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Abstract

If a symmetric matrix field e of order three satisfies the Saint-Venant compatibility conditions in a simply-
connected domain € in R3, there then exists a displacement field u of © with e as its associated linearized strain
tensor, i.e., e = %(VUT + Vu) in Q. A classical result, due to Cesaro and Volterra, asserts that, if the field e is
sufficiently smooth, the displacement u(z) at any point € Q can be explicitly computed as a function of the
matrix fields e and CURL e, by means of a path integral inside {2 with endpoint x.

We assume here that the components of the field e are only in L?*(2) (as in the classical variational formulation
of three-dimensional linearized elasticity), in which case the classical path integral formula of Cesaro and Volterra
becomes meaningless. We then establish the existence of a “Cesaro-Volterra formula with little regularity”, which
again provides an explicit solution u to the equation e = %(VUT + Vu) in this case. We also show how the
classical Cesaro-Volterra formula can be recovered from the formula with little regularity when the field e is
smooth. Interestingly, our analysis also provides as a by-product a variational problem that satisfies all the
assumptions of the Lax-Milgram lemma, and whose solution is precisely the unknown displacement field u.

It is also shown how such results may be used in the mathematical analysis of “intrinsic” linearized elasticity,
where the linearized strain tensor e (instead of the displacement vector w as is customary) is regarded as the
primary unknown.

Résumé

Une formule de Cesaro-Volterra avec peu de régularité. Si un champ e de matrices symétriques d’ordre
trois vérifie les conditions de compatibilité de Saint-Venant dans un ouvert  simplement connexe de R?, alors
il existe un champ de déplacements u de §2 ayant e comme tenseur linéarisé des déformations associé, i.e., e =
%(VUT + Vu) dans Q. Un résultat classique de Cesaro et Volterra affirme que, si le champ e est suffisamment
régulier, le déplacement u(x) en chaque point = € Q peut étre calculé explicitement en fonction des champs de
matrices e et CURL e, au moyen d’une intégrale curviligne dans €2 ayant x comme extrémité.

On suppose ici que les composantes du champ e sont seulement dans L2 () (comme dans la formulation
variationnelle classique de I’élasticité linéarisée tri-dimensionnelle), auquel cas la formule classique de Cesaro-
Volterra n’a plus de sens. On établit alors une “formule de Cesaro-Volterra avec peu de régularité”, qui donne
a nouveau une solution explicite u de ’équation e = %(VuT + Vu) dans ce cas. On montre aussi comment la
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formule classique de Cesaro-Volterra peut étre retrouvée a partir de la formule “avec peu de régularité” lorsque
le champ e est régulier. Il est intéressant de noter que I'un des corollaires de notre analyse est la formulation
d’un probleme variationnel qui vérifie toutes les hypotheses du lemme de Lax-Milgram, et dont la solution est
précisément le champ wu.

On montre également comment de tels résultats peuvent étre utilisés dans I’analyse mathématique de 1’élasticité
linéarisée “intrinséque”, ol le tenseur linéarisé des déformations e (au lieu du champ de déplacements comme il
est usuel) est considéré comme étant ’inconnue principale.

Keywords :  Saint-Venant compatibility equations; Poincaré’s lemma ; Cesaro-Volterra formula, three-dimensional linearized elasticity.




1. Introduction

For simplicity, we consider only the three-dimensional case in this introduction. But the results pre-
sented here can be extended to, and are subsequently established in, the n-dimensional case for any
n > 2.

Latin indices range in the set {1,2,3} and the summation convention with respect to repeated Latin
indices is used in conjunction with this rule. The sets of all real matrices of order three and of all real
symmetric matrices of order three are respectively denoted M? and S?. Other notations used, but not
defined, in this introduction are defined in the next section.

Let © be an open subset of R?. Given a vector field u = (u;) € C3(Q;R?), let the associated linearized
strain tensor field e = (e;;) € C*(Q;S?) be defined by

€ij = %(811“ +61uj) in Q. (1)

It is then immediately verified that the components e;; defined in (1.1) necessarily satisfy the following
compatibility conditions, which were discovered and analyzed by Saint-Venant [17] in 1864, and since then
bear his name:
Oij€ir, + Okiejr — Oiieji, — Okjeq = 0 in CO(Q) (2)
It is well known that, if Q is simply-connected, these compatibility conditions become also sufficient.
This means that, if a matrix field e = (e;;) € C?(§%;S?) satisfies the Saint-Venant compatibility conditons
(1.2) in such an open set €2, then conversely, there exists a vector field u = (u;) € C3(£2; R?) that satisfies
the equations

%(8]‘1” + &u]) = €45 in . (3)

Besides, all other solutions & = (;) € C3(€%;R?) to the equations % (0;u; + 9;u;) = e;; in Q are of the
form
u(z) = u(zr) +a+bAox,x €, for some a,bc R (4)
It is less known (Ref. [15] constitutes an exception) that an explicit solution w = (u;) to the equations
(1.3) can be given in the form of the following Cesaro-Volterra path integral formula, so named after
Cesaro [5] and Volterra [18], who discovered it in 1906 and 1907: Let ~(x) be any path of class C*
contained in Q and joining a point xg € Q (considered as fixed) to any point z € Q. Then

ui(x) = /( ){eij (y) + (Oreis(y) — Oier; (y)) (r — yr) Yy, © € Q. (5)

It can then be verified that each component u;(z) computed by formula (1.5) is independent of the path
chosen for joining o to = (as it should be), precisely because the functions e;; satisfy the compatibility
conditions (1.2).

The Cesaro-Volterra path integral formula (1.5) can be equivalently rewritten in wvector-matrixz form,
as

u(z) = [y(x) e(y)dy + [{(x) yz A ([CURL e(y)]dy), = € Q, (6)

where A designates the vector product in R3, and the matrix curl operator CURL : D'(Q;M3) —
D' (Q; M3) is defined by
(CURL e);; := gix0ejx for any matrix field e = (e;;) € D'(;M?), (7)

where (g51) denotes the orientation tensor.
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mardare@ann. jussieu.fr (C. Mardare).



The sufficiency of the Saint-Venant compatibility conditons (1.2) was recently shown to hold under
substantially weaker reqularity assumptions on the given tensor field e = (e;;), according to the following
result, due to Ciarlet & Ciarlet, Jr. [6]: Let Q be a bounded and simply-connected open subset of R® with
a Lipschitz-continuous boundary, and let there be given functions e;; = e;; € L*(S2) that satisfy

aljeik + 8kiejl — 8li€jk: — 8kjeil =0in H_Q(Q) (8)
Then there exists a vector field (u;) € H(€;R3) that satisfies

%(ajul + ain) = €45 in L2(Q) (9)

Besides, all the other solutions @ = (;) € H'(Q;R3) to the equations 1(8;u; + 0;u;) = e;; are again of
the form (1.4).

Clearly, the “classical” Cesaro-Volterra path integral formula (1.5) becomes meaningless when the
functions e;; satisfying (1.8) are only in the space L?(£2). The question then naturally arises as to whether
there exists any “Cesaro-Volterra formula with little regularity”, which (i) would again provide an explicit
solution to the equations (1.9) when the functions e;; are only in L?*(Q2) and (ii) would in some way
resemble (1.5).

One of our objectives is to provide the following positive answer to this question (thus justifying the
title of this paper). Let < -, - > denote the duality pairing between a topological space and its dual, and
let

T=(T;): L3(Q):={ve LZ(Q);/ vdr = 0} — Hj(Q;R?) (10)

Q
be a specific continuous linear operator that satisfies (the precise definition of T is given in Lemma 2.5)
—div(Tv) = v for all v € L3(Q). (11)

Note that the operator T of (1.10)—(1.11) plays a key role throughout this paper.
We then show (cf. Theorem 4.2) that a vector field uw = (u;) € H'(;R3) satisfies equations (1.9) if
and only if
< ui, pi >=< €5, Tipj + Ok[Ti(Tjon — Tips)] > (12)
for all vector field fields ¢ = (p;) € D(S;R3) that satify

[ wide = [ @01~ migs)a =0 (13)
Q Q
In other words, we are able to compute all the “components”

<u,p >:=< Ui, P; >

of the solution u = (u;) against all vector fields ¢ = (¢;) € D(2;R3) that satisfy (1.13). Note in passing
that it is no surprise that conditions (1.13) should be satisfied: They simply reflect (cf. Lemma 2.3) that
the solution to the equations (1.9) is defined only up to infinitesimal rigid displacements, i.e., vector fields
in D’ (; R?) of the form (cf.(1.4))

r€Q— a+bAox, forsome vectors a,b € R>. (14)

As a consequence, the knowledge of the duality pairings < w, e > for all fields @ € D(;R?) satisfying
(1.13) uniquely defines a vector field u = (u;) € D'(Q;R3) up to infinitesimal rigid displacements.

Our claim that formula (1.12) is indeed a bona fide generalization of the “classical” Cesaro-Volterra
formula (1.5) rests on two justifications.

First, we show that formula (1.12) can be rewritten in the following vector-matriz form:

<u,p>=<e,TR¢p >+ <K<CURLe,T® (T Ap)> (15)
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(cf. Theorem 5.1; the notations used in (1.15) are explained at the beginning of Section 5), which clearly
displays a strong, albeit formal, resemblance with the vector-matrix form (1.6) of the classical Cesaro-
Volterra formula.

Second, and surely more convincingly, we show (cf. Theorem 5.2) that, if the functions e;; happen to
be in the space C*(2) (as in the “classical” Saint-Venant conditons (1.2)), the classical Cesaro-Volterra
path integral formula (1.5) can be indeed recovered from formulas (1.12).

The proof of the equivalence between equations (1.9) and (1.12) given in Theorem 4.2 crucially relies
on the following Poincaré lemma with little reqularity (due to Ciarlet & Ciarlet, Jr. [6]; see also Remark
3.1 for various recent extensions): Let © be a bounded and simply-connected open subset of R? with a
Lipschitz-continuous boundary, and let f; € H~1() be distributions that satisfy

0ifj —0;fi =0 in H*(Q). (16)
Then there exists a function u € L?(2), unique up to an additive constant, that satisfies
8iu = fl in H_I(Q) (17)

We then prove (cf. Theorem 3.2) the following complement to the above Poincaré lemma, which may
be also of interest by itself: Given distributions f; € H~1(Q) that satisfy (1.16), a function u € L*(Q)
satisfies (1.17) if and only if

<u,p>=< f;,Typ > for all p € D(Q) that satisfy / pdx =0, (18)
Q

where T = (T;) is again the mapping of (1.10)—(1.11).

Formula (1.18) thus provides a means to compute a solution to equations (1.17) in the same manner
that formula (1.12) provides a means to compute a solution to equations (1.9), in both cases when the
data have too little regularity for a path integral formula to make sense.

Incidentally, a noticeable feature of our analysis is that it provides, as a by-product, a way to find
either the solution of equations (1.9), or the solution of equations (1.17), in each case as the solution of
a variational problem, which satisfies all the assumptions of the Lax-Milgram lemma (cf. Theorems 3.3
and 4.3).

One of our main motivations here is to provide another building stone for the mathematical analysis
of intrinsic linearized three-dimensional elasticity, as begun in Ref. [6] (see Ref. [9] for a general survey
of intrinsic methods in elasticity). It was shown there that the pure traction problem (to fix ideas) of
linearized three-dimensional elasticity could be reformulated in a novel way, where the linearized strain
tensor e € L*(Q%;S?) is regarded as the primary unknown, instead of the displacement field u € H'(Q;R3)
as is customary.

More specifically, define the space

E(Q) = {e = (eij) S LQ(Q;S3); aljeik + Gkiejl - 6liejk - Bkjeﬂ =0 in H_Q(Q)},
and let
R(Q) :={r e HY(Q;R*); r(z) =a+bAox, v€Q, forsome a,be R*}
denote the space of all infinitesimal rigid displacements of the set Q. Then (cf. Theorem 4.1 in ibid.) the
mapping
F:e=(ey) € EQ) —vec H(Q)/R(), (19)

where v denotes the equivalence class of any vector field v = (v;) € H'(;R3) that satisfies e;; =
2(9;v; + 07v5) in L*(Q), is an isomorphism between the Hilbert spaces E(2) and H'(Q)/R(Q).

Thanks to the isomorphism F of (1.19), the pure traction problem of linearized elasticity can then be

equivalently posed in terms of the new unknown e € L?(2,S?) as the following constrained minimization
problem: Find a matrix field € € E() that satisfies
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ie)=_nf i) (20)

where the functional j : E(2) — R is defined by
1
jle) == 5 / {Atretre+2ue:eldr— Ale) for all e € E(Q). (21)
Q

In (1.21), A and p denote the Lamé constants of the constituting material (assumed for simplicity to be
homogeneous and isotropic), the notation : denotes the matrix inner product, and the continuous linear
form A : E(Q) — R is defined by

A(e):/Qf-.’Fed:E—i—/Fg-.’FedF (22)

where f € L?(Q;R3), resp. g € L?(T'; R3) where I' := 99, denotes the density of the applied body, resp.
surface, forces.

Our main results (cf. Theorem 4.2 and 4.3) thus provide a means to handle, via an explicit formula for
computing the mapping F, the term (1.22) involving the applied forces in the functional (1.21). They
similarly provide a means to handle boundary conditions involving the displacement field, e.g., u = 0
on a portion of the boundary I'. Besides its mathematical interest regarding the minimization problem
(1.20), the Cesaro-Volterra formula with little regularity could be as well conveniently put to use in the
numerical implementation of intrinsic models, as recently advocated and analyzed in Ciarlet & Ciarlet,
Jr. [7].

The results of this paper were announced in Ref. [10].

2. Notations and preliminaries

Latin indices henceforth range in the set {1,2,...,n}, where n is any integer > 2, and the summation
convention with respect to repeated indices is used in conjunction with this rule.

The notations M"™,S™, and A™, respectively designate the sets of all real square, symmetric, and anti-
symmetric, matrices of order n. The notation (a;;) designates the matrix in M" with a;; as its elements,
the first index being the row index. The notation (A);; designates the element at the i-th row and j-th
column of a matrix A. When it is identified with a matrix, a vector in R™ is a column vector.

The coordinates of a point z € R™ are denoted x;. Partial derivative operators, in the usual sense or in
the sense of distributions, of the first and second order are denoted 9; := 0/0z; and 0;; := 0%/ 0x;0x;.

All the vector spaces considered in this paper are over R. Given an open subset {2 of R™, the notations
D(Q) and D'(Q) respectively designate the space of all functions that are infinitely differentiable in
and have compact support in  and the space of distributions over 2. The notation < -, - > denotes
the duality pairing between a topological space and its dual space, such as L*() and itself, H}(Q) and
H=1(Q), or D(R2) and D'(Q).

The notation C™(£2), m > 0, designates the space of all continuous if m = 0, or m times continuously
differentiable if m > 1, functions over §2. The notations H™ (), HJ"*(?), and H"™(Q) = (H"(Q))’,m >
1, designate the usual Sobolev spaces. If X is a finite-dimensional space such as R",S", etc., notations
such as D(Q; X), H3(Q;X), etc., designate spaces of vector fields or matrix fields with values in X and
components in D(2), H} (), etc.

Lemmas 2.1 to 2.4 list some properties of specific subspaces of D(2) and D(Q; R™) (these subspaces
naturally appear in the next two sections).



Lemma 2.1. Let Q be an open subset of R™. Define the space

Do(@) = { € D@): [ vda =0}, (23)
Then a distribution u € D'(Q) satisfies
<u,p>=0 forall ¢e&Dy(Q) (24)

if and only if u is a constant function.

Proof. If u(z) = C for all € Q, then < u,¢ >= C [, ¢dx for all ¢ € D(Q), and thus < u,¢ >= 0 for
all ¢ € Dy(€2). To establish the converse, let § € D(2) be a function that satisfies

/ fdz = 1. (25)

Given any function ¢ € D(2), the function
@ =1 — A\0, where \ := / Ydr =< 1,9 >,
Q

belongs to the space Dy(£). If a distribution u € D'() satisfies (2.2), we thus have
<u,p >=A<u,0>=<C,¢p > forally € D(Q), where C :=< u,0 >.
Hence u = C. O

Remark 1. The above proof shows that, given any function 6 € D(Q) that satisfies (2.3), the space D(Q)
can be written as the direct sum Dy(Q)® Span 0. More precisely, any function ¥ € D(Q) can be written
as

=@+ M, with ¢ € Dp(Q) and )\:/wdx. O
Q

Lemma 2.2. Let Q be a bounded open subset of R"™. The space Dy(2) defined in (2.1) is dense in the
space

LA(Q) = {v € L*(); /Q vdr = 0}, (26)

with respect to the norm of the space L?(Q).

Proof. Let 6 € D(Q) be a function that satisfies (2.3).
Let || - ||z2 designate the norm in the space L?(2). Given any function v € L3(£2), there exist functions
YF € D(Q),k > 1, such that ||* — v|| 2 — 0 as k — oo (the space D() is dense in L2(f2)). For each

k>1, let
= pF — dz )0,
v ()

6" = ollis < 6 — ollzs + \/ Fda
Q

so that ¢* € Dy(9). Besides,
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Therefore, ||¢* —v||z2 — 0 as k — oo, since

/w dack—> vda:zO.



Lemma 2.3. Let Q be an open subset of R™,n > 2. Define the space
Di(R") :={p = (pi) € D(Q;R");/ pidr = /(xjgoi — z;p5)dz = 0}. (27)
Q Q
Then a vector field u = (u;) € D'(;R™) satisfies
<u,p>=<u,p; >=0 forall ¢eD (R (28)
if and only if
u(z) = a+ A ox for all z = (z;) € Q, for some a = (a;) € R" and A = (a;5) € A". (29)

Proof. A vector field u € D'(2; R™) of the form (2.7) satisfies

<u,p >=<a; + a;Tj,p; >= ai/ pidx + Zai]' / (xjpi — zipj)dx
Q s Q
for all ¢ = (¢;) € D(2;R™), thanks to the antisymmetry of the matrix A. Hence such a a vector field
satisfies < u, o >= 0 for all ¢ € D;(Q;R").

To establish the converse, we first notice that there is no loss of generality in assuming that 0 € (2.
Otherwise, let 7o = (29) € Q, let Q := {(z — x9) € R™;z € Q}, and, given any function ¢ = (¢;) €
Dy (2 R3), let the function @ = (3;) : @ — R3 be defined by @(z — 2¢) := ¢(z) for all z € Q, so that
@ € D(Q; R?). Furthermore,

Q Q

/N(fj@ — Tip;)dT = / (z0i — xipj)da — 96(])/ pidr + SUZO/ pjde =0,
Q Q Q Q
which shows that @ € Dy (€; R?). Besides, if a vector field & € D/(Q; R™) is of the form @(Z) = a + Ao
for some @ € R™ and A € A", then the field u € D/ (; R") defined by u(z) = &(z — x) is indeed of the
form (2.7), with @ := @ — Aowy and A = A.

Next, let § € D(Q2) and 0; € D(Q2),2 < j < n, be functions that satisfy

/ fdr =1 and / x;0dx = 0, (30)
Q Q
/ dom =0 and J,‘,‘doﬂ? = (SZJ (31)
Q Q
For instance, let w(x) := exp(||z]|? — 1)71) if ||z|| < 1 and w(x) := 0 if ||z|| > 1, where || - || denotes the

Euclidean norm in R™, and let » > 0 be such that {x € R™; ||z|| < r} C Q (recall that we may assume

that 0 € Q). Then the function 6 defined by 0(x) := (fQ w(%)dm)_lw(%) for x € € belongs to the space
D(Q) and satisfies (2.8). Likewise for instance, let a function x € D(Q) be such that [, xydz = —1; then
the functions 6; := 9;x belong to the space D(2) and they satisfy (2.9), since

/dexz / Ojxdxr =0,

Q Q

/xzﬂjdx = / xiﬁjxdx = —/ 6ijxd$ = (SZ]
Q Q Q
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Given functions § € D(2) and 0; € D(Q),2 < j < n, satisfying (2.8)—(2.9), we then define vector fields
0; € D(;R™) and 0;; € D(Q;R™),2 < j < n, by letting

0, :=0e; and Bij = 0]‘61‘,1 <i<j<n, (32)

where e; denote the vectors of the canonical basis of R™.
Given any vector field ¢ = (¢;) € D(; R™), let the vector field ¢ = (¢;) € D(2;R™) be defined by

i = — N — > Nijb;,

i<j
or equivalently, by
e =1 —Xb; — > X\ijbij, (33)
i<j
where
A= / Pide and A = /(iEﬂ/% — z;;)d. (34)
Q Q

We then observe that, thanks to relations (2.8)—(2.9), the vector field ¢ defined in (2.11) belongs to
the space D1 (92; R™) : First,

/ pide = | ide — X | 0dz =Y\ / 0;dx = 0.
Q Q Q = Q
Second, for i < j (the case j < ¢ is similar),

/(Ij@z — Ii(p]‘)dlﬂ = >\ij — Z )\Zp/ zjepdx + Z/\jq/ xﬁqu = O,
Q Q

i<p Jj<q

since Z/\ip/ z;0,dx = \;; and Z)\jq/ x;0qdx = 0.
Q

i<p @ J<q
If a vector field u € D'(Q; R™) satisfies (2.6), we thus have

<u, P >=X <u,0; >+ A <u,0; > forall ¢ € D(O;R"), (35)
i<j
where the vector fields 8; and 0;; and the coefficients A; and \;; are respectively defined as in (2.10) and
(2.12). Letting
a; =< u,Oi >, aq; =0, and Aijj = —aj; =< u,Oij > ifi < 7,

we can rewrite relations (2.13) as

< u,1,b > = / CLi’(/)id.’L’ + Z / (ai]‘l'ﬂ/)i — aijl‘ﬂ/}j)dl‘ (36)
Q PPy RAY
= /(al +a13$])1/11d1'
Q
Since relations (2.14) hold for all ¢ € D(Q;R™), the vector field u € D’ (Q; R™) is indeed of the announced
form (2.7), with @ := (a;) € R” and A := (a;;) € A”. O

Remark 2. (1) The above proof shows that, given any functions 8 € D(Q) and 0; € D(Q),2 < j < n, that
satisfy (2.8)—(2.9), the space D(C;R™) can be written as the direct sum D1 (Q;R™)® Span (0;)S Span
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(0:5)i<j, where the vector fields 6; and 0;; are those defined in (2.10). More precisely, any vector field
P € D(Q;R™) can be written as

Y=+ X0+ > N0,
i<j
with
P < Dl(Q;Rn), )\i = / wzd.ﬁ, /\ij = / (Jﬁjlbi — l‘lw])dl‘
Q Q
(2) If n = 3, a vector field of the form (2.7) is nothing but an infinitesimal rigid displacement, i.e., of
the form (1.14). O

Lemma 2.4. Let Q be a bounded open subset of R™. The space D1(Q;R™) defined in (2.5) in dense in
the space

LA R™) = {v = (v;) € Lz(Q;R");/

Uidx — /({Ijj’l)i — (Ein)d(E = 0}, (37)
Q Q

with respect to the norm of the space L?(2;R™).

Proof. Let the vector fields 8; € D(;R™) and 0;; € D(Q;R™),2 < j < n, be defined as in (2.10), where
the functions 8 € D(Q2) and 6; € D(2),2 < j < n, satisfy relations (2.8)—(2.9).

Let || || z= designate the norm in the space L?(£2; R™). Given any vector field v € L2(2;R™), there exist
vector fields 9" = (¥¥) € D(Q;R™), k > 1, such that ||4)" — v||> — 0 as k — oo. For each k > 1, let

o ( / z/)fdx> 0,y ( / (w55 — xiz/)f)dx) 0.,
Q iy \Jo
so that % € D;(Q;R") (to see this, argue as in the proof of Lemma 2.3). Besides,

1002+ 3 /Q (a0t — wph)da

i<j

[€:5 L2

I = vllae < 19~ vlzs + | [ vhas
Therefore, ||@* — v| 2 — 0 as k — oo, since

/wfdx — vidr = 0,
Q k—oo Jo

/{2(1‘]’(/}7{6 - xzwf)dl' kjoo /Q(xjvi — xivj)dx =0.
O

While Lemmas 2.1 and 2.3, resp. 2.2 and 2.4, hold in any open, resp. bounded open, subset of R",
some restrictions need to be imposed in the next lemma (which concludes our list of “preliminaries”),
according to the following definition : A domain in R™ is an open, bounded, connected subset 2 of R™,
with a Lipschitz-continuous boundary I, the set Q being locally on one side of T'.

The mapping T = (T;) defined in the next lemma plays a key role in the rest of the paper.

Lemma 2.5. Let Q be a domain in R™. Then the Hilbert space H}(Q;R™) equipped with the norm
(vi) = (Jq 0,v;0jv;dx)/? can be written as the direct sum

HYGRY) =V oV, (38)
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where the subspace V' and its orthogonal complement VvV oare defined by

V= {v e H}(Q;R"); divv =0 in L*(Q)}, (39)
Vi = {ve H}(%R"); —Av = grad ¢ for some q € L*(Q)}. (40)

Let the space L3(S2) be defined as in (2.4). Then there exists a bijection
T = (T}) :v € LEQ) — Tv = (Tjv) € VE C HYQ;R™), (41)

which is linear and continuous, hence an isomorphism, between the spaces LZ(Q) and V<L, and that
satisfies
—div(Tv) = v for all v € L3(Q). (42)

Proof. That the space H}(Q;R") can be written as the direct sum (2.16), with the spaces V and V=*
being defined as in (2.17)—(2.18), is proved in Corollary 2.3, Chapter 1, of Girault & Raviart [14]. It
is also shown in Corollary 2.4, Chapter 1, of ibid., that the operator div is an isomorphism of VL onto
LZ(9); hence the operator T' of (2.19) is an isomorphism of L2(£2) onto V* since, in view of (2.20), T is
nothing but the inverse of the operator —div. O

Remark 3. (1) That the domain of the operator T should be the subspace L3(Q2) of L?(Q) is clear, since
the range of T is a subspace of Hg(£;R™).

(2) For a given function v € LE(Q), all the solutions uw € H}(Q;R™) to the equation —div u = v are
thus of the form uw = Tv + w for some w € V.

(8) It is shown in Theorem 2’ of Bourgain & Brezis [4] that, more generally for any 1 < p < oo, there
hikewise exists a linear and continuous mapping

T:LY(Q) :={ve LP(Q);/dex =0}— WP (R

such that —div(Tv) = v for all v € LE(Q). O

3. A Poincaré lemma with little regularity

A classical lemma of Poincaré asserts that, if functions f; € C*(Q) satisfy 9;f; — 9, f; = 0 in a simply-
connected open subset Q of R, then there exists a function u € C2(2) such that d;u = f; in Q. It is easily
verified that, in this case, an explicit solution to the equations d;u = f; in € is given by the path integral
formula

u(r) = fi(y)dy; for all x € Q, (43)
()
where () is any path of class C! contained in © and joining a point zy € Q (considered as fixed) to
the point = € Q, the relations 0, f; — 0, f; = 0 in Q insuring that the value u(z) computed by (3.1) is
independent of the path chosen for joining x¢ to x.

The above classical lemma of Poincaré was extended in Theorem 2.9, Chapter 1, of Girault & Raviart [14],
as follows: If functions f; € L*(Q) satisfy 0;f; — 9;fi = 0 in H~1(£2), where 2 is a simply-connected do-
main in R™ (domains are defined before Lemma 2.5), then there exists a function u € H*(2) such that
O;u = f; in L?(Q). This extension was then carried out one step further in Theorem 3.1 of Ciarlet &
Ciarlet, Jr. [6], according to the next theorem.
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Theorem 3.1 (Poincaré lemma with little regularity). Let Q be a simply-connected domain in R™, and
let f; € H1(Q) be distributions that satisfy

8¢fj — 8]]‘} =0 in Hiz(Q)

Then there exists a function u € L*(Y), unique up to an additive constant, such that
Oju = fz in Hﬁl(Q) O

Remark 4. Theorem 3.1 holds in the more general situation where f; € H=™(Q) for any integer m > 2 (in
which caseu € H=™11(Q)); see Amrouche, Ciarlet & Ciarlet, Jr. [1,2] and Geymonat & Krasucki [12,13],
where the extension to a non simply-connected domain is also treated. The last word in this direction is
due to S. Mardare [16], who has shown that the Poincaré lemma holds in fact in the sense of distributions.

O

We first show that, even under the weaker regularity assumptions of Theorem 3.1 (in which case formula
(3.1) becomes meaningless), there is still a way to “compute” a solution u € L?(2) to the equations d;u =
fi in H=1(Q). This objective is achieved by means of an explicit expression in terms of the data f; of
the duality pairings < u, e > for all functions ¢ € D(2) that satisfy fQ wdx = 0; cf. (3.4) below. Note
that, by Lemma 2.1, the knowledge of such duality pairings determines the distribution w only up to an
additive constant (as expected).

Theorem 3.2. Let Q be a simply-connected domain in R™, let the space Do() be defined as in (2.1),
viZ.,

Do(2) := {p € D(); /Q pdz = 0},

and let f; € H=Y(Q) be distributions that satisfy

8¢fj — 8]]2 =0 in HiQ(Q) (44)
Then a function u € L*(Q) satisfies
o= f; in H Q) (45)
if and only if
<u,p>=< fi,Tip> forall v € Dy(Q), (46)

where T = (T;) : LA(Q) — H}(Q;R™) is the continuous linear operator defined in Lemma 2.5.

Proof. Note that, in (3.4), < u,p >= fQ updz, and < f;, T;o > is the duality pairing between the spaces
HY(Q) and H7Y(Q).

Assume first that a function u € L?(Q2) satisfies d;u = f; in H~1(Q2). Given any function ¢ € Dy(Q) C
L3(9), Lemma 2.5 shows that the vector field Ty = (T;p) € H}(;R") satisfies —9;(Tip) = ¢ in the
space L3(Q) = {v € L*(Q); [, vdx = 0}. Therefore,

<, >=<u, —0;(Tip) >=< Oy, Typ >=< f;, Ty > .

Assume next that a function u € L?(Q) satisfies < u, o >=< fi, T, > for all ¢ € Dy(Q). Since, given

any vector field (¢;) € D(€;R™), the function 0;1; belongs to the space Dy(§2), it follows that

=0, T;(95%;) = 954 in L§(9),
which in turn implies that
< Oju, v > =< u,—0;v; >=— < f;, T;(0;1;) >
=< fi, i > — < fi, i + Ti(0595) > .
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But
9i(Yi + T;(95%5)) = 0ihi + 0;T;(9;¢5) = O0iypi — 05 = 0,
and since 0; f; —0; f; = 0 in H‘2(Q)7 there exists by Theorem 3.1 a function p € L? (Q) such that 9;p = f;
in H~1(Q). Therefore,
< fis i + Ti(0595) >=< 9ip, thi + Ti(9;45) >=<p, =0i(¢i + Ti(9;¢5)) >= 0.
We are thus left with < 9;u,v; >=< f;,9; > for all (¢;) € D(Q;R™), which shows that d;u = f; in
H71(Q). O

Remark 5. The function p appearing in the above proof is of course of the form p = u + C for some
constant C, but this observation is not used in the above proof. The only reason for introducing p is to
allow to rewrite the vector field (f;) as a gradient, in this case the gradient of the function p. O

We next show that the solution to the equations d;u = f; in H~!(Q) can also be found by solving a
variational problem (cf. (3.5) below), which satisfies all the assumptions of the Laz-Milgram lemma. The
operators T; : LZ(Q) — Hg(£2) appearing in (3.5) are again those defined in Lemma 2.5.

Theorem 3.3. Let Q be a simply-connected domain in R™, let the space L3(2) be defined as in (2.4),
viz.,
L3(Q):={ve LQ(Q);/ vdz = 0},
and let there be given distributions f; € H=1(Q) that satis})y
Oifj —0;jfi =0 in H?(Q).
Then the variational problem: Find a function u € L3(S2) such that

<wu,v >=< fi,Tw > forall ve L3(Q), (47)
has a unique solution, which is also a solution to the equations
O = f; in HY(Q), (48)

in effect the only solution to (3.6) that satisfies [, udx = 0.

Proof. Since < u,v >= fQ uvdz, the bilinear form appearing in the left-hand side of the variational
equations (3.5) is clearly continuous and coercive over the space L3(2). The linear form appearing in
their right-hand side is clearly continuous, since T; € £(L3(Q2); H}(©2)) (Lemma 2.5). Hence the variational
equations (3.5) have a unique solution u in the space L3(£2). Furthermore, u is a solution to the equations
O;u = f; in H=1(Q), by Theorem 3.2. O

Remark 6. Interestingly, the existence of a solution to the variational equations (3.5) can be obtained
without a recourse to the Laz-Milgram lemma (its uniqueness is clear): Let u € L2(§) denote the unique
solution to the equations dyu = f; in H-1(Q) that satisfies Jqudx =0 (the existence of such a solution
follows from Theorem 3.1; its uniqueness is again clear). By Theorem 8.2, this solution satisfies

<u,p>=< f;,Tip > forall ¢ € Dy().

But the space Dy(Q) is dense in the space L3(Q)) (Lemma 2.2) and the operators T; : L3(Q)) — HL(Q)
are continuous (Lemma 2.5); hence the above variational equations hold more generally for all o € L3(9).

O
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4. A Cesaro-Volterra formula with little regularity

As shown in Ref. [6], the classical Saint-Venant compatibility conditions (1.2) remain sufficient when
they take the weaker form of the equations (4.1) below, which we will call the Saint- Venant compatibility
conditions with little regularity (although the proof in ibid. was given for n = 3, it readily extends to any
integer n > 2):

Theorem 4.1 (Saint-Venant compatibility conditions with little regularity). Let 2 be a simply-connected
domain in R™, and let e;; = ej; € L*(Q) be functions that satisfy

8ljeik + akiejl — aliejk - akjeil =0 in H_2(Q) (49)

Then there exists a vector field u = (u;) € H(Q;R"), unique up to the addition of a vector field of the
formx € Q — a+ A ox for some a € R" and A € A", such that

1

i(ﬁjul + ain) = €5 in L2(Q) (50)

Remark 7. Theorem 4.1 can be extended to non simply-connected domains; see Geymonat € Krasucki [11]

and Ciarlet, Ciarlet, Jr., Geymonat & Krasucki [8]. Theorem 4.1 similarly holds in the more general

situation where e;; = ej; € H™1(Q) for some integer m > 0 (in which case w € H™™TH(Q;R"); see
Amrouche, Ciarlet, Gratie & Kesavan [3]). O

Under the weak regularity assumptions of Theorem 4.1, the classical Cesaro-Volterra path integral
formula (1.5) becomes meaningless. But we nevertheless show that there is still a way in this case to
“compute” a solution u = (u;) € H(Q;R™) to the equations (4.2) in this case.

This objective is achieved by means of an explicit expression in terms of the data e;; € L?(£2) of the
duality pairings < u,@ >=< u;,¢; > for all vector fields ¢ = (¢;) € D(;R"™) that satisfy [, pdz =
fQ (xjpi — xip;)dx = 0; cf. (4.3) below. Note that, by Lemma 2.3, the knowledge of such duality pairings
determines the vector field u only up to a vector field of the form a + A ox for some a € R” and A € A"
(as expected). By reference with the classical Cesaro-Volterra path integral formula (1.5), we will say
that relations (4.3) contitute the Cesaro-Volterra formula with little reqularity (this terminology will be
further substantiated in Theorem 5.1 and, especially, in Theorem 5.2).

Theorem 4.2 (Cesaro-Volterra formula with little regularity). Let Q be a simply-connected domain in
R™, let the space D1(2;R™) be defined as in (2.5), viz.,

Di(R™) :={p = (i) € D(Q;R");/Q%dx = /Q(xj%' — zipj)dr = 0},
and let there be given a matriz field e = (e;;) € L*(Q;S?) whose components e;; = ej; € L*(Q) satisfy the
Saint-Venant compatibility conditions with little reqularity (4.1), viz.,
8lj€ik + akiejl — 8liejk - (r“)kjeil =0 in H_Q(Q).
Then a vector field uw = (u;) € H'(Q;R™) satisfies equations (4.2), viz.,
1
5 (s + Oiuy) = eij in L*(Q),
if and only if
< Ui, p; >=< e;5, Tip; + alf[Tz(’chpk — chpj)] > forall ¢ = (@z) S Dl(Q; Rn), (51)
where T = (T;) : L3(Q) — HE(;R™) is the continuous linear operator defined in Lemma 2.5.
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Proof. Note that the duality pairings < -, - > appearing in (4.3) are simply those of the space L?(2).
1
(i) Assume first that a vector field w = (u;) € H'(Q;R") satisfies 5(5}-%— + Opu;) = e;; in L*(Q2), and

let there be given a vector field ¢ = (¢;) € D1(2;R™).
Define the functions

1
Qijj = —045 = i(ajui — aiuj) c LZ(Q),

so that dju; = e;j +a;;. Since each component ¢; of the vector field ¢ belongs to the space Dy(2) = {¢ €
D(Q); [, edx = 0} € L§(€2), Lemma 2.5 shows that, for each i, the vector field T'p; = (Tj¢;) € Hj(Q;R™)

satisfies —0;(Tjp;) = ¢; in L?*(2). Consequently,
<ug, i > = — < U, 0;(Tj;) >=< 0jus, Tjp; >=<e;5 + a5, Tjp; > (52)

1
=< Bij,ﬂcpj > +§ < aij,Tjgoi - ,Tigﬁj >,

since €ij = €45 and Qi = —Qjj-
We next note that each function (T;p; — Typ;) € Hg(£2) also belongs to the space L&(Q), since

0= /Q(xj% —zip)dr = /Q{Z‘j[—ak(Tk(pi)] + 24[0k (Thp;)]

:/{5jka%*5ikasﬁj}diE:/(Tj%*Ti%‘)dif-
Q Q

Consequently,
Tipi — Tip; = =0k Ti(Tjpi — Tij). (53)
We also note that )
6kaij = 5(8jkui — (9iku]‘) = —&»ekj + Bjeki in H_l(Q) (54)
Using (4.5) and (4.6), we then obtain
< aij,Tngi — T%ng >=— < a”,ﬁka( jPi — Ting) > (55)
=< Opaij, Te(Tjpi — Tips) >=< —0ierj + Ojers, T(Tjoi — Tiw;) >
=< eyj, Oi[Tk(Tipi — Tipj)] > — < egi, 03 [Tk (Tjpi — Tipj)] >
=< €ij, O[Ti(Tjpr — Tipj)] > — < €jis Ou[T(Thipi — Tipr)] >

=2 <€, 0T (Tjor — Tryj)] >

Therefore, relations (4.3) follow from (4.4) and (4.7).
(ii) Assume next that a vector field u = (u;) € H'(Q;R™) satisfies relations (4.3).
Let then a matrix field ¥ = (¢;;) € D(;S™) be given. We first note that (9;1;;)7—; € D1(2;R™), since

/ Dys; = 0, (56)
/(xkaij — 3105 )dr = — / (Ojnthiy — 0jutns)dr = — / (Y — Ya)dx = 0. (57)
Q Q Q
We thus have, by (4.3),
1
- < ajui + 8,;uj,¢¢j >=< @-u,;,@bij >= — < Uy, @wij > (58)

2
= — < e, Ti(Okjk) + Ok Ti(T5(Opra) — Th(Otpji))] >
= — < e, Ti(Ortpji) > + < Oeij, Ti(T5(O1)rr) — Tk(aﬂ/fﬂ))
= — < e, Ti(Okji) > + < Oeij — Ojein, Ti(T;(Orwa)) >
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We next observe that the Saint-Venant compatibility conditions with little regularity (4.1) may be
rewritten as

6lhjki = 8ihjkl in H_Q(Q), where hjki = _hkji = 8k€ji — 8j€ki € H_l(Q).

The Poincaré lemma with little regularity (Theorem 3.1) then shows that there exist functions p;; €
L?(f2), each one being unique up to an additive constant, such that

ipjk = hjri = Opei; — Ojeq, in H™H(Q). (59)
Since 0;(pjx + Prj) = Rjki + hiji = 0, these additive constants can be adjusted in such a way that
pjk +pej =0 in L*(Q). (60)
Thanks to relations (4.11)—(4.12), we thus have
< Opeij — O, Ti (T (1)) >=< O0ipji, Ti(Tj(Ohrr)) > (61)

=—< pjk,ai[Ti(Tj(alwkl))] >

- _% < pjks O Ti(Tj (Orbrr) — T (O1n))] >

As shown in (4.8), for each k = 1,...,n, the function 9;¢x; belongs to the space L3(f2). Consequently,
relations (4.9) combined with the definition of the operator T' = (T;) : L3(Q) — H}(;R") (cf. Lemma
2.5) give

0= /((Ej@ﬂ/]kl — l‘kaﬂﬁjl)dl'
Q
:/Q(_xjapr(alwkl)+xkaqTq(al¢jl))d$

:/(5jpr(3z¢kl)—5quq(3l¢jl))d1‘=/Q(Tj(aﬂl)kz)—Tk(azW)dx,

Q

which means that, for each j =1,...,n and each k = 1,...,n, the function (T;(9¢r) — Tk (013;1)) also
belongs to the space L3(£2). As a result, relations (4.13) become

< Okeij — Ojein, T;(T;(Oow)) >= % < Piks Tj(Obwa) — Ti(Ops) > (62)
=< pjk; T (Oom) >,
thanks again to relations (4.12).
Using (4.14) in (4.10) then gives
% < Ojui + Oyug, iy > = — < ejj, Ti(Opbjx) > + < ik, Tj (Orhw) >
=< €ij,Vij > + < Djk — €k, Vi + Tj(Ohrr) >,
since < pji, ¥jr >= 0 (recall that p;i, = —pg; and ¥ = ¥x;). Noting that, by (4.11), the functions

(63)

Qjk ‘= Pjk — €jk S LQ(Q)
satisfy

gk = Ojque in H(9),
we again resort to the Poincaré lemma with little regularity (Theorem 3.1) to conclude that there exist
functions vy € H'(Q), each one being unique up to an additive constant, such that

aji = O0jvk = pjk — ej1, in L*(Q).
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Consequently,

< pjk — ek, Yk + Tj(Opw) >=< Ojvi, i + T (Oihwt) > (64)
= — < g, 0¥k + 05T (Orri) >,
since (Y5 +7T;(01r1)) € Hi (). But the definition of the operators T} (recall that d;1x; € Do(Q) C LE(Q))
and the symmetries ¥y = ¥y together imply that
—0;Tj(Ort) = OrPrs = 0. (65)
Combining (4.15), (4.16), and (4.17), we are thus left with

1
3 < Ojui + Oyuj, iy >=<eij, pij > -

Since this relation holds for any matrix field ¥ = (¢;;) € D(Q;S™), it follows that £ (0;u; + diu;) = ej;
in L?(2), as announced. 0O

We next show that the solution u = (u;) to the equations §(d;u; + ju;) = e;; in L*(Q) can be found
by solving a variational problem (cf (4.18) below), which satisfies all the assumptions of the Laz-Milgram
lemma. The operators T; : L2(Q2) — H}(Q) are again those defined in Lemma 2.5.

Theorem 4.3. Let Q be a simply-connected domain in R™, let the space L?(£2;R™) be defined as in (2.15),
viZ.,

LR = {v = () € LZ(Q;R");/ vidx = /(xjvi — z;v;)dx = 0},
Q Q

and let there be given functions e;j = ej; € L*(Q) that satisfy the Saint-Venant compatibility conditions
with little regularity, viz.,

Oijeik + Okieji — Ouiejr, — Opjey = 0 in H*Z(Q).
Then the variational problem : Find a vector field (u;) € L3($;R™) such that
< wi,v; >=< ey, Tyv; + O [T;(Tjvr, — Thv;)] > for all (v;) € LI(Q;R™), (66)
has a unique solution. Besides, (u;) is in fact in the space H*(S;R™) and is a particular solution to the
equations
%(ajumtaiuj) ey in L2(Q), (67)
in effect the only solutions to (4.19) that satisfy [, uide = [ (zju; — zsu;)de = 0.

Proof. We first note that, given any vector field (v;) € L}(£;R™), each function v; belongs to the space
L3(2) (by definition of the space L3(€2;R™)), and each function (Tjvy — Txv;) also belongs to L3(£2) (the
proof is the same as that given for a vector field (¢;) € D1(£2;R™) in part (i) of the proof of Theorem
4.2). Hence the right-hand side of the variational equations (4.18) makes sense; besides, it clearly defines
a continuous linear form on the space L?(£2; R™) since the operators T; : L3(Q) — Ha(£2) are continuous.
Since < u;,v; >= fQ u;v;dx, the bilinear form appearing in the left-hand side of equations (4.18) is clearly
continuous and coercive over the space L2(Q;R™). Hence the variational equations (4.18) have a unique
solution w = (u;) € L2(Q;R").

We then observe that there exists a unique vector field @ = (4;) € H'(;R") N L3(Q;R™) that satisfies
1(0;u; + Oiu;) = e;; in L*(Q) (the existence follows from Theorem 4.1; the uniqueness follows from
Lemma 2.3). Therefore this vector field w € H'(€2;R") satisfies

< ﬂi, p; >=< el'j,TﬁDj + ak[Ti(’chpk — chpj)] > for all $ = (@z) S Dl(Q; Rn),
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by Theorem 4.2. But, since the space Dy (£2;R") is dense in the space L?(£2;R") (cf. Lemma 2.4) and the
operators T; : LZ(Q) — HZ(£2) are continuous, the vector field u also satisfies

< Uy, v; >=< e;5, Tivj + O[T (Tjvg — Tivy)] > forall v e L3(Q;R™).

Hence u = wu, since the variational equations (4.18) have a unique solution in the space L%(Q;R™).
Therefore, uw € H(Q;R™). O

5. The Cesaro-Volterra formula with little regularity is indeed a generalization of the
classical formula

To begin with, we show how the Cesaro-Volterra formula with little regularity (4.3) in dimension n = 3
can be rewritten in a vector-matrix form (cf. (5.5) below) that is, at least formally, highly reminiscent of
the vector-matrix form (1.6) of the classical Cesaro-Volterra path integral formula. To this end, we need
some additional notation.

Given any vector fields w = (u;) and ¢ = (¢;) in L2(;R?), and given any matrix fields e = (e;;) €
D'(Q;M3) and ¢ = (¢;;) € D'(;M?), we let

<u,p >= /Quicpidz and < e, >>=<e;, P >. (68)
Given any matrix field e = (e;;) € D'(;M?), we let the matrix field CURLe € D'(Q;M?) be defined
as in (1.7), viz.,
Oze13 — Oze1z Oze1n — Orers Drern — daenn
CURL e = | dyeg3 — O3e0p  O3€21 — D1€a3  Ore2z — aeny | - (69)
Ose33 — Oze3z Ozesr — Oress Oreza — Oaesn

Given any vector field ¢ = (p;) € L3(Q;R3), we define the vector field

Tops — T3p2
TA@:=|Tso —Tips | € Hy(SHR?), (70)
Trpa —Topr

and the matrix field
Tipr Tips Tips
TR¢:=|Topr Taps Tops | € Ho(M), (71)
Tsp1 Tspe Tsps
where the operator T' = (T;) : L3(Q2) — H3(Q;R3) is that defined in Lemma 2.5.

Remark 8. The notations (5.3)—(5.4) are to be viewed as symbolic, like the notation (u - V)u often used
to denote the vector field ((O;u;)u;) found in the Navier-Stokes equations. O

Theorem 5.1. Let n = 3 and let the assumptions be those of Theorem 4.2. With the notations of
(5.1) — (5.4), the Cesaro-Volterra formula with little reqularity (4.3) becomes

<u,p>=<e,TRp >+ < CURLe,T® (T Ap)> forall pcD(QR?). (72)
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Proof. Formula (4.3) may be equivalently rewritten as
< g, i >=<eij, Tip; > — < Ogeij, Ti(Tjor — Trpj) > . (73)

It is then easily verified that formula (5.5) is simply the vector-matrix form of formula (5.6), rewritten
with the notations defined in (5.1)—(5.4) (recall that each function ¢; and each function (T;¢r — Tkp;)
belongs to the domain LZ(Q) of the operators T; when ¢ = (¢;) € D1(;R3); cf. the proof of Theorem
4.2). O

While the first justification above is admittedly not fully convincing, the second one (given in Theorem
5.2 below) is clearly so, since it establishes that the Cesaro-Volterra formula with little reqularity reduces to
the classical Cesaro-Volterra formula (1.5) (reproduced in (5.8) below) when the data are smooth enough.

Note that relation (5.7) below, which only involves the functions e;;, is established without using that its
left-hand side is also given by < u;,; >, by Theorem 4.2 (otherwise this information would immediately
provide a “proof” of (5.7), through the expression of u;(x) given by the classical Cesaro-Volterra formula
(1.5)). In the same vein, note that the following proof clearly associates each term in the classical formula
with a corresponding one in the formula with little regularity.

Finally, note that, by contrast with Theorem 5.1, the next result holds in any dimension n > 2.

Theorem 5.2. Let the assumptions be those of Theorem 4.2, the functions e;; = ej; € L2(2) being in
addition assumed to be in the space C*(2) N HY(Y), and let the operator (T;) : L3(Q) — HE(Q;R™) be
that defined in Lemma 2.5.

Fiz a point o € Q, and, given any point x € ), let y(x) be any path of class C* contained in Q and
joining xo to x. Then the right-hand side of the Cesaro-Volterra formula with little reqularity (4.3) can
be rewritten in this case as

< eij, Tip; + Ou[Ti(Tijor — Trps)] > (74)
- / [ / {esi (u) + (Oness (9) — Drew; (9)) (wx — i) bys | s(2)de
Q LSy ()

for all (p;) € D1(;R™).
Relations (5.7) in turn imply that any vector field (u;) € H*(;R™) that satisfies the Cesaro-Volterra
formula with little regularity (4.3) is also given by

ui(z) = ( ){eij (1) + (Oreij (y) — Oien; () (@ — yi) Ydy;, © € L, (75)
vy(x
up to the addition of a vector field of the form x € Q +— a+ Aox for some a € R™ and A € A". Besides,
(u;) € C2(;R™) in this case.

Proof. (i) A preliminary result : Let Q be a simply-connected domain in R™, and let f; € C°(2) N L?()
be functions that satisfy

8ifi —9;fi =0 in H™'(Q). (76)
Fiz a point z9 € Q and, given any point x € §2, let y(x) be any path of class C* contained in Q and joining
xo to x. Then

< fi,Tip >= /

| 50 tws tor i o e 1) (77)
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Relations (5.9) imply that there exists a function u € L?(£2) such that
diu = f; in C°(Q) N L* (), (78)
so that u € C1(Q) N H*(Q). Therefore, given any function p € L3(£2), Green’s formula gives (recall that
Tip € H(% (Q)) :
< fi7Ti§0 >=< aiﬂa TZQD >=—-< 67 617-‘1%0 >=< ﬂa@ >,
by definition of the operator (7).

Since the function @ € C1(Q) satisfies equation (5.11), its value @(x) at any point = € (2 is given by the
path integral

(o) = o) + | i
Yyl
Consequently,
< fi,Tip >= ﬂ(mo)/ pdx +/ [ fj(y)dyj:| pdx.
Q QL/y()

Hence the conclusion follows, since fQ pdxr = 0.

(ii) Let the assumption be those of Theorem 5.2. First we observe that any vector field (u;) € H*(£;R™)
that satisfies (4.3) is in the space C2(Q; R™) N H2(Q; R™), since the relations 1(8;u; + dju;) = e;; imply
that

é)jkui = ajeik + 6keij — 8i€jk in CO(Q) and LQ(Q>,
for all indices i, j, k. Noting that (p;) € D1(2;R™) implies ¢; € L3(Q) for each index i, we next infer from
the preliminary result of (i) that

< e;j, Tip; >= / [/ eij(y)dyj] wi(z)dx for all (¢;) € D1(;R™), (79)
Q L/~ (=)

which takes care of the first term appearing in the left-hand side of (5.7).

(ili) It remains to take care of the remaining term < e;;, O [T;(T;r — Trp;)] > appearing in the left-
hand side of (5.7). To this end, we first recall that (¢;) € D1(Q;R™) implies that (T, — Tre;) € L3 ()
(cf. the proof of Theorem 4.2). Noting that e;; = e;; € H'(Q) and that T;(Tjer — Trp;) € HE(S2), we
next obtain, by Green’s formula:

< eij, O[Ti(Tjon — Thps)) >= — < Okeuy, TiTjor — Tiepj) > (80)
1
= —5 < Oeij — e, Ti(Tjor — Tip;) > -

The functions hjx; = Oxeij — djeir, € L?(Q) satisfy 9jh ki = O;hjp in H~1(Q). Therefore the Poincaré
lemma with little regularity (Theorem 3.1) shows that there exist functions p;r = —pr; € H'(Q) such
that

&-ﬁjk = 8keij — @-eik in LQ(Q).
Combining another application of Green’s formula with the defining property of the operator (7;), the

preliminary result of (i), and the antisymmetries pjr = —Dg;, we then obtain
1 1 ~
—5 < Okeij — djeir, Ti(Tjor — Thpj) >= —3 < 9ibji, Ti(Tjpr — Thpj) > (81)
1

~ 1
=5< Dk, i Ti(Tjpr — Thpj) >= 3 < Dk, Tjor — Trp; >

— _% /Q Um) %k(y)dyj} or(z)dx + ;/ﬂ[/m) 17kj(y)dyj]<pk(x)dx
B /sz Vm) g ij(y)d%] pi(w)da.
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The path v(x) can be written as y(z) = f([0,1]), where the mapping f = (f;) € C*(]
f(0) =z and f(1) = x. Consequently,

~ L
[ Pt = [ mcsen o

= [ [ @] o 050 - )50

- [ oA L0y + riato) ~ abistoo

- / OBy + 2 i) — st + (o ).
y(z

where acg designates the k-th coordinate of xy. Since

~ - d d
Pir () — pir (o) =/ o (Pir(f(t))dt = / 0;pir(f fj( t)dt
0

= / 0;pir(y)dy;,
~(z)

it follows that

— ) Pir(z0) + /( )(ivk — Yk)0ipir (y)dy;
vy(x
)+ [ @-w)
()

| By = (e —a)
~(z)
= (xx — 2})pir(xo
Combining relations (5.12)—(5.15) then yields
< €ijs ZSOJ + 8]@ j‘ﬁk Tk‘ﬁj)]

-/ / feus®) + @ress(y) — Biesn () wx — ) b |1 (@)
+ / Pik(20) (g — 2)pi(x)dz for all (¢;) € Dy (4 R™).
Q
(iv) By Lemma 2.3,

/ Dik(zo)(xp — x%)go,;(x)dx =0 for all (p;) € D1 (R,
Q

T — Yr) (Oreij (y) — Oieji(y))dy;-

0, 1]; R™) satisfies

(82)

(84)

since the matrix (pix(xo)) is antisymmetric. We therefore conclude from (5.16)—(5.17) that, when the
functions e;; = ej; belong to the space C!(2) N H (), any vector field (u;) € H*(Q;R™) that satisfies

equations (4.3) for all (¢;) € D1(;R™) also satisfies

<ungi>= | [ {e¢j<y>+<akeij<y>—aiejk@))(zk—yw}dyj]%(z)dx
Q L/ y(z)

for all (p;) € D1(;R™), and is in the space C?(Q;R™) N H2(;R™) by part (ii).

Lemma 2.3 then shows that there exist a vector (a;) € R™ and an antisymmetric matrix (a;;) € A"

such that
u; () :[ ( ){ez’j(y) + (Orei(y) — Oiejr(y)) (n — yk)}dyj} + ai + a;;
y(z
for all z = (x;) € Q, which completes the proof.
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