a function p € L?(Q), unique

11



up to an additive constant, such that hy = Opp in H~1(€2).

Idea of the proof: Given any h € H'(Q), Theorem 5.1, Chapter 1 of Girault and
Raviart'® shows that there exist w € H}(Q) and p € L?(Q) such that (the assump-
tions that €2 is bounded and has a Lipschitz-continuous boundary are used here) —Awu +
grad p = h in H}(Q) and div u = 0 in Q.

It then suffices to show that, if in addition curl h = 0 in H2(Q2), then u = 0. The
proof of this implication, which is by no means trivial, relies in particular on an exten-
sion result of Girault!” (see Theorem 3.2) and on a representation result of Girault and
Raviart'® (see Theorem 2.9, Chapter 1), the assumption of simple-connectedness of €
playing a crucial role here (as in the “classical” version of Theorem 3.1). O

In 1864, A. J. C. B. de Saint Venant showed that, if functions e;; = ej; € C3(Q) satisfy
in a simply-connected open subset  of R? ad hoc compatibility relations that since then
bear his name, then there exists a vector field (v;) € C*(Q) such that e;; = 1(0;jv; + d;v;)
in ). Thanks to Theorem 3.1, it can be shown that the same St Venant compatibility rela-
tions are also sufficient conditions in the sense of distributions, according to the following
result (again due to Ciarlet and Ciarlet, Jr.10):

Theorem 3.2 Let Q be a simply-connected domain in R3. Let
e = (e;;) € L2,,,(Q) := {e = (e5j) € (L*(Q))°;ei5 = €5}
be a symmetric matriz field that satisfies the following compatibility relations:
Rijri(€) := yjeir, + Opiejt — Onejr — Opjeq = 0 in H2(Q).

Then there exists a vector field v = (v;) € H*(Q) such that

e %(WT + Vo) in L2, (Q),

sym
and all other solutions © = (v;) € HY(Q) of the equations

1
e= 5(V@T + Vo) in L2 ()

sym

are of the form
D=v+a+bAid, witha € R?andbe R

Proof. The compatibility relations R;;x(e) = 0 in H~2(2) may be equivalently rewritten
as
8lhijk = 8khijl in HiQ(Q) with hijk = 8j€z‘k - 8i6jk € Hil(Q).

Hence Theorem 3.1 shows that there exist functions p;; € L?(2), unique up to additive
constants, such that Oyp;; = hjr = e — Oiejr, in H~1(9). Besides, since Okpij = —Okpji

12



in H=1(9), we have the freedom of choosing the functions pi; in such a way that p;;j+pj; = 0
in L2(9).
Noting that the functions g;; := (e;; + pij) € L*(2) satisfy

Okgij = Oreij + Okpij = Oneij + Djeir — Oiejr = Djem + Ojpi = Ojqux in H'(Q),
we again resort to Theorem 3.1 to assert the existence of functions v; € H'(£2), unique up
to additive constants, such that 0;v; = ¢;; = e;; + p;; in L?(Q). Consequently,

1 1 .
E(ajvi + ai’l)j) = €j5 + 5(2%’;‘ erji) = €4 1N LZ(Q),

as required. That all other solutions are of the indicated form is well-known; see, e.g.,
Chapter 3 of Duvaut and Lions'S. O

Remark 3.1 A direct computation immediately shows that the St Venant compatibil-
ity relations are also necessary, i.e., that Rijkl(V'vT + Vo) = 0 in H2(Q) for any
ve HY(Q). O

Remark 3.2 It is easily verified that the eighty-one relations R;jx(e) = 0 in H2(f2) are
satisfied if only siz of them hold, provided they are suitably chosen; for instance, it suffices
that they be satisfied for (4,7, k,1) = (1,2,1,2),(1,2,1,3),(1,2,2,3),(1,3,1,3),(1,3,2,3),

and (2,3,2,3). U
Remark 3.3 Another “weak” characterization of matrix fields e € Lgym(ﬂ) satisfying
e = 3(VvT + V) for some v € H'(Q) is found in Ting?3. O

Interestingly, the same “three-dimensional” St Venant compatibility relations also play
a key roéle in the proof of our main result, Theorem 4.1 below.

4 A necessary and sufficient condition for matrix fields to
be linearized change of metric and change of curvature
tensors

Thanks to Theorem 3.2, we are now in a position to establish an analog characterization,
but this time in the case of a surface.

Theorem 4.1 Let there be given a simply-connected domain w in R? and an injective
immersion 6 € C3(w;E3). For each ¢ > 0, define the mapping © € C*(w x [—¢,¢]; R3) by
916(y) A 920(y)
016(y) N 920(y)|

Then there exist eg > 0 and a mapping R € L’(Lgym(w) x L2, (w); H2(Q)), where

sym

O(y,z3) == 0(y) + z3

for all (y,z3) € W x [—¢,¢€].

Q) := wx] — g0, o[ and H2(Q) := (H2(0))°,
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with the following property: A pair (¢c,r) € Lgym(w) X Lgym(w) of symmetric matriz fields
satisfies

R(c,r) =0in H%(Q)
if and only if there exists a vector field n € V() := H'(w) x H'(w) x H?(w) such that

c=~(n) and r = p(n) in L3, (w).

In this case, all other solutions ' € V (w) of the equations

c=~(n') and r = p(n) in L, (w)

are such that (' —n) € Rig(w).
Proof. The uniqueness up to vector fields in the space Rig(w) is well known, as already
noted.

The outline of the proof is as follows: In Part(i), we briefly review some notions about
curvilinear coordinates that are needed in the sequel; in Part (ii), we “recast in curvilinear
coordinates” the sufficiency of the St Venant compatibility relations; in Part (iii), we
summarize those results from Ciarlet & S. Mardare'* that will be used in our analysis
(the objective in ibid. was to show how Korn’s inequality on a surface can be obtained
as a corollary to the three-dimensional Korn inequality in curvilinear coordinates; in this
respect, see also Akian?); combining all these results, we then conclude the proof in Part
(iv).

(i) For details about the results reviewed here, see, e.g., Chapter 1 of Ciarlet®. Let
Q be a domain in R and let ® € C%(Q;E?) be a C3-diffeomorphism from Q onto its
image ©(Q2) C E3. Then the coordinates of = € Q are called the curvilinear coordinates
of the point # := O(z) € O(Q) and Q := O(Q) is also a domain. The metric tensor of

©((2) is defined by means of its covariant components g;; := g, - g;, where the vector fields

g; := 0;0 form the covariant bases. The vector fields g/ defined by the relations g7 -g, = 55
form the contravariant bases and the functions FZ := gP- 0;g; are the Christoffel symbols.

Given any vector field @ = (¢;) € H*(2), the functions
1 -

é”(’f)) = 5(83’0@ + él’f)]) S Lz(Q)

are the linearized strains in Cartesian coordiantes associated with the displacement field
9;€" of the set Q and

&(v) = (645(9)) € Ly ()
is the associated linearized strain tensor field in Cartesian coordinates.
Let the vector field v = (v;) € H'(Q) be defined by means of the relations

vi(x)g’ (z) = ;(#)é" for almost all z = O~ (2) € Q.

Then the functions

1
eij(v) = {5(33'1)@- + 0jv) — Ffjvp} € L*(Q)
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are the linearized strains in curvilinear coordinates associated with the displacement field
v;jg" of the set () and
e(v) := (gij(v)) € L2

sym(Q)
is the associated linearized strain tensor field in curvilinear coordinates (here, “strain” is
to be understood as “change of metric”, thus reflecting that the matrix field e(v) measures
half of the linearized difference between the metric tensor in the “deformed configuration”
(© + v;g") () and the metric tensor in the “reference configuration” @(Q)).

It is then easily seen that the two above linearized strain tensor fields are related by

the relations
e(0)(2) (VO Te(v)VO ™) () for almost all & = O(z) € €.

_(ii) Let Q be a sz’mply—gonnected domain in R3, let © € C?(Q;E3) be a CQ—glijj‘eomorphism
of Q onto its image, let Q := O(Q), let the mapping B € E(Lgym((l); Lgym(ﬂ)) be defined
for any e € L2 _(Q) by

sym

(Be)(&) := (VO TeVO® ') (x) for almost all z = @(z) € Q,

and let, for any & = (é;;) € L2 . (Q),

sym
7:\’,<é) = (’fiwkl(é)) Where ﬁwkl<é) = éljéik + é]ﬂ'éﬂ — éliéjk — ékjéil-

Then a matriz field e € Lgym(Q) is such that there exists a vector field v = (v;) €

H'(w) that satisfies
e =-¢e(v)in L%, (Q)
if and only if R R
R(e) = 0in H2(Q) = (H2(Q))",

where the mapping R € E(Lgym(Q); H%(Q)) is defined by

R:=RoB.

First, we note that the domain Q c E?is simply-connected if the domain Q C R3
is simply-connected. Second, it is clear that B is an isomorphism from Lgym(Q) onto
L2 (9.

sym

Let then e € Lgym(Q) be a matrix field that satisfies R(e) = 0 in H~2({)). By

Theorem 3.2, there thus exists a vector field & = (¢;) € H'() such that

Be

&(v)in L2, (Q).

sym

By (i), the vector field v = (v;) € HY(Q) defined by v;g’(z) = 0;(2)é’ for almost all
r = 071(%) € Q satisfies
g(v) = Be(v).

Hence e = g(v) since the mapping B is injective.
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Conversely, let v = (v;) € H*(Q) be given. Then, by Part (i), Be(v) = &(¥), where the
vector field © = (;) € H'(Q) is defined by 9;(i)é" = v;g?(x) for almost all = ©(z) € Q.
Hence R ((9)) = 0 in H=2(Q) for all 4, j, k, [ since these relations are necessary (Re-
mark 3.1). We have already noted (Remark 3.2) that six of these relations suffice, thus
justifying the notation H~2(Q) = (H~2(£2))S.

(iii) The results recapitulated below are proved in Ciarlet and S. Mardare'*. Let w be

a domain in R? and let @ € C3(w;E?) be an injective immersion. As before, we denote
. aiNa

by a; and a’ the vector fields defined by the relations a, = 9,0,a3 = ﬁ, and
a an

al-a; = 5f Then there exists g9 > 0 such that the mapping © : Q — E? defined by
O(y,z3) = 0(y) + z3a3(y) for all (y,z3) € Q, where Q := wx] — &¢, &0,

is a C*—diffeomorphism from Q0 onto its image ©(Q). Let g; and g’ denote the vector
fields defined by the relations g; = 9;©® and g’ - g; = /. With any vector field n = (n;) €
V(w) = HY(w) x H}(w) x H?(w), let there be associated the vector field v = (v;) € H'(Q)
defined by

Vi (y, 23)g° (4, 23) = mi(y)a’ (y) — w3(8ans(y) + b3 (¥)10 (y))a (y)
for all (y,z3) € Q, where b := a”?b,s. Then the linear mapping
F:necV(w) —vec H(Q)
defined in this fashion is an isomorphism from the space V (w) onto the Hilbert space
V(Q) = {v e H(Q);e3(v) = 0in Q}.
Besides,

cap(F(0)) = Yap(n) — 23pap(n —{bapﬁg ) + b5 par(n) — 26005 70r (1)}

(iv) Let Q be a simply-connected domain in R? and let @ € C3(w; E3) be an injective
immersion. Let the open set QQ = wXx| — eq,e0[ be defined as in Part (iii), let the mapping
G e L(L?, (w) x L2 (w); L%, (Q)) be defined by

sym sym sym

22
(G(c,7))ap = Cap — T3Tap + = {b 6o + bTar — 2bg ECUT},

for any (c,r) = ((cap), (Tap)) € Lgym( ) X Lgym( ), and finally, let ) := O(Q), where @
is the C*—diffeomorphism from Q onto its image defined in Part (iii).

Then a pair (¢,r) € Lgym(w) X Lgym( ) of matrixz fields is such that there exists a
vector field n € V(w) satisfying

c=+(n)and r = p(n )mLsym( w)
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if and only if
R(e,r) =0in H2(Q) = (H~%(Q))5,

where the mapping R € £(L§ym(ﬂ) x L2, (Q); H 2()) is defined by

sym
R=RoG,

the mapping R € E(Lgym(Q); H2(Q)) being that defined in Part (ii).

First, we note that the domain  C R? is simply-connected if the domain w C R?
is simply-connected. Second, we show that the mapping G is injective. To see this, let
functions f, g, h € L?(w) be such that F = 0 in L?(£2), where the function F is defined by

Fly,xz3) := f(y) + xz39(y) + 22h(y) for (y,z3) € Q.

Then 033 F = 0 in D'(2) and since the distribution d33F is in this case the function in
L?(2) defined by 933F (y,z3) = 2h(y) for almost all (y,z3) € Q, we conclude that h = 0;
since 93 F = 0 in D' (Q), we likewise conclude that g = 0; hence we are left with f = 0.

Let then (¢, r) € Lgym(w) X Lgym(w) be a pair of matrix fields that satisfies R(¢,r) =0

in H~2(Q2). By Part (ii), there thus exists a vector field v = (v;) € H'(Q) that satisfies

G(c,r) =¢e(v)in L2, (Q).

sym
In particular then, g;3(v) = (G(c,r))i3 = 0 by definition of G, which shows that v € V().
Let the vector field € V (w) be defined by 1 := F~!(v), where F : V(w) — V(Q) is the
isomorphism defined in Part (iii). By definition of G and by Part (iii),
(G(v(1), p(M)))ap = cap(F (M) = cap(v),
(G(v(n), p(n)))iz = 0 = ei3(v).

In other words, G(~v(n), p(n)) = e(v) in L2 ,(Q). We thus conclude that

sym
c=~(n)and r = p(n) in L2, (w),

since the mapping G is injective.

Conversely, let 7 € V(w) be given. Then, by definition of the mappings F and G,
we have G(v(n), p(n)) = €(v), where the vector field v € V() c H'(Q) is defined by
v := F(n). Hence R(e(v)) = 0 in H~2() by Part (ii). Equivalently,

R(v(n), p(n)) = 0in H(Q),

which shows that the relation R(e,r) = 0 in H~2() is also necessary. O

Remark 4.1 In Part (iv), we showed that the mapping G is injective. It can be easily
shown that, in addition, its image ImG' is a closed subspace of L2 (©2). The closed

sym
graph theorem then shows that G is in fact an isomorphism from the Hilbert space
Lgym(w) X Lgym(w) onto the Hilbert space ImG. O
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Remark 4.2 More explicit necessary and sufficient conditions can be also found that
take the form of relations in the space H 2?(w) satisfied by the components of the tensor
fields 7 and ¢ and some of their partial derivatives, with coefficients involving the two
fundamental forms and the Christoffel symbols of the surface 8(w); see Ciarlet, Gratie
and C. Mardare.'? O

5 A new proof of Korn’s inequality on a surface

Thanks to Theorem 4.1, we can define in a natural way a basic isomorphism (denoted by
H in the next theorem), which plays a key role in the rest of this paper (see Theorems
5.2 and 6.1).

Theorem 5.1 Let there be given a simply-connected domain w in R? and an injective
immersion 0 € C3(w;E3). Define the space

T(w) = {(e.r) € L%, (w) x L2, (w): Rle,r) = 0 in H-2(Q)},
where the open set Q0 and the mapping R € L’(Lgym(w) X Lgym(w);H_Q(Q)) are defined
as in Theorem 4.1.

Given any element (c,r) € T(w_), there exists, again by Theorem 4.1, a unique equiva-
lence class 1) in the quotient space V (w) = H'(w) x H'(w) x H?(w))/Rig(w) that satisfies

y(7) = cand p(i) = in L, (w).

Then the mapping '
H:Tw)— V(w)

defined by H(c,r) := 1 is an isomorphism between the Hilbert spaces T(w) and V (w).
Proof. Clearly, T'(w) is a Hilbert space as a closed subspace of Lzym(w) X Lgym (w). The
mapping H is injective, for H(c,r) = 0 implies that ¢ = v(0) = 0 and r = p(0) = 0. It
is also surjective since, given any 11 € V(w), the pair (y(%), p(7)) € Lgym(w) X Lgym(w)
necessarily satisfies R(v(7), p(1)) = 0 in H~2(Q) by Theorem 5.1.

Finally, the inverse mapping

i€ V(w) — (v(), p(i)) € T(w)

is clearly continuous, since there evidently exists a constant C' such that, for any n € V(w)
and any £ €Rig(w),

[(v(), p()llow = (Y0 + &), p(M + &) 0w < Clln + &llv (-

Hence
f ) . <C inf =Clnly .
(@), p(M) 0w < el ) 17+ €llvw) = Clily
The conclusion then follows from the closed graph theorem. O
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Remarkably, the two Korn inequalities on a surface recalled earlier in Theorems 2.1
and 2.2, can now be recovered as simple corollaries to Theorem 5.1.

Theorem 5.2. Let there be given a simply-connected domain w in R? and an injective
immersion @ € C*(@;R3). That the mapping H : T(w) — V() is an isomorphism implies
both Korn’s inequalities on a surface, i.e., “over the space V (w) = H'(w)x H' (w) x H?(w)”
(Theorem 2.1) and “over the quotient space V(w) = V (w)/Rig(w)” (Theorem 2.2).
Proof. (i) Since H is an isomorphism, there exists a constant ¢ such that

I1H (¢, 7)ly () < €ll(e,7)]low for all (¢,7) € T(w),
or equivalently, again because H is an isomorphism, such that

0w for all g € V(w).

1y < ElCv(i). o)

But this is exactly Korn’s inequality “over the quotient space V(w)” of Theorem 2.2.
(ii) We now show that this Korn inequality in turn implies Korn’s inequality “over the
space V (w)” of Theorem 2.1.
Assume that this last inequality does not hold. Then there exist n* = (nF) € V(w), k >
1, such that
In*|[v ) = 1 for all k > 1,

(B2 o+ 1512 3 4+ 1 ("), p(r*) o) — O

k—o00
Let ¢* € Rig(w) denote for each k > 1 the projection of n* on Rig(w) with respect
to the inner product of the space V' (w). This projection thus satisfies:

In* = Fllviw) = inig(w) 17"+ €llvw) = HﬁkHV(w

(eER
k Nk K k
Il = I =<l 0,

The space Rig(w) being finite-dimensional, the inequalities ||¢ k||V(w) <lforallk>1
imply the existence of a subsequence (¢')7°, that converges in the space V' (w) to an element
¢ = (¢;) €Rig(w). Besides, Korn’s inequality in the quotient space V' (w) obtained in Part
(i) implies that

1" = ¢livis = I lly ey — 0.

since ||(v(1"), p(11"))|0.w . 0. Consequently,
— 0

' = ¢lvw :’OOO :

Hence { _[Inf, — Callg . + Ins — G
(e}

. l l
simce {ZHUQH(Q)M + HnS

[0
that [|n']lv () . 0, a contradiction. O
—00

|iw}1/2 :>OOO a fortiori, which shows that ¢ = 0

|iw}1/2 . 0 on the other hand. We thus reach the conclusion
—0Q0
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Remark 5.1 Together, Theorem 2.1 and Part (ii) of the above proof thus show that both
Korn’s inequalities on a surface, viz., on the space V' (w) and on the quotient space V (w),
are equivalent. ]

6 A new approach to existence theory for Koiter’s linear
shell equations

Thanks again to the isomorphism H introduced in Theorem 5.1, we are now in a position
to recast the quadratic minimization problem that models the pure traction problem of a
linearly elastic shell (see Section 2) as another quadratic minimization problem, this time
over the space T'(w) introduced in Theorem 5.1. The various notations found in the func-
tional k below are all defined in Section 2.

Theorem 6.1 Given a simply-connected domain w in R? and an injective immersion
0 € C3(w; E?), define the Hilbert space T(w) as in Theorem 5.1, viz.,

T(w) = {(e,7) € Lipn(w) x L (w); R(e,7) = 0 in H*(Q)}.

Furthermore, define the quadratic functional K : Lsym( w)x L2 (w) — R by

sym

3
k(e,r) = %/{aAc cc+ 5§Ar r¥ady — (e, r)

for all (e,7) = ((cap), (Tap)) € L2 x L2 (W), where I” :=10 H

sym sym

Then the minimization problem : Find (c*,r*) € T(w) such that
k(c*,r") = inf{x(e,7);(c,7) € T(w)}
has one and only one solution (c*,r*). Besides,

(e, r") = (v(7"), p(7")),
where N* is the unique solution to the “classical” minimization problem inf j(f) de-
nev(w)
scribed in Section 2.
Proof. Thanks to the uniform positive definiteness of the two-dimensional elasticity tensor
of the shell, there exists a constant b; > 0 such that

3
/{5Ac ce+ 6gAr v }vady > bi|(c, "“)||3,w

for all (e, r) in the space Lsym( w) X Lsym( w). Besides, the linear form I’ is continuous over
the space T'(w) since the mapping H : T(w) — V(w) and the linear form [ : V(w) — R
are both continuous. Finally, T'(w) is a Hilbert space. Hence there exists one, and only
one, minimizer (c*,r*) of the functional x over the space T'(w).

That #7* minimizes the functional j over the quotient space V (w) implies that (y(7*),
p(17*)) minimizes the functional x over the space T'(w). Hence (c*,r*) = ((~v(n"), (77*))
since the minimizer of k is unique.
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7 Concluding remarks

(a) While the original minimization problem over the space H'(w)x H'(w)x H?(w)/Rig(w)
is an wunconstrained one with three unknowns (see Section 2), that found in Theorem
6.1 is a constrained minimization problem over the space Lgym(w) X Lzym(w) with six
unknowns. The constraints (in the sense of optimization theory) are the compatibility
relations R(c,r) = 0 in H~2() that the pairs of matrix fields (r, ¢) € T(w) must satisfy
(as shown in Ciarlet, Gratie and C. Mardare'?, in fact these relations ultimately reduce
to only three independent ones, which can be set in the space H2(w)).

(b) In linear shell theory, the contravariant components of the stress resultant tensor
field (n®%) € Lgym(w) and the bending moment tensor field (m®?) € Lgym(w) are given in
terms of the displacement vector field by

afoT

3
n®? = ea®Ty,5(n) and m®’ = %CL Pap(M),
where the functions a®°” are the contravariant components of the two-dimensional elas-
ticity tensor of the shell. Since this tensor is uniformly positive definite (see Section 2),
the above formulas are invertible and thus the minimization problem of Theorem 6.1 can
be immediately recast as a minimization problem with the stress resultants and bending
moments (the “unknowns of choice” in engineering!) as the primary unknowns.

(c) There remains the task of devising efficient numerical schemes for approaching
such a constrained minimization problem. Most likely, these approximate methods will
be similar in their principle to those proposed by Ciarlet and Sauter!® for approximating
the constrained minimization problem that similarly arises in linearized three-dimensional
elasticity (see Ciarlet and Ciarlet, Jr.!?).

(d) The most daunting task consists in extending the present approach to nonlinearly
elastic shells, where the “full” differences (an3(n) — aag) and (bag(n) — bas) (see Section
2) are considered as the new unknowns, instead of their linearizations v,3(n) and pag(n)
as here. Various attempts in this direction have been recently undertaken, by Ciarlet?
and Ciarlet and C. Mardare'®. These attempts have met only partial success, however,
since nonlinearity creates considerable difficulties, as expected. Nevertheless and quite
interestingly, the soundness of this kind of approach is also corroborated in the mechanics
literature, where such an approach bears the befitting name of “intrinsic equations of shell

theory”; in this direction, see the key paper of Opoka and Pietraszkiewicz?!.
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