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Abstract

Let w be an open connected subset of R? and let @ be an immersion from w into R3.
It is first established that the set formed by all rigid displacements, i.e., that preserve
the metric and the curvature, of the surface (w) is a submanifold of dimension 6
and of class C* of the space H'(w). It is then shown that the vector space formed
by all the infinitesimal rigid displacements of the surface 8(w) is nothing but the
tangent space at the origin to this submanifold. In this fashion, the “infinitesimal
rigid displacement lemma on a surface”, which plays a key role in shell theory, is
put in its proper perspective.

Résumé

Soit w un ouvert connexe de R? et soit @ une immersion de w dans R3. On établit
d’abord que I’ensemble formé par tous les déplacements rigides, c¢’est-a-dire ceux
qui préservent la métrique et la courbure, de la surface 8(w) est une sous-variété
de dimension 6 et de classe C*° de l'espace H l(w). On établit ensuite que ’espace
vectoriel formé par tous les déplacements rigides infinitésimaux de la surface 6(w)
n’est autre que l’espace tangent a cette sous-variété a l’origine. De cette fagon,
le “lemme du déplacement rigide infinitésimal sur une surface”, qui joue un role
important en théorie des coques, est placé en perspective.
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Introduction

Further details about the various notions and notations used here are pro-
vided in the next sections.

The following “infinitesimal rigid displacement lemma on a surface” plays
a crucial role in linearized shell theory: Let w be an open connected subset
of R?, let @ be a smooth enough immersion from w into a three-dimensional
Euclidean space E?, and let 17 € H'(w) be a vector field that satisfies

Yas(M) = 0 a.e. in w and pag(n) = 0 in H™ ' (w),

where

~ 1 _ _
'76%("7) (ao/rl ~ag+0sm - aa)y

"2
paﬁ(ﬁ) = aaﬁ(ﬁ . a’3) - aa?’ : aﬁa'3 - aﬁ(ﬁ : aaa'?)) - Fgﬁaaﬁ - as,

the vectors a, = 0,0 are tangent to the surface 8(w), the unit vector a;z =

a \Na -

2 is normal to 8(w), and the functions I'?

|a,1 A\ CL2|
Then there ezist vectors ¢ € E* and d € E3 such that

5 are the Christoffel symbols.

N(y) = c+d A O(y) for almost all y € w.

The infinitesimal rigid displacement lemma on a surface was first estab-
lished in [4, Theorem 5.1-1] for vector fields 77 € H'(w) such that 7 - a3 €
H?(w), under the assumptions that w is bounded with a Lipschitz-continuous
boundary and that 8 € C3*(w). See also [5], or [7, Theorem 2.6-2], [2], [11]
for simpler proofs, or [3], [6] for generalizations under substantially weaker
regularity assumptions on the mapping 6.

In shell theory, the set 8(w) C E3 is viewed as the reference configuration of
the middle surface of an elastic shell and the field 7} is viewed as a displacement
field of the surface O(w).

The functions v,3(7) and p.s(7) are the covariant components of the lin-
earized change of metric tensor and of the linearized change of curvature ten-
sor associated with a displacement field n and a displacement field of the
above form 7 = ¢+ d A 0 is called an infinitesimal rigid displacement of the
surface 0 (w).

The infinitesimal rigid displacement lemma on a surface plays a crucial
role for establishing the wniqueness (possibly in a quotient space) and, in
conjunction with an inequality of Korn’s type on a surface, the existence of
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solutions to the well-known Koiter’s equations, proposed in 1970 by W.T.
Koiter [13] for modeling linearly elastic shells. For details, see [7, Chapter 2].

One objective of this paper is to put this lemma in its proper perspective,
as the linearized counterpart of the familiar rigidity theorem of surface theory,
once this theorem has been properly extended to the Sobolev space H'(w).

This extension, which is carried out in Theorem 3, itself relies on an ex-
tension, due to [9], to a Sobolev space setting of the familiar rigidity theorem
for open sets in three-dimensional differential geometry. For convenience this
extension is first reviewed in Section 1 (see Theorem 1).

It is then shown in Theorem 4 and its corollary that the set M, formed
by all the rigid displacements of the surface 6(w), i.e., those that satisfy the
assumptions of the extended rigidity theorem, is a submanifold of dimension
6 and of class C* of the space H'(w).

It is finally established in Theorem 5 that the vector space spanned by the
infinitesimal rigid displacements of the surface 8(w) is nothing but the tangent
space at the origin to the manifold M . This result hinges on the well-known
characterization of the tangent space at I to the special orthogonal group and
on an extension, also due to [9], of the three-dimensional infinitesimal rigid
displacement lemma in curvilinear coordinates. For convenience, this extension
is also reviewed in Section 1 (see Theorem 2).

The results of this paper have been announced in [10].

1 Preliminaries

All spaces, matrices, etc., considered are real. The notations M?, O3, @i,
and A3 respectively designate the sets of all square matrices of order 3, of all
orthogonal matrices of order 3, of all matrices Q@ € ©? with det Q = 1, and of
all antisymmetric matrices of order 3.

Latin indices range over the set {1,2,3} except when they are used for
indexing sequences, and the summation convention with respect to repeated
indices is used in conjunction with this rule.

The notation E? designates a three-dimensional Euclidean space and a -
b, a A b, and |a| = v/a - a respectively designate the Euclidean inner product
and the exterior product of a,b € E3, and the Euclidean norm of a € E3.

Let Q be an open subset of R?, let z; denote the coordinates of a point
r € R3 and let 9; := 0/0x;. Let ® € CYQ;E?) be an immersion, i.e., a
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mapping such that the three vectors g,(x) := 9;0(x) are linearly independent
at all points z € Q. The metric tensor field (g;;) € C°(Q; M?) of the set O(Q)
(which is open in E? since © is an immersion; see, e.g., [15, Theorem 3.8.10])
is then defined by means of its covariant components

9ij(x) = g;(z) - g;(z), x €L

_ The classical rigidity theorem for open sets asserts that, if two immersions
© c CY(Q) := CY{LE?) and © € C*(N) have the same metric tensor fields,
ie., if g;; = ¢;; in Q (with self-explanatory notations), and 2 is connected,
then there exist a vector ¢ € E? and a matrix Q € Q32 such that

O(z) = ¢+ QO(z) for all z € .
For a proof, see, e.g., [8, Theorem 3].

The following result, established in [9], shows that a similar result holds
under the assumption that ® € H'(Q) := H'(Q, E?). Note that this extension
itself relies on a crucial extension of the classical Liouville theorem, originally
due to Reshetnyak [14] and recently given a particularly concise and elegant
proof by Friesecke, James and Miiller [12]. The notation VO(z) designates
the matrix whose columns are the vectors g,(z), = € €.

Theorem 1 Let Q be a connected open subset of R® and let ® € C'(Q) be
a mapping that satisfies det VO > 0 in ). Assume that there exists a vector
field ® € H'(Q) that satisfies

det VO >0 ae. in Q and Gij = gij a.e. in (.

Then there exist a vector ¢ € E* and a matriz Q € O3 such that

O(z) = ¢+ QO(x) for almost all z € €.
0

In three-dimensional elasticity, the set ©(Q2) is viewed as the reference
configuration of a three-dimensional elastic body (under the additional, but
irrelevant here, assumption that the immersion © is injective) and a field v €
H'(Q) is viewed as a_displacement field of the reference configuration ©(),
the set ©(€2), where ©® := © + v, being its associated deformed configuration.

The covariant components of the linearized change of metric tensor asso-
ciated with a displacement field ¥ of the set @(€2) are then defined by

~ 1
ei)j(v) == 5[% — gij

] lin

Y
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where g;; and g¢;; are the covariant components of the metric tensors of the
sets ©(Q) and ©(Q2) and |- - -] denotes the linear part with respect to ¥ in
the expression [---]. An immediate computation then shows that

_ 1, -
e;|;(v) = 5(&1} -g; +0;v-g,;), where g, := 0;©.

A displacement field © € H'(12) that satisfies e;;(0) = 0 a.e. in 2 is called
an infinitesimal rigid displacement. The next theorem, due to [9], is an exten-

sion of the infinitesimal rigid displacement lemma in curvilinear coordinates
found in [7, Theorem 1.7-3].

Theorem 2 Let Q be a connected open subset of R® and let ©® € C*(Q) N
H'(Q) be a mapping that satisfies det VO > 0 in Q. Then a vector field
v € H'(Q) satisfies e;;(0) = 0 a.e. in Q if and only if there exist a vector
c € E? and a matriz A € A® such that

v(x) = ¢+ AO(z) for almost all z € (.

2 The classical rigidity theorem on a surface and its extension to
Sobolev spaces

Greek indices range over the set {1,2} and the summation convention for
Latin indices also applies to these. Let w be an open subset of R?, let v, denote
the coordinates of a point y € R?, and let 9, := /0y, and 0np := 0?/0yays.
Let 8 € C'(w) := C'(w;E?) be an immersion, i.e., a mapping such that the
two vectors

aa(y) = 0.0(y)
are linearly independent at all points y € w. The image O(w) is a surface in
[E3. Note that the vectors a,(y) span the tangent plane to the surface (w) at
the point 0(y).

The first fundamental form of the surface @(w) is defined by means of its
covariant components

aap(y) = aa(y) -apy), yEw,

used in particular for computing lengths of curves on the surface 6(w), con-
sidered as being isometrically imbedded in E3.

Let
a;(y) A as(y)

"~ Jai(y) A as(y)]

a’3(y) : , Yew,
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so that as(y) is a unit vector, normal to the surface 8(w) at 8(y). If as € C'(w),
the second fundamental form of the surface is defined by means of its covariant
components

bap(y) = —aa(y) - Opas(y), yE€w,

which, together with those of the first fundamental form, are used for com-
puting curvatures of curves on the surface 8(w).

_ The classical rigidity theorem on a surface asserts that, if two immersions
0 c C*(w) := C*(w;E?) and @ € C*(w) have the same first and second fun-

damental forms, i.e., if d,p = a,3 and Bag = bp in w (with self-explanatory
notations) and w is connected, then there exist a vector ¢ € E3 and a matrix

Q € 03 such that
0(y) = c+ QO(y) for all y € w.

For a proof, see, e.g., [8, Theorem 6.

We now show that a similar result holds under the assumptions that 0 c
4 A
H'(w) := H'(w;E?) and a3 := Rl A B H'(w) (again with self-explanatory

a; N\ 6,2

notations). Naturally, our ﬁrst| task W|ill be to verify that the vector field
a3z, which is not necessarily well defined a.e. in w for an arbitrary mapping
0 ¢ H'(w), is nevertheless well defined a.e. in w for those mappings 6 that
satisfy the assumptions of the next theorem. This observation will in turn
imply that the functions by = —@, - dg@s are likewise well defined a.e. in w.

Theorem 3 (rigidity theorem) Letw be a connected open subset of R? and
let @ € C'(w) be an_immersion that satisfies as € C'(w). Assume that there
exists a vector field @ € H'(w) that satisfies

Gop = Gop ace. N w, a3 € H' (W), and byg = beg ae. in w.

Then there exist a vector ¢ € E* and a matriz Q € Q3 such that

0(y) = ¢+ QO(y) for almost all y € w.

PROOF. (i) To begin with, we record several technical preliminaries.

First, we observe that the relations a.g = aqg a.e. in w and the assumption
that @ € C'(w) is an immersion together imply that

|Gy A G| = y/det(das) = /det(ans) > 0 ae. in w.

Consequently, the vector field as, and thus the functions Eaﬁ, are well defined
a.e. in w.
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Second, we establish that
bop = bgo iIn w  and Eag = Ega a.e. in w,

i.e., that a,-dsas = ag-0,as in w and a, - Ogas = ag- J,as a.e. in w. To this
end, we note that either the assumptions 8 € C*(w) and a3 € C*(w), or the
assumptions @ € H'(w) and a3 € H'(w), imply that a,, - Opas = 0,0 -0sgas €
Li..(w), hence that 9,0 - 9gas € D'(w).

loc

Given any ¢ € D(w), let U denote an open subset of R? such that supp ¢ C
U and U is a compact subset of w. Denoting by x/(-,-)x the duality pairing
between a topological vector space X and its dual X', we have

D' (w) <aa0 . 85(13, @)D(w) :/ Qpaae . (950,3 dy

:/ 00 - 0s(pas)dy — /(8590)8(19 ~azdy.

Observing that 9,0 - as = 0 a.e. in w and that

- / 0.0 - 95(pas) dy = — /U 0.0 - 95(pas) dy
= H—l(U;]E3)<aﬁ(8a0)v 900»3>H5(U;E3)7
we reach the conclusion that the expression pr(,)(0a0-0sas, ©)p(.) is symmet-

ric with respect to a and § since 0,30 = 03,0 in D' (U). Hence 0,0 - 0gas =

950 - D,a3 in Li.(w), and the announced symmetries are established.

Third, let
Cop = 0na3 - 0gas and c.p:= 0yas - Ozas.
Then we claim that ¢,3 = cop a.e. in w. To see this, we note that the matrix
fields (@*?) := (Gag) "' and (a*?) := (aag) "' are well defined and equal a.e. in

w since 0 is an immersion and Gog = @ep a.€. in w. The formula of Weingarten
can thus be applied a.e. in w, showing that c,g = a7"bsa b5 a.e. in w.

The assertion then follows from the assumptions Baﬁ = bop a.e. in w.
(ii) Starting from the set w and the mapping @ (as given in the statement

of Theorem 3), we next construct a set Q and a mapping © that satisfy the
assumptions of Theorem 1. More precisely, let

O(y,z3) :== 0(y) + x3a3(y) forall (y,z3) €w xR,
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Then the mapping © := w x R — [E? defined in this fashion is clearly contin-
uously differentiable on w x R and

det VO(y, x3) = y/det(aas(y)){1 — z5(by + b3)(y) + 25(b1b; — b1by)(y)}

for all (y,z3) € w x R, where

W (y) = a% (Y)bas (y), Y € w.

Let w,, n > 0, be open subsets of R? such that @, is a compact subset of
w and w = U, o wy. Then the continuity of the functions a.g, a®? b,s and the
assumption that @ is an immersion together imply that, for each n > 0, there
exists €, > 0 such that

det VO(y,z3) > 0 for all (y,x3) € W, X [—€n, €nl.

Besides, there is no loss of generality in assuming that &, < 1 (this property
will be used in part (iii)).

Let then
Q= (J(wnX] — &p,€n]).

n>0

Then it is clear that Q is a connected open subset of R? and that the mapping
© € C'(Q) satisfies det VO > 0 in €.

Finally, note that the covariant components g;; € C%(€2) of the metric tensor
field associated with the mapping © are given by (the symmetries b,z = bg,
established in (i) are used here)

Jap = Gap — 2T3bag + T3Cap, Gas =0, gs3 = L.

(iii) Starting with the mapping 0 (as given in the statement of Theorem
3), we construct a mapping © that satisfies the assumptions of Theorem 1. To
this end, we define a mapping © : Q — E3 by letting

O(y,z3) = 0(y) + x3a3(y) for all (y,z3) € Q,

where the set 2 is defined as in (ii). Hence © € HY(Q), since Q2 C wx|—1,1[.
Besides, det VO = det VO a.e. in () since the functions bg := @"7b,,, which
are well defined a.e. in w, are equal, again a.e. in w, to the functions 2.
Likewise, the components g;; € L'(Q) of the metric tensor field associated
with the mapping o satisfy g;; = gi; a.e. in ) since Qo3 = a3 and Bag = bag
a.e. in w by assumption and ¢,5 = cup a.e. in w by part (i).

(iv) By Theorem 1, there exist a vector ¢ € E* and a matrix @ € O3 such
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that

0(y) + xz3a3(y) = c+ Q(O(y) + z3as(y)) for almost all (y,x3) € Q.

Differentiating with respect to z3 in this equality between functions in H 1(Q)
shows that as(y) = Qas(y) for almost all y € w. Hence 0(y) = ¢+ QO(y) for
almost all y € w as announced. ([l

Remarks. (1) The existence of 6 € H'(w) satisfying the assumptions of
Theorem 3 implies that 8 € C'(w) and a3 € C'(w), and that § € H'(w) and
as € Hl(u)).

(2) It is easily seen that the conclusion of Theorem 3 is still valid if the
assumptions 8 € H'(w) and a3 € H'(w) are replaced by the weaker assump-
tions 8 € H;, (w) and a3 € H], . (w).

3 The submanifold of rigid displacements on a surface

All the results needed below about submanifolds in infinite-dimensional
Banach spaces are found in [1]. The tangent space at a point m of a sub-
manifold M of a Banach space X is denoted T,,M. If f : X — Y is a
Fréchet-differentiable mapping into a Banach space Y, the tangent map at m,
i.e., the restriction to T,, M of the Fréchet derivative of f at m, is denoted
Tf.

We now establish that the set M formed by all the mappings 8 € H Y(w)
that satisfy the assumptions of the rigidity theorem on a surface (Theorem
3) is a finite-dimensional submanifold of the space H'(w). Note that the as-
sumptions @ € H'(w) and a3 € H'(w) have been added to those of Theorem
3, simply to guarantee that the set M is non-empty.

We also characterize the tangent space to M at 6. Another equally im-
portant characterization of the same tangent space, in terms of the linearized
change of metric and linearized change of curvature tensors, will be given in
Theorem 5.

The notations used here are the same as in Theorem 3. In particular,
H'(w) = HY(w;E%), C*(w) = C'(w;E?), and the covariant components of
the first, and second, fundamental forms of the surfaces 8(w) and O(w) are
respectively designated by .5 and a.g, and Eag and b,g.

Theorem 4 Let w be a connected open subset of R? and let @ € C'(w)NH" (w)
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be an immersion that satisfies az € C'(w) N H'(w). Then the set
M = {0 € H'(W); Gap = aop a-e. in w, @g € H (W), bag = bag a.e. in w}

is a submanifold of class C* and of dimension 6 of the space H'(w) and its
tangent space at @ s given by

ToM = {n € H'(w);3c € E*, FAc A’* n=c+ A0 ae. in w}.

PROOF. (i) Define the linear mapping
f:(c,F)eE*xM? — f(c,F)=c+ F0 c H'(w).

By the rigidity theorem (Theorem 3), the above set M may be equivalently
defined as
M = f(E* x 0%).

Since the mapping f : E3 x M® — H'(w) need not be injective, some care
has to be exercised for proving that the image M of the manifold E* x O3
through f is a submanifold of H'(w). To this end, we need to prove that the
restriction f* of the mapping f to the set E* x Q2 is an embedding, in the
sense that it satisfies the properties established in (ii) and (iii) below.

(ii) First, we show that, for each (¢, Q) € E* x Q%, the tangent map Tic.q) f
is injective, with a closed range having a closed complement in H*(w).

Since f is linear, the tangent map T(. ) f is simply the restriction of f to
Tie.q)(E* x 03) = E* x QA®.

So, given any Q € 03, let d € E* and A € A? be such that
d+ QA0(y) =0 for all y € w.

Multiplying on the left by Q7 and differentiating with respect to y, yield
Aa,(y) = 0 for all y € w. Fix yy € w; then the relation Aa,(yo) = 0 shows
that there exist a; € R such that A = («;0;), where 3, denotes the j-th
Cartesian component of the vector as(yo). The relation A + AT = 0 then
implies that A = 0, hence that d = 0. Consequently, the tangent map T, q)f
is injective for each (e, Q).

That T(¢,q)f has a closed range is clear, since f(E* x QA?) is the image
by a linear mapping of a finite-dimensional space. That f(E* x QA?) has a
closed complement in H'(w) is equally clear, since H'(w) is a Hilbert space.

(iii) Second, we show that the restriction f* of the mapping f to the sub-
manifold E* x Q3 is a homeomorphism, hence a C*-diffeomorphism since f

10
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is linear, from E* x Q% onto the image f(E® x Q2) equipped with the relative
topology induced by that of H'(w).

To begin with, let us establish that fti is injective. So, let ¢, ¢y € E3 and
Q.. Q, € O} be such that

c—c+ (Q, —Q,)0(y) =0 for all y € w.

Differentiating with respect to ¥y, and fixing yy € w show that there exist
a; € R such that the i-th row vector of the matrix (Q; — Q) is of the form
aibST, where by := as3(yo). Let b; be any vector that satisfies |b;| = 1 and
b, -bs = 0, let by := b3 A by, and let B be the matrix with by, by, b3 as its
column vectors. Then B € 0% and

0 0 (651
(Q1 - QQ)B =0 0 a
0 0 3

Hence the first and second column vectors of the matrices QB and Q,B are
identical. Since both matrices QB and Q,B belong to (O):j’r, they are thus
equal. Therefore QQ, = Q, since B is invertible. This equality in turn implies
that ¢; = ¢,.

Since E? x M? is a finite-dimensional space, the linear mapping f : E3 x
M? — H'(w) is continuous and so is its restriction f* : E3x Q% — f(E3x02).
It thus remains to establish that the inverse mapping of f* is also continuous.
So, let (¢,,,Q,) € E* x 0%, n > 1, and (d, R) € E® x O} be such that

fﬁ<cn7Qn) 7:0 X = fﬁ(d7 R) in Hl(w)'

Since Q,, € 0%, n > 1, there exist a subsequence (Q,,)m>1 and Q € 0%
such that Q,, — @, which in turn implies that
m—0o0

cm = fH(en, Q) — Q8 — c:=x - Q6.

It thus follows that fﬁ(cm, Q,.) — f’j(c, Q) since f*is continuous, hence that
c = dand Q = R since f* is injective. The whole sequence (c,, @, )n>1
thus converges to (d, R) since the limit is unique. This shows that the inverse
mapping of f* is continuous.

(iv) By (i) and (iii), the mapping f* : E* x O3 — H'(w) is an embedding.
Since E? x 0% is a submanifold of dimension 6 of E* x M (the special orthogo-
nal group O is a submanifold of dimension 3 of M), the set M = f*(E*x0?)
is thus a submanifold of dimension 6 of H'(w) (see [1, Section 3.5]).

11
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Since the manifolds E* x Q% and H'(w) are of class C* (the special or-
thogonal group is a submanifold of class C*° of M?) and the mapping fis of
class C*, the submanifold M is also of class C*.

(v) Since f is linear and 7703 = A, the tangent space to M at 6 is given
by

ToM =Tyonf(E’ x OF) = f(Tio,n(E* x 07)) = f(E® x A%)
={Ne€H'(w);3cef JAc A’ f=c+ Af ae. inw},

and the proof is complete. O

If the mapping f : E3 x M® — H'(w) is injective, in which case f is
a C*®-diffeomorphism from E? x M? onto f(E* x M?), the above proof that
M = f(E3 x 02) is a submanifold of H'(w) can be substantially simplified:
Since submanifolds of class C* are preserved by C*°-diffeomorphisms, M is
a submanifold of class C*° and of dimension 6 of f(E3 x M3). As a closed
subspace of the Hilbert space H'(w), the image f(E* x M?) has a closed
complement, i.e., f(E?> x M?) is “split” in H'(w). The set M is thus also a
submanifold of class C* and of dimension 6 of H'(w) (this conclusion follows
from the definition of a submanifold; see [1, Definition 3.2.1]).

Interestingly, one can establish that the mapping f : E3 x M?® — H 1(w)
is injective if and only if the surface @(w) is not contained in a plane. To see
this, let ¢ € E® and F € M? be such that

c+ FO(y) =0 for all y € w.

Differentiating with respect to y, yields Fa,(y) = 0 for all y € w. This means
that the rows of the matrix F', which is independent of y € w, are at each
y € w proportional to the vector al(y). Hence F # 0 implies that as(y) is
the same vector for all y € w; hence the surface 8(y) is contained in a plane.
If, conversely, 6(y) is contained in a plane, then as(y) = as for all y € w,
the matrix F € M? with all row vectors equal to as does not vanish, yet
Fa,(y) =0 for all y € w.

In shell theory, the surface 8(w) is the reference configuration of the middle
surface of an elastic shell (under the additional assumption that the immersion
0 is injective, but this assumption is irrelevant for our present purposes). Then,
for each @ € H'(w), the surface O(w) is a deformed configuration of the middle
surface and the field 77 € H'(w) defined by

0=0-+7

12
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is a displacement field of the reference configuration @(w). If in particular
0 € M, the field 7 defined in this fashion is called a rigid displacement, and
the subset M, of H'(w) defined by

M =6+ M,

is accordingly called the manifold of rigid displacements (of the reference con-

figuration O(w)). We now reformulate Theorem 4 in terms of the manifold
M

rig-

Corollary to Theorem 4 Let w be a connected open subset of R?, and let
0 c C'(w)N H'(w) be an immersion that satisfies as € C'(w) N H'(w). Then
the manifold of rigid displacements of the surface O(w), viz.,

M iy = {1 € H'(W); Gop = Gop a-c. in w, @3 € H' (W), bap = bap a.c. in w},

is a submanifold of class C* and of dimension 6 of the space H'(w) and its
tangent space at 0 is given by

ToM sy = ToeM
={ncH(w);3ccE FAc A’ n=c+ A ae. in w}.

4 The infinitesimal rigid displacement lemma on a surface revisited

The covariant components of the linearized change of metric tensor and lin-
earized change of curvature tensor associated with a smooth enough displace-

ment field 77 of the surface 6(w), viewed as above as a reference configuration,
are defined by

T lin

and - pag(1) := [bap = bas]™,

lin

. L.
Yap(M) 1= 5ladap — dap]
where aq5 and dag, and b and by, respectively designate the covariant com-
ponents of the first, and second, fundamental forms of the surfaces 8(w) and

0(w) where 0 =0 + 7, and [-- -] denotes the linear part with respect to 7
in the expression [---]. A formal computation immediately gives

_ 1. - _
Yap(M) = 5(%77 -ag+ 0gn - a,), where a, := 0,0.

This expression thus shows that

Yap(N) € Li (W) if 7 € H'(w) and 0 € C'(w).

13


mkgohlpr
13


Another formal, but substantially less immediate, computation shows that

paﬁ(ﬁ) = aa,@(?’ : a’3) - 80/'7’ : aﬂa'S - aﬁ(ﬁ . aaa'?)) - Fgﬂaa'ﬁ - as,

where the functions I'f; := a”"a, - Onap are the Christoffel symbols of the
surface O(w). See, e.g., [7, Theorem 2.5-1] for the effective computation that
leads to the above expression of the functions p,s(7), noting in this respect
that the functions Bag are well defined a.e. in w when @,p = aqp (see Theorem
3) or when the W™ (w)-norm of the field 17 is small enough. The above
expression thus shows that

pap(f) € H ' (w) if 1 € H'(w) and 0 € C*(w) and a3 € C*(w).

Under these assumptions on the mapping 0 and the field az, a displacement
field 7 € H'(w) that satisfies 7,3(77) = 0 a.e. in w and pag(7) = 0in H~(w) is
called an infinitesimal rigid displacement of the surface 8(w). Accordingly, the
infinitesimal rigid displacement lemma on a surface stated in the Introduction
consists in identifying the vector space foé formed by such displacements.

The next theorem shows that this lemma has also a remarkably simple
interpretation in terms of the manifold M, of rigid displacements introduced
at the end of Section 3. The proof is reminiscent of that used in [2] or [11] for
establishing the Korn inequality on a surface as a consequence of its three-
dimensional counterpart in curvilinear coordinates.

Theorem 5 Let w be a connected open subset of R? and let 8 € C*(w) N
H'(w) be an immersion that satisfies az € C*(w) N H'(w). Then the space of
infinitesimal rigid displacements of the surface 8(w), viz.,
Viiig ={n € H'(w); 743(1) =0 a.e. in w and pap(n) =0 in H ' (w)},
s given by
lin
Vrlg = TOMI'Ig7
where the tangent space To M ;g has been identified in the Corollary to Theorem
4.

PROOF. (i) Since the set w is open and connected, there exist open and
connected subsets w,, n > 0, of R? such that @,, is a compact subset of w and
wp C wpt for any n > 0, and w = U,,>owy. Let the mapping © € C*(w x R)
be defined by

O(y,z3) := 0(y) + z3a3(y) for all (y,z3) € w € R.

As shown in part (ii) of the proof of Theorem 3, there exist 0 < ¢, < 1 such
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that det VO(y, z3) > 0 for all (y,z3) € €, where

Q:=J % and Q,:=w,x]— ¢, el

n>0

(ii) Given any displacement field 77 € H'(w) that satisfies 77- a3 € H2 (),
let
0(y, x3) = N(y) = 13({0a(N - a3) = - daas}ra®)(y)
for almost all (y,z3) € Q, where (2 is defined as in part (i) and a® := a*’ag.

The vector field © defined in this fashion satisfies ¥ € H{, (). Hence v €
H'($,) for all n > 0.

A careful computation then shows that, for any n > 0, the covariant compo-
nents e;);(v) € L*(,) of the linearized change of metric tensor (see Section
1) associated with the above displacement field ¥ are related in €, to the
functions v,5(1) € L*(w,) and pas(7) € L?(w,) by means of the relations

2
-~ jd -~ x g ~ T —~ g 1.T
€a)|8(0) = Vap(M) — 3p0s(M) + f{ba%(n) + b50ar (M) — 2650570-(1) }
€i||3('f)) = 0,

where b7 1= a"b,z.

(iii) Let a displacement field 1 € Vﬂg be given. The definition of the dis-

tributions p,s(n) and the assumptions p,s(7) = 0 in H!(w) together imply
that 17 - a3 € HE (w), thus allowing to conclude from part (ii) that, for each
n>0,v€ H(Q) and ¢;(v) =0 a.e. in .

Theorem 2 can thus be applied (each open set €, = w,X] — €,,&,[ is
connected since w, is connected), showing that, for each n > 0, there exist
a vector ¢, € E? and a matrix A, € A? such that v(x) = ¢, + A,0(x) for
almost all x € €, i.e., such that

N(y) — 23({0.(1 - a3) — N - daaz}a®)(y) = ¢, + Apn{0(y) + 3a3(y) }

for almost all (y,z3) € Q,. Differentiating with respect to x3 this equality
between functions in H*(Q,), we conclude that

({9a( - as) = - daas}a®)(y) = Anas(y)

for almost all y € w,,. Hence

n(y) = ¢, + An0(y)

for almost all y € w,,.
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That the vectors ¢, and A,, are in fact independent of n > 0 is a conse-
quence of the inclusions w,, C wpy1, n > 0. For, if d € E? and A € A3 are
such that d+ A0(y) = 0 for all y € w,, for some n > 0, thend =0 and A =0
(see part (ii) of the proof of Theorem 4). O

By Theorem 5, the infinitesimal rigid displacements of the surface 6(w)
thus span the tangent space at the origin to the manifold formed by the
rigid displacements of @(w). This is the essence of the “infinitesimal rigid
displacement lemma on a surface”.

Acknowledgement

The work of the second author was partially supported by Research Project
No. 9380037 from City University of Hong Kong, whose contribution is grate-
fully acknowledged.

References

[1] R. Abraham, J.E. Marsden and T. Ratiu, Manifolds, Tensor Analysis, and
Applications, Second Edition, Springer-Verlag, New York, 1988.

[2] J.L. Akian, A simple proof of the ellipticity of Koiter’s model, Anal. Appl. 1
(2003), 1-16.

[3] S. Anicic, H. Le Dret and A. Raoult, Lemme du mouvement rigide infinitésimal
en coordonnées lipschitziennes et application aux coques de régularité minimale,
C.R. Acad. Sci. Paris (to appear).

[4] M. Bernadou and P.G. Ciarlet, Sur 'ellipticité du modele linéaire de coques de
W.T. Koiter, in Computing Methods in Applied Sciences and Engineering (R.
Glowinski & J.L. Lions, Editors), pp. 89-136, Lecture Notes in Economics and
Mathematical Systems, Vol. 134, Springer-Verlag, Heidelberg, 1976.

[5] M. Bernadou, P.G. Ciarlet and B. Miara, Existence theorems for two-dimensional
linear shell theories, J. FElasticity 34 (1994), 111-138.

[6] A. Blouza and H. Le Dret, Existence and uniqueness for the linear Koiter model
for shells with little regularity, Quart. Appl. Math. 57 (1999), 317-337.

[7] P.G. Ciarlet, Mathematical Flasticity, Volume III: Theory of Shells, North-
Holland, Amsterdam, 2000.

[8] P.G. Ciarlet and F. Larsonneur, On the recovery of a surface with prescribed
first and second fundamental forms, J. Math. Pures Appl. 81 (2002), 167-185.

16


mkgohlpr
16


[9] P.G. Ciarlet and C. Mardare, On rigid displacements and their relation to the
infinitesimal rigid displacement lemma in three-dimensional elasticity, C. R. Acad.
Sci. Paris, Sér. I, 336 (2003), 873-878.

[10] P.G. Ciarlet and C. Mardare, On rigid displacements and their relation to the
infinitesimal rigid displacement lemma in shell theory, C.R. Acad. Sci. Paris,
Sér. I, 336 (2003), 959-966.

[11] P.G. Ciarlet and S. Mardare, On Korn’s inequalities in curvilinear coordinates,
Math. Models Methods Appl. Sci. 11 (2001), 1379-1391.

[12] G. Friesecke, R.D. James and S. Miiller, A theorem on geometric rigidity and
the derivation of nonlinear plate theory from three dimensional elasticity, Comm.
Pure Appl. Math. 55 (2002), 1461-1506.

[13] W.T. Koiter, On the foundations of the linear theory of thin elastic shells, Proc.
Kon. Ned. Akad. Wetensch. B73 (1970), 169-195.

[14] Y.G. Reshetnyak, Liouville’s theory on conformal mappings under minimal
regularity assumptions, Sibirskii Math. J. 8 (1967), 69-85.

[15] L. Schwartz, Analyse II: Calcul Différentiel et Equations Différentielles,
Hermann, Paris, 1992.

17


mkgohlpr
17




