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Abstract

In this paper, we study the asymptotics of the Krawtchouk polynomials
KN (z;p,q) as the degree n becomes large. Asymptotic expansions are obtained
when the ratio of the parameters n/N tends to a limit ¢ € (0,1) as n — oco. The
results are globally valid in one or two regions in the complex z-plane depending
on the values of ¢ and p; in particular, they are valid in regions containing the
interval on which these polynomials are orthogonal. Our method is based on
the Riemann-Hilbert approach introduced by Deift and Zhou.
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1 Introduction

Let p > 0,9 > 0 and p+ ¢ = 1, and let N be a positive integer. By the binomial
expansion, we have

(1= pw)¥ (1 + qu)” ZKN (z;p, q)w", (1.1)
where
" /N -2\ [z
KN (z; = —p)"Eg". 1.2
Y (x3p,q) ;(n_k)<k)( p)"*q (1.2)
For convenience, we put KN (z) = KN (z;p,q). It is easy to see that KN (z) is

a polynomial in z of degree n. These polynomials are known as the Krawtchouk
polynomials, and they are orthogonal on the discrete set {0, 1,2,--- , N} with respect
to the weight function

N
p(r) = ( )pqu‘x, r=0,1,---,N. (1.3)
T

More precisely, we have
Y N N
ZKg(J)KﬁU)( .)quN‘j = ( )p"qnén,m nom=01---,N.  (14)
: J n
7=0

For further properties of this type of polynomial, we refer to Szegé [22].

Formula (1.4) tells us that these polynomials are orthogonal on an unbounded
interval as n — oo. To facilitate our future analysis, we wish to introduce a rescaling
so that the polynomials become orthogonal on a bounded interval. Let Xy be a set
defined by:

Xy ={zn;} for j=0,1,--- N —1,

o1
TN = <] + 5) /N

The xy ;’s are called nodes, and they all lie in the interval (0,1). Also, let

where

NG (N =1 oy
. = 77 1
TN ( j )p] ! -
and 1
Prnn(2) = KN YNz — 5).



It can be easily verified that the polynomials Py, (z) are orthogonal on the nodes
xn,; with respect to the weight wy ;; that is

= =0 forn#m
> Pyn(@n ;) Py @y ) w ’ (1.6)
= #0 for n=m.
As usual, we also define the monic polynomials
n!
Tnn(2) = mPN,n(z). (1.7)
Rewriting the weight function (1.5) in the form
N-1
’lUNJ‘ = G_NWN(xN’j) H |1'N,j — mN,m _1, (18)
ot
then a simple calculation shows
Wy(x) =W(x) = vz, (1.9)

where v = log(q/p). Without loss of generality, we can assume 0 < p < ¢ < 1 so that
v > 0. Also, let ¢, = n/N, and assume that it tends to a limit ¢ € (0,1) as n — oc.
The case p=¢q = % is trivial and we will not consider it here.

It is well-known that the properties of zeros of Krawtchouk polynomials are impor-
tant in the study of the Hamming scheme of classical coding theory; see [4, 14, 16, 21].
Also, Lloyd’s theorem [13, 16] states that the existence of a perfect code in the Ham-
ming metric corresponds to the Krawtchouk polynomials having integer zeros. Re-
cently, there has been a considerable amount of interest in the asymptotics of the
Krawtchouk polynomials, when the degree n grows to infinity; see [11, 15, 19].

Since the Krawtchouk polynomials do not satisfy a differential equation, most of
the results in the literature are obtained by using the steepest descent method or
the saddle point method for integrals, which come from the generating function in
(1.1); see [11, 15, 19]. For more information about these classical integral methods,
we refer to Wong [25]. Recently, Baik et al. [2, 3] have studied the asymptotics of
discrete orthogonal polynomials with respect to a general weight function by using
the Riemann-Hilbert approach, introduced by Deift and Zhou in [8] and further de-
veloped in [6, 7]. The starting point of this method is a theorem of Fokas, Its and
Kitaev [10], which makes a beautiful connection between orthogonal polynomials and
Riemann-Hilbert problems (RHP). However, the results in [3] are too general and, as



a consequence, not very applicable. Moreover, the results are local in nature; that is,
they have different asymptotic formulas valid in different regions.

The purpose of this paper is to study uniform asymptotic behavior of the poly-
nomial Py ,(z) as n — oo. After transforming the discrete RHP associated with this
polynomial into a specific continuous one, we find that this problem is similar to some
of the problems considered previously (see, e.g., [23], [24] and [26]), and our method
in [5] can be applied. More precisely, for 0 < ¢ < p, we present an infinite asymptotic
expansion which is valid uniformly in the whole complex plane bounded away from
(—00,0] and [1,00). This expansion involves parabolic cylinder functions. For the
case p < ¢ < %, since there exists a so-called hard edge (see [3, p.27]), we need two
expansions each valid in a different region; these regions overlap and together cover
the whole complex plane bounded away from the two infinite lines on the real axis,
mentioned in the former case. Since there is a kind of dual property between the
cases ¢ and 1 — ¢, the result for the case % < ¢ < 11is very similar to that for the case
0<c<s.

The presentation of this paper is arranged as follows: In Section 2, we review some
preliminaries, including weak asymptotics of the zero distribution and the formulation
of the first RHP. In Sections 3 and 4, we solve the RHP in two different cases:
O<c<pandp<c< % The limiting case ¢ = p is quite different, and the method
used here is not applicable. We will study this exceptional case in a separate paper.

2 Preliminaries

2.1 Weak asymptotics

From the orthogonal properties in (1.4), the following proposition can be easily es-
tablished; see also Baik et al. [3].

Proposition 1. Fach discrete polynomial Py, (2) has n simple real zeros. All zeros
lie in the range xnp < z < xyn-1 and no more than one zero lies in the closed
interval [Ty ;, N j+1] between any two consecutive nodes.

It is known that the zero distribution of these kinds of discrete orthogonal polyno-
mials is related to a constrained equilibrium problem for logarithmic potential with
an external field ¢(x), which is given by the formula

o) == W(z) + / log | — y1o°()dy (2.1)



for x € (a,b); see [12] and references therein. Here, p°(y) is the density function of the
nodes and is real analytic in a complex neighborhood of [a,b]. In our case, p°(y) = 1
and the external field ¢(x) is given explicitly as

1
(@) = va + / log [« — yldy
0

=vr+alogr+ (1 —z)log(l —z) — 1.

(2.2)

Note that e=¥¢(®) is the limit of wy; in (1.8). The function ¢(z) is real analytic in the
interval (0, 1), and the variational problem related to the Krawtchouk polynomials
can be stated as follows:

With ¢(z) and ¢ given, the variational problem is to find a Borel measure y,. on
[0, 1] which minimizes the following energy functional

Eelpc] := —C/O /0 log |z — yluc(x)dwuc(y>dy+/o p(@)pe(x)dr,  (2.3)

where p.(x) satisfies the upper and lower constraints

0 < pe(z) < (2.4)

and the normalization condition

/o pe(z)dr = 1. (2.5)

The minimizer is called the equilibrium measure. From (2.4) one can see that there
is an upper bound for the measure p., which does not appear in the continuous case.
This fact is the key difference between discrete orthogonal polynomials and continuous
ones. This can also be seen in Proposition 1, since the equilibrium measure reflects
the distribution of the zeros of the orthogonal polynomials.

The equilibrium measure p.(x)dx divides the interval [0, 1] into subintervals of
three kinds: (1) achieving the lower constraint; (2) attaining the upper constraint;
(3) not reaching the constraints. We call the open intervals of type (1) Voids (V),
type (2) Saturated Regions (S), and type (3) Bands (B). These terminologies are
taken from Baik et al. [3].

The theory about the existence of a unique minimizer measure under the con-
straint in an external field is well established; see [20]. Recently, Dragnev and Saff
[9] have given the exact density function for the zeros of Krawtchouk polynomials in
three different cases. More precisely, let

ac:= (V1 =cp—+eq),  Be=(V(1-)p+ecq) (2.6)



They show that for 0 < ¢ < p, it is a V-B-V case, which means p.(x)dz is supported
on [ae, B C [0,1], and the density function is given by

pre() = L [g — arctan aclfe =) arctan \/(1 — Bl = ac) ] : (2.7)

cT Be(r — ) (1 — ) (B — )

For p < ¢ < ¢, this is a S-B-V case; that is p.(x) = 1/c for x € [0, a,

z arctan M — arctan (1 - 60) (l’ - Oéc)
g Tt Be(r — ) ' \/(1 —a.)(B. — z) ] (2.8)

for x € [, B, and p.(x) = 0 for z € [5.,1]. For ¢ < ¢ < 1, this is a S-B-S case; i.e.,

M0<x) =

cr L — . 1—a)(f:. —x)

z arctan M arctan (1 - Bc) (l’ - ac)
5 + arct 3 ) + arct \/( ] (2.9)

for x € [, Bc], and p.(z) = 1/c for x € [0, o] U[B, 1]. From here, it can be seen that
the zero density function p.(x) satisfies a symmetry property in ¢ and 1 — ¢; more
precisely, we have

{1 - %(x)} (2.10)

for x € [0,1]. Notice that there are two critical values ¢ = p and ¢ = ¢. In the

1
Ml_c(l_x)zl_c

two cases, oy, and 3, coincide with the left endpoint 0 and the right endpoint 1,
respectively; see (2.6). Furthermore, p.(z) does not reach the upper or the lower
constraints at the points o, and /3,, which is different from other cases; more precisely,

1 1
wp(0) = om and p,(1) = 3% These two cases are special, and the method in [3] is

not applicable. As mentioned in Sect. 1, we will study these special cases in a
separate paper. For convenience, in situations with no confusion we will ignore the
dependence of ¢ and use the simpler notations p(z), a and [ instead of p.(x), a,. and
0., respectively.

2.2 Riemann-Hilbert problem

Like the continuous orthogonal polynomials, it is easily verified that the discrete ones
are also connected with RHP; see [3]. For instance, the discrete RHP for Krawtchouk
polynomials Py ,(z) can be stated as follows:

(Y,) Y (z) is analytic for z € C\ Xy;



(Y,) at each zxn € Xy, the second column of Y has a simple pole where the residue
is

WN, k
Res Y(z;N,n) = lim Y(z;N,n) 0 ; (2.11)
2=TN kK ZoTN K 0 0

1 z" 0
Y(2)=|I+0| - .
A=) )
Using the theorem of Fokas, Its and Kitaev [10], it can be shown that the solution
to the above RHP is

(Ye) as z — oo,

N-1

Tan(2) 2i WN kTN (TN k)
1 Z — TNk
Y(z2) = = . (2.12)
P 1 YN =1 WNk PNn—1(TN k)
YN, k—1 N,n—l(Z> Z Z po——
k=0 Nk

The proof of this result is very similar to that of the continuous case, just using the
discrete orthogonal property instead of the continuous one; see Baik et al. [3]. Here,
Tnn(z) is the monic polynomial defined in (1.7).

If we can transform a discrete Riemann-Hilbert problem into a continuous one,
then we can apply the techniques that we have developed in [5] and [23]. Due to the
sensitivity of parameter ¢, this transformation is different in different cases.

3 Casel: 0<c<p

In this V-B-V case, the upper constraint is not active. To get a continuous RHP, we
introduce the first transformation

1 :Fl e:FiNW(l—z)e—NVz T 1
R(z) :=Y(2) 2 b0 (2 — Tnk) (3.1)
0 1

for z € Qi. For z ¢ Q4, we put R(z) := Y(z). The regions 24 and the contour
¥ =(0,1) U XL are depicted in Figure 1. It is easy to verify that this transformation
removes all the poles zy, and makes Ry (z) and R, (x) continuous on the interval
(0,1). Therefore, we get the continuous RHP for R given below.

(R,) R(z) is analytic in C\ X;
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Figure 1: The domains €24 and the contour X

(Rp) for x € (0,1),

where

where

_ R
- 6:FzN7r(1—z)e—NVz

2 o (z—xNp)

<

3

H

—
I\

S~—
Il

(R.) as z — 00,

(Rq) as z — 0 and z — 1,
11
R(z) =0 <1 1> : (3.6)

where the O-symbol on the right-hand side is used to mean that all entries in
the matrix are O(1).

By using 1'Hospital’s rule, it can be easily verified that the entry r,(z) in the jump
matrix (3.2) is continuous in (0, 1) and can be extended into the complex plane. More



precisely, by using the Gamma function and its reflection formula I'(2)['(1 — z) =
mesernz, (3.3) can be rewritten as

NNWG_NVZ

[(Nz+ ) D(N(1—z)+13)

Ta(2) = — (3.7)

which is an entire function.

Because of the term e¥N7(1=2) in the definition of 7,4(2), we find that it is
exponentially small as N — oo, comparing with r,(z) in the jump matrix on (0, 1).
This fact indicates that the jump matrix on (0,1) dominates the jump matrices on
4 and Y_.

Before we set out to solve our problem, we need several auxiliary functions. First,
we assume that the equilibrium measure pu,(x) related to the weight function r,(z)
is supported on the interval [a,, 5,] C [0, 1], where the constants «a,,, (3, are to be
determined later. Thus, p,(z) > 0 for o, < x < 3, and

Bn
/ i (x)dx = 1. (3.8)

Then, we introduce two auxiliary functions given below.

Definition 1. The so-called g-function is the complex logarithmic potential of the
corresponding measure f,,; that is

Bn
gn(z) = / log(z — 8)pn(s)ds, z € C\ (—o0,3,]. (3.9)
Definition 2. The ¢-function is defined by
On(z) = /Z vn(s)ds, z € C\ (—o0, 8, U[L, +00). (3.10)

Here p,(z) and v,(z) are two measures to be determined later. Furthermore, v,(z)
is a complex measure extended from p,(z) and satisfies the requirement

Up 1 (x) = £, () for x € (an, 5n). (3.11)

3.1 Determination of the auxiliary functions

Following the usual argument, we first find a probability measure p, (x) such that the
related g-function satisfies the property

NN T B_N v
I(Nz+ 3)D(N(1—2) +

5 )} -0 (3.12)

(11 (g () + gu_ (@) + log {— .

9



for x € (ay, 8,). (This is essentially what is needed in the normalization of the RHP
for R.) Differentiating both sides yields

1 1 1
(04 3)(gh (2) + gl () — N |y +6(Na £ 3) — (3 + N = Na)| =0,
where 1(z) is the Psi function, which is the logarithmic derivative of the Gamma

function given by

_4 _ ')
P(z) = alnf(z) =T
Therefore, we get
G+ (T) + g () = L (v +¢(Nz + %) —~ w(% +N - N:I:)) , (3.13)

where ¢, = (n+3)/N and tends to the limit ¢ as n — oo. For simplicity, we introduce
the notation

B () ::V+¢(Nx+%)—d)(%+N—Nx). (3.14)

We need one more function G,(z) defined by

Pn s [
Gn(z) = i/ fin )ds = —9,(2), z € C\ [y, Bl (3.15)

) S —z T
n

The following result provides an important relation between the functions g, (z)

and ¢, (z2).

Proposition 2. Let [, be defined as

log 7, (B,
n-+ 3
Then, the following relation between the g-function and ¢-function holds
In

Gn(2) + dn(2) T 1 ogra(z) + 5 (3.17)
for z € C\ (—o0,0] U [1,00), where r,(z) is given in (3.7).
Proof. Coupling (3.13) and (3.15) yields

Gt () + G (1) = ——hn(2). (3.18)

TCy,

10



Since Gy, 4 () = lim._o G, (z £ i¢), it follows that

1 [P pn(s)(s — x +ie)
G, = lim — d
() e /an (s — x)2 + &2 s

(3.19)

1 ﬁn
= i (2) + —,P.V./ n(3) o
T

a, S—I

This means ReG,, +(z) = *u,(z) and ImG,(z) = Im G, +(x) for € (an,On).
Furthermore, from (3.18) we also have

Im G, () = ——hy(x). (3.20)

Recalling the requirement (3.11) between pu,(z) and v,(z), we need
Up 1 (2) = Tip,(z) = T Re G, 4+ (). (3.21)

This evokes us to define v,(z) to be

Va(2) = mi (Gn(z) —iIm Gn(z)).

From (3.20), we get
1
hn(z). (3.22)

2,
Since ¢),(z) = —miG,(2), one easily obtains (3.17) by integrating both sides of the
formula (3.22) from (3, to z. Furthermore, since ¢,,(3,) = 0, letting z = /3, in (3.17)
immediately gives (3.16). O

vn(2) = TG, (2) +

Now, let us find «,, 5, and p,(z). Equation (3.18) is actually a scalar RHP, and
can be solved explicitly as

— _ Bn
Gn(Z) — \/(Z an>‘(2 ﬁn) / - h’n(s) ds <323)
2mi an Cn\/ (s —an)(B, —5) $— %
for z € C\ [ay, B,). From the definition of g,(z), we know that

) A1 1 1
gn(2) = /an o s,un(s)ds = +0 (;)

as z — 00. Since G,(2) = £g/(2), from the above formula we can obtain G,(z) — 0
and 2G,,(z) — L as z — oo. Therefore, one gets two integral equations for o, and

B

o ha(s)
an V(s =) (B0 — 5)

11

ds = 0 (3.24)




and
1 bn shy(s)

\/s—an V(B — )

where ¢, = (n+1)/N as before. To solve them, we need more information about the

ds = ¢, (3.25)

function h,(x). Recall the asymptotic expansion for the ¢-function given by

1 B,
P(z) ~Inz — 5 %z’%

r=1

as z — oo in |arg z| < m, where By, are the Bernoulli numbers; see (6.3.18) in [1].
Therefore, h,(x) has an asymptotic expansion of the form

o0

ho(x) ~v+Inz —In(l — x) (3.26)

k=2

as n — oo, where the coefficient functions h*)(z) can be given explicitly; for example,

Moreover, to derive the asymptotic expansions of «, and [,, we assume ¢, has an

we have

asymptotic expansion of the form

Covet Y (3.27)

Substituting (3.26) and (3.27) into (3.24) and (3.25), we also obtain the asymptotic
expansions

~a+z b~ B+, (3.28)
k=

where o and (3 are given in (2.6). Since p,(x) = Re G, 4+ (), we have from (3.23)

gy = YE Gz py [ Frus) ds (329
pin () 2 ' /an enm/ (s — ) (Bn — 8) (s — 1) (3.29)

for z € (o, B,), and it can be shown that

o) =) +0 (1) (3:30)

n

uniformly for x € [a, (], where p(x) is given in (2.7).

12



Once the measure p,(z) is determined, v, (z) is well defined. Furthermore, one can
obtain the important mapping properties of the function ¢,(z) as shown in Figure 2,
where we have used the same letters to indicate corresponding points on the boundary.
From the definition of ¢,,(2) in (3.10), it is easy to see that ¢, (5,) = 0 and ¢,, 4+ (v,) =
—i.

v
y
C A
0 B u
E
E| D C B D
F 0 Oy BT‘I 1 A X
F

Figure 2: The upper half plane under the transformation of ¢,(z)

3.2 Construction of the parametrix

As usual, to simplify the jump conditions in (Ry), we introduce the transformation
R — V defined by
V(z) = e 3B R()y, (2)27, (3.31)

where 7, (2) is given in (3.7). It is readily seen that V' is a solution of the following
RHP:

(Vo) V(z) is analytic for z € C\ ;
(Vp) for x € (0,1),
V=@ (g ); (332

for z € ¥4,
1
Viz) =V (o) |1 15 emomme | (3.33)
0 1
(Vo) as z — oo,
V(Z) — (] +0 (1)) Zféﬂse*(wr%)fﬁn(z)d:a;
2z



(Vi) as z— 0 and z — 1,
11
V<Z)_O<l 1).

To construct a parametrix for the above RHP, we recall the properties of ¢, (2)
illustrated in Figure 2, which are very similar to those of the function

f(&) =86vV/& —1—log(§ + V& — 1), (3.34)

where £ € C\ (—o0, 1]; see Figure 3. Simple calculation gives f(1) = 0 and f,(—1) =
—mi. The function f(§) plays an important role in describing the asymptotic behavior
of the parabolic cylinder function U(—7,21/7&) as 7 — oo; see [1] and [18]. This fact

v

| =
-

Figure 3: The upper half plane under the transformation of f(¢)

invokes us to construct our approximate solution by using the parabolic cylinder
function, and to introduce the mapping between & < 2z defined by

f(§(2)) = on(2), (3.35)

or equivalently
£(2) = (f7" 0 9n)(2). (3.36)

As z traverses the boundary of the semi-circular region in the upper half-plane once,
the image point ¢,(z) also traverses once the corresponding boundary in Figure 2.
Similarly, as & describes the semi-circular region once, f(£) goes once along the cor-
responding curve in Figure 3. This establishes the one-to-oneness of the mapping
z < & on the boundary of the semi-circular region. By Theorem 4.5 in [17, Vol.2,
p.118], this mapping is also one-to-one in the interior of the region. By Schwarz’s
reflection principle, the transformation z < £ defined in (3.35) is, in fact, one-to-one

14



and analytic in the whole z-plane with two cuts (—oo,0] and [1, 00). From condition
(V.) and the asymptotic property of U(—7,2+/7 &), it is readily seen that we should
take the parameter 7 to be n + % The advantage of adopting the parabolic cylinder
function, over the Airy function as done in [5], is that the region of validity of the
asymptotic expansion we get here can include both the critical values «, and 3,
whereas the region of validity of the Airy-type expansion given in [5] includes only
one critical value.

We now begin to construct the parametrix. From formula (19.4.7) in [1], we have

1 , 1
Vor Ula, 2) =T(3 - a){e ™G DU (—q, xiz) + DU (—a, Fiz)},  (3.37)

which provides the matrix equation

U(-r2y7 &)  HERem™PU(n2iyTe) |
U(—r,2v7 &) Mo U(r 207 ) a9
U(—r,2y7 ) —em ™2 U(7, —2iy/7 §) 11
U'(=7,27 §) —F%”e*iﬂ”“)/? U'(r,—2iy7 €)) \0 1 ’
where 1
T=Ti=nt g (3.39)

For convenience, we sometimes suppress the dependence of 7 on the large variable n.
We also recall the asymptotic expansions

GRSV

w|3

U(=7,2VT &) ~ 2 e 3Ty
and
U'(=7,2V7T &) ~ =272 277 (TH2)/2 (2 _ 1) 1/4=7/©)

as n — oo, uniformly for £ € C\ (—oo, 1]; see [18, p.140]. With the above results,
simple calculation yields

U(=m2y7 &) =5Ee™2 U(r,2iyT €)
U'(=r,2y7 ) SRtem i U 21T €) 510

1 (52 1)_i0.3 mlle_’rf(&) m12€7—f(§)
\/§ m21€77f(§) m22€7—f(5) ’

15



where the constants m;; are given by

o =L (n+d) 1\2 o _;T(t1) Lngl) 1y—ntl
mi =€ 28772/ (n+35)2, Mmyg = —1—=—=>€e2""2/(n + 2,
11 1 E 2) 1 12 Vor 1 1 ( 2) (341)
Moy = —e 2D (n 4+ 1), myy = _Z'F(n—\/;nl)ei(nﬁ)(n +3)72.
. . mi mio
Note that there is a relation between these constants; namely, ——— = —=.
ma1 M2
For z € C,, we define
1 0 (€2 — 1)% 73
2) :=V2 i R
Q( ) 2z—am—Bn 1 bn(Z)
4mi2 2ma2 (3 42)
U(=r,2y7 &) 5e™?2 U(r, 2iy/7 €)
U'(=m,2y/7 &) HgRem R U (207 §)
where b,(z) is the analytic function in C\ (—o0, 3,] given by
ba(2) == (2 — B) 7 (2 — a1 (3.43)

The reason why we divide (€2 — 1)1 by by () is to make sure that (£2 — 1)1 /b,(2) is
analytic in C\ (—o0,0] U[1, 00), with no jump on the interval (0,1). Furthermore, it
can be easily verified that Q(z) satisfies the same large-z behavior as V(z) given in
(Ve)-

Similarly, we can construct the parametrix in the lower half plane. For z € C_,

we define
U NGRS AN
=V2 m
Q<Z) \/_ 2z—an—0Fn 1 ( bn(Z)
4mia 2ma2

(3.44)

U(-r,2y7 &) — e ™2 U(7, =2iy/7 §)
U'(—7,2y/7 &) =Tl mt02 (7, —2iy/7 §)

27

It is easy to see that (Q(z) satisfies all four conditions in the RHP for V', except for
a new jump on (—o0,0) U (1,00). In view of the transformation from V(z) to R(z)
introduced in (3.31), a reasonable parametrix to the RHP for R is given by

R(z) := e%("J“%)l””BQ(z)rn(z)_%”S. (3.45)
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Since r,(z) in (3.7) is an entire function and £(z) in (3.36) is analytic on (0, 1), it is
readily verified that

. . 1 ru(x)
R.(z) = R_(x) for x € (0,1).
0 1

But there is an additional jump matrix on the part (—oo, 0] U [1, 00) of the real axis.
In the following subsection, we will show that this jump matrix tends to the identity
matrix.

3.3 Uniform asymptotic expansions
Define the matrix
D(z) := e 22O R R (2)ez(Ha)nos, (3.46)

Since R(z) has the same jump as R(z) on the interval (0, 1), the matrix D(z) satisfies
the relation
D, (z) = D_(z), z e (0,1).

Furthermore, since R(z) is analytic on (—o0,0)U (1, 00), it is easy to verify that D(z)
is a solution of the following RHP:

(D,) D(z) is analytic in z € C\ (—o00,0] U [1, 00);
(Dp) for z € (—00,0) U (1, 00),
D, (z) = D_(z)Jp(z), (3.47)

where

Jp(x) = e 2 FDMB R (2)(R, (x)) ez T2)hes. (3.48)

(D) for z € C\ R,
D(z):[%—O(%) as z — 00;

(Dg) as z — 0 and z — 1,

D(z) =0
11
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To solve this problem, we need to derive the explicit asymptotic expansion of
Jp(x). Note that for = € (1,00), we have

o el ~ e THEH ) LA (6 (x)) .
ofEr@) 2 .

U(r, 2iv/T E0(x)) ~ p(iv/27) GIOESWE ; A;(_f;()s)), (3.49D)

U'(=7,2v7 &4.(x)) ~ — /T p(V27) (&} () — 1) /e &+ (@)
X Z B 5; , (3.49¢)

U'(7,2iVT & () ~ —iv/T p(iv/27)(€ i(x) — )T @)
x Z —((_%T()x )), (3.49d)

where ,

p(V21) ~ 272727 7574 1+% z—] (3.50)

and , N ‘
AE) = uy()/(€ 1), By(€) = v,(6)/(€2 — 1) (3.51)

see [18, p.140]. Here uo(§) = vo(€) = 1; and when s > 0, both us(§) and v,(§)
are polynomials of degree 3s if s is odd, and 3s — 2 if s is even. Moreover, the
polynomials us(§) and vs(§) can be successively determined through the following
recurrence relations:

(€ = Du(€) ~ 3sus(€) = 1o a6, () = () + 5Eu(E) — rua(E),
with 7_1(§) = 0 and

87s(€) = (3¢” + 2)us(§) — 12(s + 1)&re1(§) +4(87 — )ri 1 (6).
Therefore, it is easily seen from (3.51) that Ag(§) = By(§) =1, and for s =1,2,---
1 1
Ass() =0 (5—2) , Bys(§) =0 (5—2) , A1 =0(1), Bys_1=0(1) (3.52)
as & — 00. The coefficients 75 in the expansion (3.50) are given by the following
formula

s
s=0

1 s
I'(z+ 5) ~ (277)%e’zzz T |arg z| <,

18



and the first three terms are

1 1
Yo y N 5Yk V2 1152

Now let us construct the asymptotic expansion of Jp(x). For z € (1,00), we get
from (3.45) and (3.48)

Jp(z) = eié(n‘i’%)anSRi(x)(R+(I)>*1e%(n+%)lng’3

L L (3.53)
(@) 7o (2) T2 (2) 27 Q)

From the Wronskian

_ nmi

iU(_T7 2\/F 5) U/(T7 22\/F g) - U/(_Tv 2\/F f) U(Ta 21\/F 5) =—le 2,

we have
a0 ) (@@ -ni\”
J — mi1 —
D(x) 2x—an—LBn 1 ( bn(ZE)
dmio 2ma2

U(-1.2V7 6-(x)  —~G2e™™/2 U(r, =2iy/7 € (x))
U'(=7.2v7 &-(2)) —R7ae ™02 U (r, —2iy/T €(2))

1, V2T
I'(n+1)

X rn,_(az)_%"i‘rn#(x)?
Do) oin(ri /2 [, 20/ £ (2) —"UD e U (7, 2i/7 £.(x))
—U'(—7,2y7 &4 (2)) U(=7,2y7 & (2))
< (<f2<x>—1>i)‘”3 O

by () 2r—an—Bn 1
dmio 2ma2

Inserting the expansions in (3.49) into the last formula yields

1 o0
L 0 M, p(V21 0
Tn(@) ~ e b ()~ Z (z) [ p(V27)
2z—an—fn _1 s=0 (27)° 0 p(—iv27)
4m1o 2masg
1 1 L L V2
% e(n+2)f(§_(a:))0'3rn7<x>2037,n’+(x)253€(n+2)f(§+(z))03r(2n— VJ:TI) (3.54)
—1
y p(iv/21) 0 i N,() b ()" mLH 0
27)8 " T—n—Bn 7
0 p(\/ 27—) s=0 ( T) : 4WL12,B 27’122



where

A1) ( As(§-(x)) DO /2 (1) A (€ (@) )
— VT Bu(é-(w)) =Tt emmmif2 /7 (~1)°B (¢ (x))

N (x) = (%/\f (=1)°B(&+ () ”"—J%”e"””(l)ms@(x))) |
VT B+ (x)) A&y (z))

From (3.9), it is readily seen that g, () = gn —(z) for x € (1,00). Hence, by using
(3.17), it can be shown that

e FE@Nos (1) 73%y, ()77 E@es =

Furthermore, since p(iv/27) = (—1)"+/2p(—iy/27) (see (3.50)), equation (3.54) can
be written in the form

. - 0
Jp(x) ~ ie"™p(v/27) p(iv2T) (2 . b ()~
L —O0n—Pn 1
4ma2 2ma2

(20 = M; ()
{( ) 2\/?) +;j£t () } (3.55)

-1

L 0
o3 mi1
X by (x) ) , 1
LT—CQn—Pn
4mi2 2mao2

for z € (1,00), where M;;(z) is the matrix

(ﬁ [(—1)F + (—1V]A;(E)Be(€y) (1) + (—1)7)A;(€ ) Aw(Es) ) .
(=1 + (“1V]B;(E) Brl(€y) V7 [(=1)F + (=11 Bj(6.) Ax(Es)

Also from (3.50), we have

1 T ,
p(V271) p(iv2T) ~ 3 e~ Gt 3 E)

20



where 79 = 1 and

for s =1,2---. Therefore, we get

, (3.57)

where J(z) is equal to

2 [ mn 0 T
. X bu(@) " Mys(@)ba () | ™

Z 1 2x—an—LFn 1 ’ 2z —an—LFn 1
stjth=m 4/ T +3 Imis G Imis mas

Using (3.52) and (3.56), it can be shown that

1
Jl()m)(:c)20< >, m=1,2 -,

12

as © — 0o. Thus, the expansion in (3.57) is uniformly valid for all = € [1, c0).
For convenience, we put Jj(z) := Jp(z) — I so that

. S )
JD(m)NZm.

m=1

From (Dy) and (3.57), we get

D (2) = D_(2)[I + J(2)] = D_(x) [I e (lﬂ (3.58)

n

for x € (1,00). In asimilar way, it can be shown that (3.58) also holds for x € (—o0,0).
Therefore, we have established the equation

(Di(2) = I) = (D_(x) — I) = D_(2) Jp(x)

for z € (—00,0) U (1, 00).
As in [5], we first derive formally the expansion

D(z) ~ I+;% (3.59)
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as n — 00. Let Dy(z) = I, and define Dy(z) recursively by

s [ [ o]

for z € C\ (—o0,0]U[1,00). Using induction, it can be verified that for k = 1,2, - -

Di(z) = O (%) as 2 — 00,

Furthermore, by successive approximation (see [5]), it can be easily demonstrated
that the expansion (3.59) holds uniformly for all z € C\ (—o0,0] U [1, 00).

Theorem 1. Let r,(2), 1, and &(z) be defined in (3.7), (3.16) and (3.35), respectively.

Then the asymptotic expansion of the monic polynomial wn ,(z) in (1.7) is given by

U(en— 29 n+ 1t 5<>>< n)

Ta(z) = V2 ra(z) bbb g

(3.60)

(0= 2.2\ fn+ S €(2) Blen)

Y

where A(z,n) and B(z,n) are analytic functions of z in C\ (—o0,0] U [1,00). Fur-
thermore, the asymptotic expansions

(¢ - 1) =
Alzm) ~ mi(z — ﬁn)i(z — ap) i b Z (2n + 1 (361
and . L e
B(z,n) ~ E=Ba) (2 = an) Bi(2) (3.62)

my (€2 - 1)1 = (2n+ 1)+

hold uniformly for z bounded away from (—oo,0] U [1,00), where the constant myy is
given in (3.41).

Proof. Let Ri;(z) and Ry;(2) denote the elements in R(z) and R(z), respectively.
Since R(z) = ezt 273 D(2)e~2(m+2)l95 R(2) we have

WN,n(Z) = yn(Z) == RH(Z) == DH(Z)RH(Z) —+ D12(2)6(n+%)lnﬁi21 (Z) (363)

By (3.59), we have

D (z) ~ 1+ Z 2n + 1 (3.64)
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Dis(z) ~ Z (DIA (3.65)

From the definition of R(z) in (3.45), we also know that for z in either C, or C_, the
entries in the first column of this matrix are the same. More precisely, we have

. Ri(2) *
e =va | T
Rgl(z) *
where
R _L(@-bs 1 1 —1 34D
Ri1(2) = o bi(?) U(—n 2,2 n+ 5 €) ro(z) ze
and

A(z,n) = (gbn_(;)% [Du(z)miu + D12(Z)22 _4%12_ 571}
and ba(2)
B(z,n) = D1s(2).

 2m(€2 - 1)

Note that A(z,n) and B(z,n) are analytic for z in C\ (—o0,0] U [1,00). Hence, by

(3.64) and (3.65), we have the asymptotic expansions in (3.61) and (3.62). Here,
1 ) 1

i
one additional thing that needs attention is ~ as n — oo. This

mag n4 1 miy
\/ 2

completes the proof of the theorem. n

4 CaseII:p<c<%

Since the parameter c is defined in terms of the degree of the polynomial, the number
of zeros of the polynomial increases as ¢ increases. Moreover, the zeros near the origin
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become as dense as the nodes; see [3, Theorem 2.12] and [19, Theorem 2]. Also, the
density function reaches its upper constraint; see (2.4) and (2.8). As we mentioned
before, this fact is a crucial difference between the discrete orthogonal polynomials
and the continuous ones; see the paragraph following (2.5).

Furthermore, since u(x) is not differentiable at the point « in this case, the func-
tions vy (z) and ¢ (z) are not analytic in the neighborhood of z = «, and we can
not expect to obtain a globally uniform asymptotic expansion (by using parabolic
cylinder functions) in a region which includes both of the critical values « and f.
However, as we shall see, each of these values lies in a region in which there is a
globally uniform asymptotic expansion in terms of the Airy function; the two regions
overlap, and together cover the whole plane with two cuts along (—oo, 0] and [1, ).

4.1 Preliminary work

Now we need to modify our method to handle this case. First, we want to remove
the saturated region. Define

ko

- (4.1)

Op = E(IN,ko—l + TNg) =

and choose ky so that o, tends to a limit o € (0,1). Here, kg is somewhat arbitrary,
as long as xy ,—1 is in the band, not tending to its boundary and not asymptotically
equal to n. Under this assumption, we shall see later that « < o < § and o # ¢. Our
first transformation is

ko—1 —1
0 N2 — N 0
H(z) = Y(2) [ (= =) k (4.2)
-1
0 [[Z (= —zny)
It is easy to see that H is a solution of the following RHP:
(H,) H(z) is analytic for z € C\ Xy;
(Hp) the residue at the simple pole zx is given by
I
0 ;.’k T exe —2ny)
Res H(z;N,n)= lim H(z;N,n) C— (4.3)
Z=TN,k Z—IN K
0 0
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for k = kg,--- ,N — 1, and

0 0
Res H(z;N,n)= lim H(z; N,n 9 Fot 4.4
Z=T Nk ( ) Z—IN Kk ( ) ‘ H(xN,k_fN,j)_Q 0 ( )
W,k =0
J#k

for k=0,--- ko —1;

1 2 ko 0
H(z) - (I+ 0 (_))
o 0 gz ntho

To introduce the second transformation, which removes the poles and transforms

(H.) as z — o0,

the discrete RHP into a continuous one, we define

1 0
KO\ N-1
R (Z> T H(Z) :Fl e:FiNﬂ'(lfz)eNuz Hj:ko <Z B xNJ) 1 (45)
2 k‘ofl _ .
szo (z —zny)
for z € O3,
ko—1
1 :Fl 6¥1'N7r(172)e*Nl/z H?\]O:_Ol (Z B xNJ)
R*(z) := H(2) 2 [L= (2 = 2n) (4.6)
0 1
for z € Y, and
R*(z) .= H(2) (4.7)

for all other z € C\¥*, where X* = (0, 1)UX2UXY. For the description of the domains
02, QY and the contour X%, see Figure 4. In this section, we use the superscript * to
indicate that we are considering Case II.

The matrix R*(z) is a solution of the following continuous RHP:

(R*) R*(z) is analytic for z € C\ X*;

(Ry) the jump conditions on the curve ¥*: for x € (0,0,),
§ § 1 0
Ry(2) = ' (2) , (18)
ria(z) 1
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y
\Y%
P ot
Q2 QY
0 1 X
QL /o, QY
ZA
- P

where

. . 1 ron(x)
R () = R" () ,
0 1
where Hko_l(a: o)
Ton(T) = (—I)N_ cos(Nrzx)e —Nvz Z\,Ol ! ;
for z € X2,
. . 1 0
R (2) = R"(2) ,
rﬁ(z) 1
where N
TA( ) 1 :FzN7r1 z) NVZHJ ko( 'TN’j).
* 2° 125 (2 — any)
for 2 € BY,
. . 1 rY(2)
R (2) = R (z) ;
0 1

26
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where

ko—1
1 ) P A N

rY (z) = = eFiNTl=2) o~ Nvz HJN_Ol( N’j); (4.15)
2 [~ )

(RY) as z — oo,

1 2" —ko 0
wo=(1+0(2)) |
0 2~ ntko

(R}) as z — 0 and z — 1,

As in Case I, due to the term eT*¥71=2) in the definitions of 7£(2) and rY(z), we
shall concentrate on the jump conditions on the real line. Again by using the Gamma
function, ry,(z) and r5,(z) can be written as

N2Ro=NgeNv2D(N(1 — 2) + 1)

A(2) = — 2 4.16
T, (Z) F(NZ—}-%)FQ(I{?O—NZ-F%) ( )
and NN 2k N F(N 1)
TRoreT VR z+ 3
ron(2) = == T 2 . (4.17)
T (NZ—k’0+§)F(N<1—Z)+§)
As usual, we now define the auxiliary functions ¢* and ¢*.
Definition 3. The g-functions are defined by
Bn
g (z) = / log(z — s)u(s)ds, z€C\ [a),0) (4.18)
and 5
gi(e) = [l - shils)ds,  zeC\(-opl (@19)

n

where the measure p) (x) and the Mhaskar-Rakhmanov-Saff numbers o} and 3 will

be determined later.

Definition 4. The ¢-functions are defined by

5 (2) = — / 5 (s)ds (4.20)



for z € C\ (—00,0] U [}, 00), and

or(z) = / vy (s)ds (4.21)
B

for z € C\ (=00, 5] U[1,00). Here the measures 0%(z) and v}(z) are defined in the

complex plane and satisfy

n

— 0 (z) = £mip(x) for x € (o), 04) (4.22)
n— k() ’

and n
—ur (z) = £mip,(x) for x € (o,,5)). (4.23)
n— k() ’

To find the measures in the above definitions, we need the following equations:

—(n = ko) (g + (@) + gn _(x)) +1og r1n(x) =0 (4.24)

for x € (o, 0,), and

(n — ko)(gn () + g, _(x)) +logry,(r) =0 (4.25)

for z € (o,,5%). These formulas correspond to (3.12) in Case I; they are what is
required in the normalization of the RHP for R*.

Proposition 3. With the constants defined by

* * * 10 T ;1 6:;
I = 2g5(8)) + —gn = ]io ) (4.26)
. 1 Lo
= 2 (ay) — B0 (4.27)

the following connection formulas between the g-function (g-function) and the ¢-
function (p-function) hold
n 1 I

oh(z) = —m logran(2) + E" (4.28)

Inl2) + —— e

for z € C\ (—o00,0,]U][l,00), and

n ~
(2

(2) = mbg 10 (%) +% (4.29)

gn(2) — P

for z € C\ (—00,0] U [o,,00). Furthermore, we have

w&y_{%@x € Cy,

= 4.30
gi(z)+2mi, ze€C_, (4.30)
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n—=Fky . 1
i —¢n(2) — n i — m log 71 (2)r2,0(2), z2eCy,
Pn(z) = (4.31)
n—ky . 1
—¢r(z) + - i — o log 711 (2)ran(2), zeC_
and
¥ =1, + 2mi. (4.32)

Proof. The proof is similar to that of Proposition 2, and we only give a sketch of it.
Corresponding to (3.22), here we have

" () =—q"(2)+ ——— v oy — 2 !
) == )+ g [P (o= )+ ) .
1 1 .
SUNE ) =N 2)+ )
for z € C\ (—00,0] U [a}, 00), and
) =—g' ()t v z—o0 1
) = )+ g | VG = o)+ ) .

1 1
Uz 5) -~ VN = 2)+ )

for z € C\ (—o0, 8]U[1, 00). Integrating v’ (z) and v} (z) from 5} and o, to z, respec-
tively, we obtain (4.28) and (4.29). Moreover, (4.26) and (4.27) follow immediately.

Equation (4.30) is obtained by observing the branch cut of log(z — s) in (4.18)
and (4.19). To get (4.31), we note that by using (4.33) and (4.34),

. . 1 d
0 (2) = v (2) + o 1o log 11, (2)r2,(2). (4.35)
From (4.20) and (4.21), it follows that
50 = [ ais)ds
B .
= —/ Uy 1 (8)ds — / 0 (s)ds (4.36)
o By,

=T - i — ¢l (2) — o log 71 (2)72,(2)

for z € C4. In reaching the last equality, use has been made of (4.22), (4.23) and
(4.35). This establishes (4.31). Subtracting (4.29) from (4.28), we obtain (4.32) from
(4.30) and (4.31). O
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From (4.24) and (4.25), one can derive the asymptotic expansions of o and ;;
they have the same form as given in (3.28). It turns out that these expansions are in-
dependent of the choice of ky and the corresponding number o,, in (4.1). Furthermore,
1k (x) can be shown to satisfy the relation

* * 1
e = @) +0 (1) (4.37)
uniformly for x € [«, §]; see the corresponding result (3.30) in Case 1. Note that due
to the transformation in (4.2), here p*(z) is discontinuous at the point o. Moveover,
we have

(u(x) - 2), ze(0,0),
wiz) =

pz), xel(o,f),

where p(x) is defined in (2.8).

4.2 Construction of the parametrix
We now define the final transformation

Ve o LR (a0 (2)
Z = ~
e*%(n*ko)lfﬂs]{*(Z)rm(z)*%‘” for Rez < ag,.

03

VI

for Rez > o,

(4.38)

Let I' be the line Re z = 0,; see Figure 5. Using the relations (4.28) and (4.29), it
can be verified that V*(z) satisfies the RHP:

(VF) V*(2) is analytic in C \ ¥* U T

(V") the jump conditions on the contour ¥* UT": for x € (o, 1),

11
Vi(x) =VI(x) ; (4.39)
01
for x € (0, 0,),
10
Vi(z) =V*(z) : (4.40)
11
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Iy
v
¥4 2
ok QY
0 Op 1 X
Q8 QY
ZA
- r P

Figure 5: The domains Q2, QY and the contours ¥* and T

for z € XY,
1 1
Vi(z) = V*(2) G (4.41)
0 1
for z € X2,
. 1 0
Vi(e) = V:(2) ; ; (4.42)
B 1 + 6:1:2N7riz
for z € I'y,
; +1
k Nmiz —Nmiz 0
Vi(z) = (=1)"Vi(z) | €777 e ;o (443)
0 _Z'(eNﬂ'iz _’_efNﬂ'iz)

V*(z) = (I +0 (%)) e "on(2)os (4.44)

V(z) = (1 +0 G)) e Pi(2)es (4.45)

for Rez < oy,;
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(V}) as z — 0 and z — 1,

1 1
V¥(z)=0 .
1 1
From the well-known formula

Ai(2) + w Ai(wz) + w? Ai(w?z) =0,
one can get the following matrix equations

( Ai(f*(2)) —w? Ai(w?f*(2)) )
AT (f*(2)) —wAl (W (2))

) ( AI(f(2) wAi(wf(2) )

Al'(f*(2)) w? Ai'(wf*(2))

(4.46)
11
X
0 1
and

(wQAi(wzf*(Z)) Ai(f*(2)) ) ( wAI(Wf*(2))  Ai(f*(2)) )
—w AW (=) AT WAV (W () AL(f*(2))
(4.47)
1 0
1 1 .

We divide the complex plane into four regions by using I' and the real axis; see

Figure 6. With a similar technique as given in [5], we construct the parametrix of the
RHP for V* by using the Airy functions in these four regions. Define

1 iil NI\ A (2) —w? Al(Wrf*(z
@*@;m(l ) (f(())) ( (1)~ MRS (2)

) ) (4.48)
Ai'(f(2)) —wAi'(Wf*(2))
for z € 11,




for z € I and
i1 o o [ wAI(WF*(2))  Ai(f*(z
S ﬁ( ) (o) ( @ ) A >>) )
i —1 w? Al'(wf*(2)) AV'(f*(2))

for z € 111, where f*(z) and f*(z) are defined by

3 2/3 . 3 2/3
f(z) = {ingb;(z)} , ff(z):= {ingb;@(z)} , (4.52)
and a,(z) is the analytic function in C\ [af, 5] given by
_ =)
y
Iy

I I
0 On 1 X

111 I\

r

Figure 6: The domains I, II, IIT and IV

In view of the relations between V*(z) and R*(z) given in (4.38), a reasonable
parametrix of the RHP for R* is

L(n—ko)l% o3 )* —153
- ez 2)ron(2) 273, zeIllTUIV,
{1 Q" (2)ran(2) s

R* Z) = ~
( ) e (”_ko)l:U3Q*(Z)r1’n(2)%037 A E IU III
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From these definitions, it is easy to verify that

. - 1 0

R’ (z) = R* (z) ) z € (0,0,),
rin(z) 1

N - 1 ro,(x

R’ (z) = R (x) () : x € (op, 1),
0 1

and that R*(z) satisfies the large-z behavior given in (R?). The only difference
between R*(z) and R*(z) is that there are new jump matrices on (—o0,0) U (1, 00)
and the vertical line I'. In the subsequent analysis, we will show that all these jump
matrices tend to the identity matrix as n — oo.

4.3 Uniform asymptotic expansions

Define the matrix

S(2) 1= e 2P Ro)lios R¥ () (R*(2)) " LeznRolkios (4.55)
From the construction of R*(z), it is easy to see that

Si(z) =S_(x), z e (0,1).
Furthermore, it can be verified that S(z) is a solution to the RHP:
(Sa) S(z) is analytic for z € C\ (—o0,0] U [1,00) UT
(Sp) for z € (—o0,0] U [1,00)UT,
Si(2) = 5-(2)Js(2), (4.56)

where
Js(z) == e~ 2(n—ko)lios fpr (2)(R* (z))_le%("_ko)l;”3 ; (4.57)

(S.) for z€ C\ (—o00,0]U[1,00)UT,

S(z)—[—i—O(l) as z — 00;

z
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(S4) asz— 0 and z — 1,

We consider only the case on the line I', since the discussions for the other cases
on the cuts (—o0,0) and (1, 00) are very similar. Let 'y = 'NCy. For z € 'y, we
recall the asymptotic expansions of the Airy functions in [1, p.448§]

AP (2~ (1) He 50 32 (1 (0 ()™
A7) ~ = 5P ()R 3 (1) ()
o 0 (4.58)

where ¢ =dyp=1and for k=1,2,---,

_ IBk+3) USRS

CSMET(k+ L) T k-1

Corresponding results can be given for Ai(f*(2)), Al'(f*(2)), Ai(w?f*(2)) and Ai’' (w2 f*(2)).

Now we set out to derive the asymptotic expansion of Jg(z) for z € I'y. From
(4.54) and (4.57), we have

Ck

Js(z) = 1) (f*(z)l/4)"3 Ai(f*(2)) —w?Ai(w?f*(2)) Ton(2)”
1 an(2) A{(f*(z)) —wAi/((UZf*(Z)) "

-1

o3

NI

X pp(2) 72 —w? Ai(W?f(2)) Ai(f*(2)) ( 1 >”3
1n 2 B R e
—wAT (WA (2)) AT(F*(2)) fr(z2)an(2)
% @1 e—%(n—ko)[;;og,e%(n—ko)l;‘log,.
1 —1

Coupling (4.32) and the well-known formula (10.4.12) in [1, p.446]

wAI(f*(2)) AT (W2 f*(2)) = * AV(F*(2) Ai(W* f*(2)) = 5,
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() ()

Substituting the expansions in (4.58) into the last equation and taking into account
Proposition 3, we readily see that

11 -1 o [ W i N 1
Ts(2)~ 3 ( S )W) {Z ( (-194, z'dj) () }
[ (=D idy (—1)" i, Ly
{Z< & -a ) () }

11
X an,(z)" % ( - ) :

Straightforward calculation yields

1 -1 0 —2 > * (2
JW)NE( | )<>{(2 . ) DIDY —MZ;’Zf >}
-1 —1 ? m=1 j+k=m

(4.59)
v 1
X an(2)” % ( )
1 —1
for z € I'y, where
Vi = i ( (7t (-1 = Tl )
At T (4.60)




Thus, we obtain

— In(2)
~ 1 4.61
z) +m2::1 e (4.61)
where
1({ 1 -1 . . i1
Jn(2) = @) SAZ M;i(2) an(2)™ | . (4.62)
-1 —1 j+k=m 1 —1

From (4.60) and (4.62), it can be easily shown that

Jm<z):o<m>:o<}m>, m=12-, asz— oo  (463)

This, in particular, infers that the expansion in (4.61) is uniformly valid for all z € T'.
Similar results hold for z € I'_ U (—o00,0) U (1, 00). Therefore, formally we have

(4.64)
as n — 00, where

5l 2m/ / / [Zk: (St—5) ()Jj(t)] tcitz (4.65)

for z € C\T'U(—00,0]U[1, 00), with Sy(z) = I. By induction, it can be verified that
fork=1,2,---,

Su(x) = O (i

) as z — 00.
||

Using the usual method of successive approximation, we can show that the formal
expansion in (4.64) is actually uniformly valid for z € C\T'U (=00, 0] U[1, 00). Thus,
we arrive at our second main result stated below.

Theorem 2. Let r,(z2), I* and f*(z) be defined in (3.7), (4.26) and (4.52), respec-
tively. The asymptotic expansion of the monic polynomial my ,(2) is given by

Tnn(2) = VT (2) 7262 TR AS(£*(2)) A% (2,m) + AV (F*(2))B*(2,n) |, (4.66)

where A*(z,n) and B*(z,n) are analytic functions of z in C\ [1,00) and Re z > a.
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Similarly, with I* and f*(2) defined in (4.27) and (4.52)
(=Nt L 1 k)i
Tnn(z) = Tﬁm(z’) 2200 n

{ [COS(NWZ) Bi(f*(2)) — sin(Nnwz) Ai(f*( ))} A(z,n) (4.67)
+ [cos(Nm) Bi' (F*(2)) — sin(N7z) Ai'(f*(= ))} B(z, n)}

where A(z,n) and B(z,n) are analytic functions of z in C\ (—o0,0] and Rez < j3
Furthermore, A*(z,n) and B*(z,n) have the asymptotic expansions

A*(z,n) ~ Fe)r [1

= A5 (2)
w12

an(2) = Bi(
B (5n) ~ L 1[ - (468)
2w el
and A(z,n), B(z,n) have the asymptotic expansions
~ ~ 1 Ak = ]- S Bk(Z)
A(z,n) ~ )ia 1+ , B(z — 1+ )
B 1 > M ot |
(4.69)
All four expansions hold uniformly for z in their respective regions of analyticity
Proof. From the definition of S(z) in (4.55), we have

R*(Z> — e%(n—ko)lﬁoss( ) (n_kO)l;O—SR*(Z).
For any matrix X, we shall denote by X;; the (i, 7) element in X. The above formula
then gives

R (2) = S11(2)Ri,(2) + Sia(2) Ry (2)em o)t
and
Riy(2) = S11(2) Riy(2) + Si2(2) Riy(z)e o)t
definition of R*( )

First, let us consider z in the half plane on the right side of I". Recalling the
z) in (4.54), one obtains
Ry (2) =

VT o (2) 2e s M TRORA(f(2)) A*(2,m) + AT (f*(2)) B* (2, n)]
where

. (4.70)
A*(z,n) = J:;((;; (S11(2) —iS12(2))

and B*(z,n) = anl2)
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From (4.2) and (4.6), it also follows that

ko—1
mva(z) = Yi(z) = Riy(2) [ (2 = any)-
j=0
This, together with the fact that
ko—1
rn(2) = ron(2) H (z —an )72 (4.71)
§=0

(see (3.3) and (4.11)), gives us the main result (4.66). From the asymptotic expansion
of S(z) in (4.64), we immediately obtain (4.68).

Next, let us consider z in the half plane on the left of I', and restrict it to the
region I indicated in Figure 6. From (4.54), we have

Riy(2) = V7 1 a(2) e300 (0787 A (W2 () Az, m) — €87 AV (W2 (2)) B2, m)|

and
Ry(2) = Varya(z) 2exhol [—iAi(f%z))A(z,n) — i AV'(f*(2)) Bz, n)] ,
where ) )
A(z,n) = F*(2)1a,(2) (S (2) +iS1a(2))
and ) 1
B(z,n) = ) (S11(2) —iS12(2)).

From (4.5), we know that Hi,(z) has different expressions in different parts of regions
I and III. Let us first consider regions Qﬁ and Q2 shown in Figure 4. For z € Qﬁ, we
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have from (4.5)

* 1 —iN7(1—2) ,Nvz HjV:_ki)(z - xij) *
Hyi(2) = Ry (2) + 5¢ e o1 Riy(2)
[;2 (2 — 2ny)
= —% 7]'7"2’”(2)7%6%(”*]90)[2
% {(eiNTr(lz) _i_eiNﬂ’(lfz)) (472)

X |em 8 iR (2)) Az, m) — 8™ AT (WA (2) Bz, m)|
i e N0 A (2) Az n) + AT (F(2)) Bz, )] }
In view of the well-known formula of the Airy functions [1, p.446]
Bi(z) = +i[2e7™/3 Ai(w*!2) — Ai(2)], (4.73)

equation (4.72) can be rewritten as

Hy(2) = (_l%ﬁrz,n(z)éeé(”%)f;
{ [cos(Nm) Bi(f*(z)) — sin(Nwz) Ai(f*(z))] A(z,n) (4.74)

+ [COS(NT(Z) Bi'(f*(2)) — sin(Nnz) Al'(f*(z))] B(z,n)} :

Similarly, for z € Q2

N-1
1 . o (z—xN,
Hiyi(2) = Ry, (2) — 3 e Nm(1=2) Nvz Hj_ko( vi)

ko—1
120 (2 = 2ny)

x {(e—iNW(l—z) +6iN7r(1—Z)) (475)

Again by (4.73), we get exactly the same formula given in (4.74). On account of (4.2)
and (4.71), one now easily gets the main result (4.67) for z € Q2 U (0, 0,,). Using the
asymptotic formula of S(z) in (4.64) again, we obtain (4.69).

40



Now, we show that the asymptotic expansion of Hi;(z) in (4.74) holds for z in I
and III, rather than for z only in Q2. Recall that, in our analysis the choice of Q% is
quite arbitrary and these regions may be large. Moreover, from the relation between
R*(z) and H(z) in (4.7), we know that Hy;(z) = R, (z) for z € TUII\ Q2. In
contrast to the expansions in (4.72) and (4.75), for z outside Q4 the terms

F VT ran(2) BRI (i (2)) Az, m) + AT (P () Blem)] - (476)

do not appear. Note that, due to the quantity eTV=(1-2)

, these two terms are ex-
ponentially small as n goes to infinity in comparison with the other term in (4.72)
and (4.75), respectively. This suggests that the region of validity of the expansion
given in (4.74) can be extended to z € I U IIl. As a consequence, (4.67) holds for
z€C\ (—00,0] and Rez < 0.

So far we have established the asymptotic expansions of 7wy, (z) in the form of
(4.66) and (4.67) only for z > ¢ and z < o, respectively. Recall that the choice of
o, in (4.1) is also somewhat arbitrary, as long as @ < ¢ < [ and ¢ # c¢. Hence,
by choosing appropriate o,,, we can make the regions of validity of (4.66) and (4.67)
bigger. Indeed, the expansion (4.66) is valid as long as Rez > a, and the expansion
(4.67) is valid for Rez < f3.

This completes the proof of Theorem 2. O

Acknowledgement. The authors are grateful to Dr. Z. Wang for his helpful
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